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ON THE GEOMETRY OF A PARTIAL PRODUCT STRUCTURE

JOSEF SROVNAL, Olomouc

(Received February 25, 1978)

In his paper [1], A. SVEC studied a partial product structure, i.e., a 3-dimensional
differentiable manifold with two given tangents at each of its points. In [2], he applied
his results to the study of real hypersurfaces of C2. In what follows, we explain the
geometrical meaning of his relative invariants as well as present some other properties
of these important structures.

1. Let M be a 3-dimensional differentiable manifold; at each of its points let two
distinct tangent lines t,, t, be given so that the field of the tangent planes 7 spanned
by t;,t, is non-integrable. Let us consider, at a given point m € M, all tangent
frames {v;, v,, v3} such that v, et;,v,€t,; {vy, v, 03} and {wy, wy, w3} being
two such frames, we have
(1) wy=av;, wy=fv,, w3 =7yv; + v, + ¢gv3; afp *+0.

Thus the given structure is a G-structure Bg, G being the group of non-singular
matrices of the form

) %00
080
Yoo

Let {v;, v,, v3} be a section of Bg. Then we are in the position, see [1], to prove the
existence of sections such that

(3) [vls 02] = U3, [vls 03] = avy + va ’ [029 03] = Cvy — av,,
(4) vie —v,a=0, v,b+va=0;

the sections satisfying equations of this type will be called special sections of our
G-structure Bg. Let {w, w,, w3} be another special section satisfying

(5) [Wi, wo] = w3, [w1, ws] = Aw; + Bwy, [wy, w3] = Cw; — Aw,;
w,C —w,A=0, w,B+wiA=0.
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If we have (1) over all of M, we get
(6) ¢ =ap;
) wia = —=20p716, wya=—y; wB=205, wf=2a"18y;
wyy = aC — af®c, w6 = BB — o«*fb,
Wiy — waa = ad — o®fa, w6 — wyf = —BA + of’a.

We then have, see [1], the following

Lemma. Th’e integrability conditions of the system (6) + (7) imply
(8) wiw, A — 2w3B — 34B = o«3f(v,0,a — 2v3b — 3ab),
wowy A — 2w3C + 3AC = af(vv,8 — 2v5¢ + 3ac);
thus the expressions
) R =vwa — 2v3b — 3ab, S = v,v,a — 2v5¢ + 3ac
are relative invariants of the G-structure Bg.

Our task is to explain their geometrical meaning.

Theorem 1. Let me M be a fixed point. Then there is (in a neighborhood of m)
a special section of Bg such that we have, at m,

(10) [v1, [01, v2]] = [v2, [v4, 2,]] = 0,
[o1, [v1, [01, 02]]] = [2, [v1, [v1, 22111 = [3, [v2, [04, 0,]]] = 0,
(015 [v1, [01s [v1, 02]11] = [02, [02, [04[v0, 02 ]11] =
= [vy, [v2, [0a[v1, 01111 = [2, [v2, [v2, [04, 02]]]] = 0,
(1) [oz, [o0, [o5, [o1, 02 ]11] = 3Rvz, [0y, [0, [02 [02, 02]]]] = — %S0, -

Proof. Let {v;, v, v;} be a special section of By satisfying (3), and let (1) be
another special section. Then we have

(12) [wi, wo] = —waav; + wipo, + aflvy, v,],
(13) [wy, [we, wall = (—2wywao + wowya + a®Ba) vy + (wyw B + o>Bb) v, +
+ (Bwyx + 2aw, ) [vy, v,] ,
[wz, Wi wo ] = (—wowaa + a?c) vy + (—wywof + 2wowi f — afa)v, +
+ (2w + ow,p) [vy, v2]
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(14)

(15)

[we, [we, [we, wo]]] = {—3wiwwox + 3wyw,wia — wow wia +

+ 3a(Bw, + aw,B)a + o*pw,a} vy +{wyw,w,B + 3o(pwx + aw,f) b +

+ o&?Bw b} vy + (Bwywia + 3ow w, B + 3wiaw,f + o®Bb) [vy, v,],

(W2, [W1s [we, wo11] = {—2wow wao + wowowio + (2w a+ aw,f)a +

+ B(Bwyat + 2aw,B) ¢ + a®Pw,ya} vy + {2wywowi B — wiw w,f —

— B(Bwya + 2aw;B) a + a(Pw,a + aw,B) b + a’Bw,b} v, + (2w wya +

+ 2aw,w B + wiow,B + 2wow B — o?f%a) [vy, v,],

[wa, [Was [wis wa]1] = {—wawaw,o + 3B(Bwya + aw,B) ¢ + af?w,ec} vy +
+ {wywow, B — 3w,w wo + 3wowow B — 3B(Bwaa + aw,f)a — afPwya} v, +
+ (3Bwawaa + awaw,B + 3waaw,f — afc) [vy, v,] ;

[wi, [wes [wis [we, wo11]] = {—4w wywiwoa + 6wyw wow o —

— dwwowiwio + wowwywea + (+)a + (+) wea + o*Bwywya)} vy +
+ {wwww B+ (1) b + () wib + *Bwyw b} v, +

+ {Bwywiwia + daw,w,w, B+ dw Pwiwio + Twaww B + (+) b +
+ (*) wib} [vy, v2]

[wa, [we, [wi[we, wo]]]] = {=3wow,wiwaot + 3wow wowa —

— wowowwiot + () a + (*) e + (*) wia + (*) wya + o*pwywial vy +

+ {—www,woB + 3wiwwaw B — 3wiwowiwi B+ 2wowywwi B+
+()a+ ()b + () wb + (+) wob + a®Bw,w b} v, +

+ {3Bwywywoa — 3Bwiwywior + 2Bwowywia + 3ow,w wi B+ wofwwia +
+ 3w pwoywia + 3wraw wif + 3waw,w B+

+()a+ ()b + () wia + (+) wob} vy, 0],

[we, [was [wes [we, wo 1] = {wywiwow,o0 — 4w wow woo + wiw,wow o +
+ 2Wo W WoW o — WaW,oWw w0l + () a + () c + () wia + () wya +

+ (*) wic + o?pwyw,a} vy +

+ {=wiwwwoB + 2wiwowow B+ (a + ()b + () wa + () wb +
+ (1) wob + o?Bwyw,b} vy + {2Bwyw wao — aw wiw, B+ daw wow B+
+ wyoBwiwia + 4w fwiwya + 2waow wif + wiaw,w,f + 2waw,w, f +

+()a+ ()b + (*)wia + (+) wob} [vy, v,],
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[wa, [was [We, [wes wolT1] = {—2wowawywoo + wow,wow o +

+()a+ ()e+ (-)wua + (*) wac + a®Bwywaa} vy +

+ {WiwiwawaB — 2w waw wa — wow wiwa B+ dwaw wow, f—

— wowawiw B+ ()a + (*) b+ () waa + (+) wab + a®Bw,wyb} vy +

+ {4Bwow waa + 20w, waw B — Bwawawiot + 2w fw woa + wofwawio +

+ 2w, Bwawaa + dwyaw,w B+ wiow,wo + () a + (+) ¢ + (+) waa} [, 0],

[wes [Was [w2s [wis woI11] = {—=2wiwawawso + 3wyw wywpo —

— 3w wawiwaa + wowuwowix 4+ () a + (*) e+ (+)wie + (+) wye +

+ af?wiwyct vy + {wiw wawaB — 3wiw,w wof 4 3wiwawowi B+ (+) a +
+ ()b + () wia + (+) woa — ap’wyw,a} v, +

+ {3Bwywawyar + 20w wow,f — 3ow,w i wof + 3aw,wow f +

+ 3wy Bwiwaa + 3wy Bwwaa + 3waaw wof + wiaw,wof + (1) a + (+) e +
+ () waa + (*) wie} [v5,05] ,

[wa, [wa, [wa, [wi, woI11 = {—wawawawaor + (+) € + (+) wae +

+ afPwywact vy A+ {—wiwawawaf + dwaw wawaf — 6waww o +

+ dwywowowi B+ (+) a + (+) waa — af?wow,a} v, + dPwawawaa +

+ awawawy B+ 6wy Bwyawast + dwyowaw, B+ (2) ¢ + (+) waek oy, v,].

From (7;-,), we get

(16)
(17)

Bwia + 20w B =0, 2Bwya + aw,f = 0;

pwiwio + 2aw wif + 3wow,f =0,
Bwowio + 2aw,wi f + wiow,f 4+ 2waaw f =0,
2Bw w,a + aw w,f + 2wyaw f + wiaw,f =0,

2Bwowaa + aw,w,f + 3wyaw,f = 0

(18)  Bwywiwya + 2awywywy B + 4wy pwywia + Swiawwif =0,
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Pwaw wio + 20w,wiwy B+ wofwiwio 4+ 3w Bwawio +

+ 2wyawwy B + 3wiaw,w,f =0,

Bw wowia + 20w wow B+ wowiwia + 2wy fwiwoa + wifwowia +
+ 2waw w, B + wiaww,f + 2wiaw,w;b = 0,

Bwoawowia + 200w,wawi f + 2w, fwawia + 2w, fw,waa +

+ 4woaw,wi B+ wiawaw,f =0,



(19)

2Bwiwiwoa + aw w w4+ wofw wia + 4w fw wya +

+ 2woow wif + 2waw w,f =0,

2Bwyw o + aw,w Wy 4+ 2w, fw wao + wofwawia + 2w, fw,w,a +
+ woow,w,B + wiaw,w,B + 2wyaw,w f =0,

28w iwaw, 00 + oaw wow,f + 3w, fw woa + 2w fw,woa +

+ 3wyaw;wyB + wiaw,w,8 =0,

2BWawow,0 + aw,wow,f + Swofwowaa + dwyaw,w,B = 0

Bwiwwiwia + 20w, wiw,wi B + Swipw,w wia + Twiow ww f +

+ 9w waww,f =0,

Bwawywywya + 20w,w wywi B+ wafwiwiwia -+ 4w Bwwiwia +

+ 2wyaw wywy B+ Swiaw,w,wi B + 4wiwow,w B + Swowaww f =0,

Bwiwow wio 4+ 20w wow,wi B+ wofwiwiwia + 3w fw wow, o +
+ wiBwowiw, o + 2wow wiw f + 3wiaw wow, B+ 2waw,wow, B+

+ wywow w,of + 3w, wiaw,w B+ 2wiwaw w4+ 3wowoww f =0,

Bwowow wio 4+ 2aw,wow wiff + 2w fwow wio + 3w fwowow o +
+ dwyaw,wiw B+ 3wiaw,wow B 4+ wiwaw,w,B + 6w,wiaw,w f +

+ 2wowaww, f =0,

Bww wowio + 2aw,w w,w S + wofwiwiwia + 2w, fw, w woa +

+ 2w Bwiwowia + 2waaw wywi B 4+ wiow,w w,f + 4w aw wow ff +

+ 2wowaw wo B + 2w wiow,wi B+ dwiw,aw w4+ wowaw,w, f =0,
Bwawiwawio + 2awaw wow B+ wafwiwawia + wafwawiwio +

+ 2w Bwow waa + wiBwow,wia + 2waaw wow B+ 2waw,wow, f +

+ Wiaw,wiwaf + 2wiaw,wowi B+ wiwiawawo + 2wyiwaow,wi o+

+ wowaw wyof + 3wowiaw,wy B+ 2wowsow w f =0,

Bwiwawawia + 20w woawowi B+ 2w fwiwawia + wifwowowia +
+ 2w Bw wow,a + dwaaw wow B 4+ wiaw wow,f 4 2wiaw,wow B+

+ wowaw, w8 + 4w waaw,wi B 4 2wowiaw wyf 4+ 2wowaw wiff =0,
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Bwaw,wow o0 4+ 20w, woawow B+ 3wy wawowia + 2w fw,wowso +

+ 6w ow,wow B+ wiaw,wow,f 4+ 3wow aw,w,ff + 6wawow,w f =0,

2BW W iw Wao 4+ aw W W Wo + wyofw wyw o + 6w fw w w4

+ 2waow wiw B+ 3wiaw wiw,f + 6wiwyaw w4+ 3wiwaww,f =0,
2BWo W W Wao + aw, W w W, 4+ 2w, Bw w w,a + wyw,w wio +

4w Bwow wo0 + 2wow,w Wi B + woaw wiw,f + 2wiow,w w,f +

+ 2wowaw Wi 4 2wowiow w4+ 4w waaw,wi B+ wowaw,w,ff = 0
2Bwiwaw waa + Bwiwawiwaot + 2wy Bw wiwao + wofwiwawia +

+ 2w Bw Wowa0l + 2w W W Woo + Woaw wiw,f + 2waaw wow, f +

+ wiaw wow, B+ wiaw,w wo B + 2wowaw wif + 3wiwow w,f +

+ wowaw Wy + 2w wow,w f + wiwow,w,f =0,

2BWoWwow Wot + aw,wow wof + Aw, Bwow woa + wofwowowia +

+ 2w Bwawawa ot 4 2Wa0Wa Wi woff 4 2Waawawow i+ wioaw,wow,f +

+ wowaw Wof + dwowaaw,w B+ 2w waaw,w,f + 2wowaw,w,f = 0,
2BW WiWo Wt + oW W Wow,f 4 3w, w w waa + 4w fw wow,a +

+ 3wyaw wywof + 2wiaw wow, 4+ 2wowow w4+ 6w waw, w8 +

+ wywaw,w,f =0,

2BWaW WoWa 0t 4 AW, W WaWsf + 2w, Bw wow,o + 3wy fw,w woa +

+ 2w Pwaw,wat + Woaw wow, 4 3waaw,wiwof + wiaw,wow,f +

+ 3wuwaaw Wy 4+ 2wowaow,wi B 4 3wiwaaw,w,ff + wowaw,w,f = 0,
2BW WaW,oWat + AW WaWaWo B 4+ Swofw wowao + 2w fwawowoo +
+ dwyow Wow, B+ wiawawawaf + Swowaaw  woff + 4wy waaw,w,f = 0,

2BWawawawat + awawawawa B + Twafwawawsar + Swaowawow,ff +
+ Iw,wraw,w,f = 0.
Let us recall the obvious identities

(20) [Wlﬁ [W1> Wz]] = Wwwy — 2w iwawy + wowwy,

[wa, [wi, wo]l = —wiwawa + 2wawiwy — wowyw,
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(21) [wi, [we, [wi, wo ]l = wowywyws, — 3wowywow, +
+ 3w wow W, — wow wwy,
[wa, [We, [we, wo 1] = —2wow wow, + wow,wywy —
— WiW WoW, + 2w wow W, ,
[wa, [Was [Wwi, wo 1] = wiwaw,wy — 3wawywow, +
+ 3waw,w Wy — Wowwowy
At the given point m € M, (16) implies the existence of numbers P,, P, € R such that
(22) wio = 2aP,, wy,x = —aP,, w8 =—BP,, w,f=28P,;
from (17) we infer the existence of Q1, ..., Q4 € R satisfying
(23) wowe = a(2Q] + 3P%), wiw, B = —3p(2Q; — 3P}),
wiwa = $0(2Q5 — 3P, P,), wyw,f = —B(2Q5 + 3P,P,),
wowio = o(2Q3 — 3PyP,), wow,f = —1B(2Q% + 3P,P,),
waw,a = 30(2Q4 + 3P3), wow,B = —B(2Q, — 3P3).
Inserting these expressions into (13), we get, at me M,
(24)  [wy [wwa]]l = 204 — Q5 + daBa) w, — $(20] — 3P} — 20%b) w,,
[Was [wis wo]] = —3(2Q% + 3P3 — 2B%c) wy — 2(Q5 — Q) + 3aBa) w, .
Choosing suitably Q7, ..., Q4 we can achieve, at m € M,
(25) [wy, [Wis wa]] = [Was [Wis w2]] = 0.

Let us restrict ourselves to special sections satisfying (10,) at m € M. Then

(26) Qi =3Pi, 0=0,=0;, Q\= 1P,

and the equations (23) assume the form

(27) wyw,o = 6aP7 wyw B =0,
wiw,o = 10(2Q — 3P, P,), wyw,f = —p(20 + 3P,P,),
wowio = o(2Q — 3P,P,),  wow,f = —3p(2Q + 3P,P,),
wowa = 0, wow, = 6BP3.
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Taking into account (25) and (26), we get
(28)  wywwox — 2wywuwia + wowwia =0,
wiw W — 2wiwo,w B + woww B =0,
— W WoWot + 2WoW Wt — WoWoWwiad = 0,
—wiwaWwoB + 2wowy Wy — waw,w B = 0.
The general solution of the system (18) + (28) at m € M is given by
(29) wowwia = 20(R] + 6P}),
wyww, B = —B(Ry — 6P}),
wiwiw,a = —4a(PiP, — P1Q),
wiwiw, = 2B(PiP, + 2P;Q),

wiw,wia =  a2Ry — 5PiP, + 6P,Q),
wiwwyf = —ﬁ(Rlz + 3PP, — 3P1Q)’
wiw,woo =  of2Ry — 3P,P; — 2P,0),

wiwow,f = —2B(2Ry + 3P, P + 4P,Q),
‘wowywie = 20(2R} — 3PP, + 4P,Q),
wow,w,f = —B(2R} + 3PP, — 2P,Q),
wowwe = Ry — 3P P; — 3P,0),
wowiw, = —B(2R} + 5P,P; + 6P,Q),
wow,wia = 20(PP; — 2P,0Q),
wow,w B = _4/3(P1P§ + PzQ),
waw,woa = (R} + 6P3),
wow,wyf = —2B(R}, — 6P3).
Inserting this into (14), we get
(30) [wi, [wy, [wi, wo]]] = (2R, + 3PP, — 2P,Q + o«*Bv,a) w, +
+ (=R} + 6P; + o®v,b) w,,
[wa, [wy, [wy, wo]]] = (=2R + 3P,P3 + 2P,0 + af’v,a) wy +
+ (=2R, — 3PiP, + 2P,Q + o*Bv,b) w, ,
[w2, [wa, [wi, wo]]] = (= R4 — 6P3 + Poyc) wy +
+ (2R — 3P,P; — 2P,Q — afv,a) w,,

and, choosing suitable numbers R}, ..., R}, we obtain the existence of special sections
satisfying (101,2) at m € M; let us restrict ourselves to them. Then
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(31) R{=6P}, Ry = —3PiP, + P,Q, Ry =3P,P:+ P,Q, R, = —6P3,

and the equations (29) reduce to

(32) wywwa
WiW w,o
WiW,W, o
WiWoW, o
WoW W,
WoW W,
WoW, W, o

WoW,o W,

= 24aP}, wow,w, =0,

= —4ocP1(P1P2 - Q) s wow w,f = 2[3P1(P1P2 + 2Q) ,

= —8aP (PP, — Q),  wuwyw,B= BP(P,P, +20),

=0, wiwow,ff = —12BP,(P,P, + Q),
= —12¢P,(P,P, — Q), wyww,f =0,

= aPz(P1P2 - 2Q) > wow w,f = —8BP,(P,P, + Q) >

= 20Py(P\P, —2Q),  wyw,w 8 = —4BP,(P,P, + Q),

=0, Wowow,B = 24BP3 .

From (10,) and (21), we get

(33) WiW W wa0 — 3w iwiwowia 4 3w wow wio — wow wowio = 0
—2WoW WoW 0 WoWoW Wil — WiW WoWws + 2w wow wao = 0

WiWaWa W0 — 3WoW Wowaa 4 3Waw,wywoot — wyw,wowio = 0

>

5

5

wiw W Wy — 3wiw wow B+ 3wiw,wiwif — wowiwiw =0,

=2w,w wow B+ waw,w wi B — wiw wow, 4 2wiwow w, =0,

Wiw,wow,f — 3wo,w wow, B 4 3waw,w w,f — wow,waw f=0.

The general solution of the system (19) is

(34)  wywywywia = 20(S; + 30P7),

wiw wwif = _ﬁ(sl - 30P‘1‘) s

wow wiwio = 20(S, — 15P3P, + 18P2Q),

wow wyw = —B(S, + 15P}P, — 18P3Q),

wiw,w w0 = (48, — 45P3P, + 54P1Q),

wiwaw wi = —1B(4S; + 45PIP, — 54P3Q),

wow,wywio = 3a(4S, + 15P{P; — 36P,P,Q + 120?),

wowaw w1 = —1(4S, — 15PIP + 36P,P,Q — 1207,

wyw wow e = o(2Ss — 15P3P, + 18P;Q),

wywywowi B = —3(2Ss + 15P3P, — 18P2Q),
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wow wowio = 3a(4Ss + 15P;P; — 12P,P,Q + 1207),

wow wow, f = —1B(4Ss — 15P;P; + 12P,P,Q — 1207),
wiw,wow o = 3a(4S, + 15PIP5 + 12P,P,Q + 120%),

wiw,wow; B = —3B(4S, — 15PIP; — 12P,P,Q — 1207%),
wow,wow o = «(2Sg — 15P, P; — 18P3Q),

wow,wow B = —31B(2Sg + 15P,P; + 18P3Q),
wiwiwywoo = 3a(2S, — 15P3P, + 18P3Q),

wiw,wiw,f = —B(2Se + 15P}P, — 18P}Q),
waw wywao = 3a(4S, + 15P1P; — 12P,P,Q + 120Q?),

wow wiw,f = —1B(4S,, — 15P{P; + 12P,P,Q — 12Q?),
wiwawiwoa = 30(4S,; + 15P{P} + 12P,P,Q + 1207%),

wiwow,wof = —1B(4S,, — 15P{P; — 12P,P,Q — 120?),
wowwiwoa = 3o(2S,, — 15P,P3 — 18P3Q),

waw,w W, = —B(2S,, + 15P, P} + 18P3Q),
wywywowoo = a(4S,5 + 15PIP} + 36P,P,Q + 120%),

wiw wow,f = —3B(4S,5 — 15P{P; — 36P,P,Q — 120%),
waw wow,o = Jo(4S;, — 45P P — 54P3Q),

Wow wow, B = —31B(4S,, + 45P,P; + 54P30),
wyWwawowoa = of Sy s — 15P,P3 — 18P3Q),

wiwawow,f = —2B(Sys + 15P,P3 + 18P3Q),
waw,wow,aa = oSy + 30P3),

wawawowo B = —2B(S16 — 30P3).

Inserting this into (33), we get

(33)

50

S, = 3(4S; — 4S5 — 5PiP, + 6P3Q),
1(8Ss + 5PIP3 + 36P,P,Q + 40%),
Sg = 3(5P,P3 + 6P3Q),

%]
N
It

Sy = _%(SPiPZ - 6P%Q) s
Si3 = %(88;; — 5PiP; + 36P,P,Q — 4Q2)a
Sys = #(4S,4 — 45, + 5P,P; + 6P30Q).



Set

(36) T,=S,, Th,=Ss, T,=S,,, T,=S8;, Ts=S,, Tg =S4,
T, =S8, To=S,0, To=S¢, Tio= Sy
then !
(37)  wyw,wywia = 2o(T, + 30P]),
wywywiw, = —B(T, — 30P}),
wyw,wywoa = —3a(5P;P, — 6P2Q),
wiwww,f =0,
wiwywowia = (2T, — 15P}P, + 18P}Q),
wiwwow = —3B(2T, + 15P3P, — 18P}Q),
Wiwiwowao = 3a(4Ty + 5PIP; + 36P,P,Q + 407%),
wiwiwow,f = —2B(2T; — 15P1P; — 40Q%),
wiwowiwio = 3a(4T, — 45PP, + 54P1Q),
wiw,wyw = —1B(4T, + 45P}P, — 54P}Q),
wiwwywoo = (4T + 15P3P + 12P,P,Q + 120%),
wiw,wywof = —3B(4T; — 15P{P; — 12P,P,Q — 120%),
wiw,wowi e = 3a(4Ts + 15SPIPS + 12P,P,Q + 120%),
wiwowow, B = —1p(4Ts — 15P;P; — 12P,P,Q — 120?),
wiwawowoo = 3a(4Tg — 4T, — 15P,P3 — 18P3Q),
wiwowowoB = —3B(4T, — 4T, + 25P,P3 + 30P3Q),
wow wywio = 3a(4T, — 4T, — 25P;P, + 30P{Q),
wow,wyw, B = —3B(4T, — 4T, + 15P;P, — 18P} Q),
wow wywao = 3a(4Ty + 15P;P; — 12P,P,Q + 120%),
wow,wiwoB = —3p(4Ty — 15P{P; + 12P,P,Q — 1207),
wow wowio = 3a(4T, + 15P]P3 — 12P,P,Q + 120%),
wowywow, B = —3B(4Ty — 15PiP3 + 12P,P,Q — 1207),
wow wowa = (4T, — 45P,P; — 54P3Q),

WoWw Wow,f = —%ﬁ(4Ts + 45P1P§ + 54P§Q) s
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wow,w wio = 2a(2Ty + SPIP3 + 40?),

wow,wywf = —3B(4Ty — 5PIP; + 36P,P,Q — 40?),
Waw,wiwoa = (2T, — 15P, P} — 18P3Q),

WoWw,w W,y = _ﬂ(2T7 + 15P,P3 + 18P§Q) ,
wowowowia =0,

wow,wowi B = —3B(5P,P5 + 6P30),
wowowowoo = a Ty + 30P3),

WaWaWaw, B = —Zﬂ(Tlo - 30P;)-
Inserting this into (15), we have

(38)  [wi, [wer [wi, [we wol11] = 3(12T, — 4T, + 45P3P, — 54P2Q +
+ 2¢*Bovia) wy + (=T, + 30P] + a*v,0,b) w,,

[Wz, [Wb [Wu [er Wz]]]] = %(_12’1-'8 + 8T, — 5P{P; — 36P,P,Q +
+ 40Q% + 4a*B%v0,a) wy + (12T, — 12T, — 45P}P, + 54PiQ +

+ 4o po,v b) wy

[wis [was [wes [we, wo 111 = (=275 + 2Ts + o®BPv,v,a) wy +

+ (=2T, — 15P}P, + 18P{Q — o’Bvyv,a) w, ,

[wa, [Was [wis [wi, wol]]] = (=2T; + 15P,P3 + 18P3Q + afvyv,a) w, +
+ (2T8 — 2T, — o*B%v,0,a) w, ,

[wi, [was [wa, [wes woll]] = H(= 12T, + 12T, + 45P,P; + 54P30 +
+ dofv,v,¢) wy + 48T — 12T5 — 5PiP5 — 36P,P,Q — 40* —

— 40 BPv,v5a) Wy,

[wa, [was [was [wi, wal]1] = (= Tho — 30P5 + B*v,v,¢) wy +

+ Y(—4Ts + 12T, — 45P, P} — 54P3Q — 2af v,v,a) w, .

Let us choose
30P% + o*vyv,b,

T, = —3(15P}P, = 18P}Q + «*pv,v,a),
~4(5P3P% + 36P,P,Q + 407 — 2f*0,0,0),

T, = —1(45PiP, — 54P{Q + 4a’fv,v,a),

Il

(39) T,

T,

Il
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Ty = —3(5PiP3 + 36P,P,Q + 407,

Ty = 4(45P,P3 + 54P3Q + 4ufv,0,0) ,
T, = H(15P,P3 + 18P30 + afv,05a) ,
Ty = —(SPIP} + 36P,P,0 — 40%),

T, = —4(SPIP} + 36P,P,Q — 40° + 20f%0,0,a) ,
Tio = —30P;5 + B*v,0,c .
Then
(40)  [wy, [wes [wi[we w1111 = 0,
[wa, [wa, [y, [we, wa]]]] = O,
[Wz‘ [wi, [wi, [wi, wz]]]} = 1o3BRw, = 1Rw, ,
[Wls [Wz, [wa, [Wl’ Wz]]]] = —4ap’Sw, = — 48w, ,
[wi, [wa, [ws, [ws w2 1111 = 0,
[wa, [wa, [wa, [ws, w,]]]] = 0.

QED.

2. Let B; be a G-structure on M of the type considered. A tangent vector field v
on M is called an infinitesimal motion of B is the vector fields £ v,, v, and Z,v, v,,
are dependent for each section {v,, v,, v3} of Bg; here, Z,u = [v, u] is the Lie deriv-
ative of u. We are going to investigate the infinitesimal motions of Bg.

Let {vy, v,, v3} be a section of By satisfying (3), and let
(41) v = Avy + Bv, + Cu;
be an arbitrary tangent vector field on M. Then
(42) [vy, v] = (1,4 + aC) vy + (v,B + bC) v, + (v,C + B)vs,
[v2, v] = (0,4 + ¢C) vy + (v,B — aC) vy + (v,C — A)vs,
[vs,v] = (v34 — ad — ¢B) v, + (v3B — bA + aB) v, + v3Cv5 .

Let T(M) be the tangent vector bundle of M, J* T(M) its k-th prolongation. For
a given section {vy, v,, v3} of Bg, the 1-jet ju(v) of the vector field v at me M is
given by the vectors v(m), [vy, v] (m), [v,, v] (m), [vs, v] (m) € T,(M).

The vector field v (41) is an infinitesimal motion of By if and only if

(43) 1A= —cC, vyuB=—-bC, v,C=—-B, v,C=A4;

obviously, (43) is a linear first order differential equation # = J* T(M) on T(M) —
— M. Denote by 2% < J**! T(M) the k-th prolongation of #; for k = I, let
s JFT(M) - J* T(M) be the natural projection. Now, our problem may be
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presented as follows: Let m € M be a fixed point, k natural; how “big” is the projec-
tion 7512 < J' T(M),? The answer will be given at the end of this section.

First of all, let us carry out some auxiliary calculations. Consider the sedond order
differential equation for a, b, ¢ given by

(44) vic—v,a=0, uzb+vla¥0,

(45) vva — 20,0,b + 2v,0,b — 3ab = R,
v,0,a — 200,¢ + 2v,0.¢ + 3ac = S.
Set

(46) V@ =Dp;, Va=Dp,, v;b=py, v,c=ps, VP =q1, VP =4q>;
the system (44) + (45) is then equivalent to (46) and
(47) b= —p, vic=p,, v,p;= %(R + 3ab — 3(11) >

v;ps = —HS — 3ac — 3q,).

The integrability conditions of the couples (46,) + (46,), (465) + (47,), (464) + (47,)
are

(48) V3@ = U1P2 — U3P;,

(49) v3b = —4(R + 3ab — q,), vsc = —%4(S — 3ac - gq,).
Set

(50) UiP2 = g3, U2P1 = g4 -

The equation (48) assumes the form
(51) V30 = g3 — qq4 .
The integrability conditions of the couples (46,) + (51), (46,) + (51), (465) + (49,),
(47,) + (49,), (47,) + (49,), (464) + (49,), (465) + (50,) and (50,) + (464) are
(52) U3py — V143 + V344 = —apy — bp,,
U3py — Vg3 + U244 = —CPy + ap,,
2v3p3 — v39; = —vR — bp, — Sap;,
2v3py + 024y = VR —ap; + 3bp, + 2¢cp;,
203p; — 014, = —v1S + 3epy + cp, — 2bpy,
203p4 — V34, = —0,8 + ¢cp, + Sap,,
U3y + 0241 — 014s = 0,
U3py — U1d2 + V243 = 0.
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Set

(53) Vi, =ry, U242 = T3,

we then have
(54) vsp, = —ra + v,R —ap, +
+ 3bp, + 2¢ps,
Vg, = 2ry — v,R + ap, —
— 3bp, — 2¢ps,
v1q; = v,R + 4bp, + 2cp;,

-

U293 = F3, v,q, = Tas

U3py = ry — 035 + 3cpy +
+ ap; — 2bp,,

U1q; = 2ry — ;S + 3cp; +
+ ap, — 2bp,,

0294 = v,S — 4cp; + 2bp,,

U3p3 = %("1 — v R — bp, — 5“173)’ U3py = %—(r2 — 0,8 + cp, + 5ap4) .

The integrability conditions of the couples (465) + (541), (50,) + (54,), (50, +
+ (54,), (46) + (542), (531) + (543) (544) + (53,), (545) + (535) and (53,) +

+ (54¢) are
(55) 2¢v,p3 — V34, — Uiy

V34 + Vsl

U3gds — U473

2bvaps + v3g; — V73

2¢v1P3 + v — 20.74 + 039,
2bvaps — v392 + V7, — 20,15

V3g3 — U1I'3

U3q4 + UaFy

Il

—0;0,R + p? — Sp,ps + 2aq, —
— 3bg; + bq,,

v202R — 4p,p, + 2psps - deq, +
+ 3bq, + cR + 3gbc,

—v;0,S + 4p,p, — 2psps + 3cq, —
- 4bq2 + bS — 3abC )

=008 + 5p1pa + pi + 2aq, —

— cq3 + 3cq,,

_UIUZR + P% - szpg + aq, — 3bq3 ,
—0,018 + 5pipg 4 p% + aq, + 3cq,,

—0302R + 4p1py ~ 2p3ps + 3cq, —
- 4bq2 — ¢R - 3ch s

00,8 — 4p1py + 2P3Ps — 4cq; +
+ 3bg; — bS + 3qp¢,

From (552,8) or (553,7) We get an important relation

(56) v,0,R + ¢cR = v,v,S — bS.

Set

(57) 0;P3 = S1, V2P4 =55, 034 = S3, V34 = S4> U3q3 =55, vyq, = sg.
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Then

(58) wpry = 2¢sy — 353 + v;0R — p} + 5paps — 3a4; + 3bqs — 2bq, ,
viry = 2bsy + 354 + 048 — Spyp, — p2 — 3aq, + 2¢q; — 3cqy ,
viry = 55 + v, S — 4pp; + 2p3ps — 3eq, + 4bqg, — bS + 3abc,
vary = 2bs; + 54 + 00,8 — 5pipy — p3 — 2aq, + cq; — 3cq, ,
vy = 2¢s; — s3 + v;0,R — py + 5p.p3 — 2aq, + 3bg; — byq,,
U7y = —Sg + UV,U,R — 4p Py + 2p3py — deq, + 3bg, + cR + 3abe.

Now, let us study the differential equation % (43). The integrability condition of the
“couple (43;) + (43,) is

(59) ;A 4+ 0B — 0;C=0.
Setting

viA=D, v,B=E,
we have
(61) v;C=D + E.

Thus 7% consists, in the way explained above, of the quadruples of tangent
vectors at m of the form

(62) v = Av, + Bo, + Cvs, [v,0] =(D + aC)v,, [v;0] =(E — aC)v,,
[03,v] = (vs4 — ad — ¢B) v, + (v;B — bA + aB) v, + (D + E)vs,
where A, B, C, D, E, v34, v3B are arbitrary numbers.

The integrability conditions of the couples (43,) + (60,), (60;) + (435) and (61) +
= (43,) are

(63) v34 + v,D = ¢B — vy,a.C, v3B — v,E = bA — v,aC,
v3B + v;D + v,E = bA — aB, v3A — v,D — v,E = ad + cB.

Set

(64) v,D=F, v0,E=G;

then

(65) wvsd = 4(aAd + 2¢B — v,aC + G), vsB= }2bA — aB — v,aC — F),

1

2
v,D = —3(aA + v,aC + G), v,E = —}aB — v,aC + F).
Thus 732 consists of the quadruples of the tangent vectors

(66) v = Av, + Bv, + Cvy, [vy,0] = (D + aC)vy, [vy,0] =(E — aC)v,,
[v3,0] = —3G — ad — v,a.C)v, — H(F — aB + via.C)v, + (D + E) vy,
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where 4, B, C, D, E, F, G are arbitrary numbers. Thus n; 2% = n22(1.
The integrability conditions of the couples (65,) + (60,), (65,) + (43,), (65,) +
+ (43,), (65,) + (60,), (655) + (64,) and (64,) + (65,) are

(67)

Set

(68)
then
(69)

2v3D —v;G= wva.A + 3v,a.B —vv,a.C —aD,
v,G = —2v,c. B + SC — 4¢E,
v,F= 2v;b.4A— RC+ 4bD,
203E + v,F = —3va. A — v,a.B — v,va.C + aE,
203D + 20,F + v,G = —vya.A + vya.B — vyv,a.C — aD,
203E — v,F — 20,G = —vja. A + v,a.B — vva.C + aE.

H=v,F+va.A=—-v,G—va.B;

v;D = Hva.A+ 2v,a.B — v,v0,0.C —aD — H),
v;E = —4(2v,a. A + v,a.B + vyv,a.C — aE + H),
v F = 20b.4—RC+4bD, v,F=-via. A+ H,
v,G = —va.B—H, v,G = —2v,c.B+ SC — 4cE,

and we see that 1] 2% = 222,
The integrability conditions of the couples (69,) + (64,), (69;) + (653), (69,) +
+ (65,) and (69,) + (64,) are

(70) 203F + v,;H = (vyvja + ab) A +

+ 3v,0,a . B — (vyvy0,a + bvya) C — 3aF + bG,

v3G — v,H = —(20,v,a + ac) B +

+ (20,vyv,a — vyv 00 + cvja + avya) C — 3v,a . E + 2cF

v;F —vH= (20,0, — ab) 4 +

+ (2vyv,0,a — v,vyv1a + avia — bv,a) C + 3via. D + 2bG,

203G + v,H = —3v,v,a . A — (vv,0,0 — ac) B —

— (v,v,0,a — cv,a) C + ¢F + 3aG ;

the integrability conditions of the couples (69,) + (69;) and (69¢) + (695) are (705)
and (70,), respectively. From (70), we obtain

(71)

v3G

vaF = wvwa.A+vwa.B—bva.C+via.D — aF + bG,

—vyva.A —vyva.B + cvia.C —vya.E 4+ cF + aG,
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v, H = (—vwa+ ab) A4 + vv,a.B + H(—v10108 — dv;00,a +
+ 20,0,0,a — 2av,a + bv,a) C — 2v,a. D — aF - bG |
v,H = —00,a. A + (v;0,a + ac) B + H—4v01020 + 20,000 —

— vy001a — cvya — 2av,a) C + 20a . E — ¢F + 4G,

thus 732® = 22D,
The integrability conditions of the couples (711) + (693), (712) + (69) are

(72) vyR. A+ v,R.B+ (1;R +2aR)C+3R.D+RE=0,
v;S . A+ v,S.B + (v3S —2aS)C + SD + 3SE =0,

the integrability conditions of the couples (71,) + (694), (712) + (69s) and (71,) +
+ (71;) are given by the equation

(73) vsH = (rq — bp, — 2cp3) A + (r3 — 2bps + cpy) B +
+ (cR + bS — cq; — bq,) C + (g4 — 4bc) D + (g3 — 4bc) E — p,F — p,G.
In the case RS #+ 0 at m, n$2%) is given by the vectors
(74) v = Av, + Bv, + Cvs, [v;,v] =4S 'vS — 3R™'vR) vy,
[v,0] = HR™'0R — 357 '0S)v,,
[vs,v] = —3(G — a4 — v,aC) v, — H(F — aB + va.C)v, —
— HR""WR + S7'S)v;,
where 4, B, C, F, G are arbitrary. For R = 0, S + 0 at m, n$%$ is given by
(75) v = Av, + Bv, + Cv; satisfying vR =0,
[v,0] = 3(X +aC)vy, [vy,v] = —(X + 357 'S + aC)v,,
[vs,0] = —3(G — a4 — v,a.C)v, — H(F — aB + via.C)v, +
+ (2X + 2aC - %S”le),

where X, F, G are arbitrary and 4, B, C are restricted by the condition vR = 0.
The case R % 0, S = 0 is symmetric. For R = § = 0, n$2%) is given by

(76) v = Av; + Bv, + Cv; satisfying vR=0S =0,
[vi,0] = (D + aC)vy, [v;,v] = (E - aC)v,,

[vs,0] = =G — a4 — v,a.C)v, — (F — aB + v;a.C)v, +
+ (D + E)vy.

Thus we have proved the following
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Theorem 2. Let B; be a G-structure on M of the type considered. Let # < J* T(M)
be the differential equation of the infinitesimal motions of Bg. Then n; #» = n2gM
for each point m e M and dim n3 2 = 7.(i)If RS * 0 on M, we have dim n$2%’ =
=5.(ii))IfR=04% SorR + 0 = Son M, then dim n{%%’ = 6. (iii)[fR = S = 0
on M, then dim n$2) = 7.

Let us recall the following fact, see [1]: If R = S = 0 on M, the system (43) +
+ (60) + (61) + (64) + (65) + (69) + (71) + (73) is completely integrable and
there are sections of Bg such that

() [o 2] = v3, [v1,05] = [05,05] =0.
3. Let Bg be our G-structure on M; let us suppose
(78) RS#+0 on M.

Because of (8), we are in the position to choose the special frames in such a way that

(79) R=1, S=¢=sgS;
the identity (56) implies
(80) c= —¢b.

Thus there is a section {v;, v,, v3} of B satisfying
(81) [vs, ] = v5, [vy, 03] = avy + bv,, [vy, 03] = —ebv, — av, .

Other sections satisfying the equations of this form and (79) are given by

(82) {=vi, —vp, 03}, {0, 04, —v3}, {—vs —vy, —v3};
obviously
(83) [-vy, =02 ] = 03, [-v, 0] =a.(=v) + b.(—vy),
[—v2, 03] = —eb(—v,) — a(—v,),
[v2,0,] = =03, [v2, —v3] = av, + eb. vy,
[vy, —v3] = —=b.v, — av,,

[—v3 —v ] = —v3, [—vy —vs] =a.(—v,) + eb(—v,),
[—vy, —v3] = —=b(=v,) — a(—v,).

Thus g is an invariant. The quantity b may be replaced by eb, i.e., b + &b and b?
are other invariants of our structure.
Thus, let us consider the system (4), (79) and (80), i.e.,

(84) via +v,b =0, vya+ev;b=0,

vv;a@ — 2v03b — 3ab =1, vyv,a + 2ev3b — 3eab =¢; e= *1.
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Write

(85) via=P;, vya=P,, vb=P;.
Then
(86) v;b = —¢eP,, v,b=—Pg,

v,P, = 2P; +3ab + 1, v,P, =¢(—2P5 + 3ab + 1).

The integrability conditions of (85,) + (85,), (86;) + (86,), (86;) + (85;) and
(86,) + (85;) are

(87) vsa = v,P, — v,P;, P;=0,
v3P, = —(ev, Py + ebP; + aP,), vsPy = —0,P3 + aP; + bP,.

Using these relations, we may write

(88) wva = Py, va = P,, - vza = Q- Q,,
b = —¢P,, v,b = —Py, b = 0,
v,Py= 3ab+1, v,P,= Q,, v3Py = aPy + bP,,
v,P, = 0, v,P, = ¢(3ab + 1), v3P, = —(ebPy + aP,).

The integrability conditions of (88,) + (88) and (88,,) + (88,,) reduce to
(89) 2b(Q, — Q2) = Pi — ¢P3.
The integrability conditions of (883) + (88,), (885) + (88,), (88s) + (88), (88,) +
+ (883), (884,) + (88,,) and (88,,) + (88,,) are
(90)  v,Q; — 0,0, = 2(aP; + bP,), v,0y — v,Q, = —2(ebP; + aP;),
v;0, = —2(aP; — 2bP,), 3Q, = 2aQ, + 2eb(3ab + 1),
1,0, = —2(aP, — 2¢bP;), v3Q, = —2aQ, — 2eb(3ab + 1).
Hence
(91) v,Q, = 6bP,, v,Q, = 2(2ebP; — aP,),
v30; = —2{aQ, + &b(3ab + 1)},
0,0, = —2(aP; — 2bP,), v,Q, = 6ebP,,
130, = 2{aQ, + eb(3ab + 1)} .
Suppose b = 0 on M. Then, see (86, ,), P; = P, = 0 on M and we get 0 = 1 from
(88,), a contradiction. Thus b = 0 cannot be satisfied on any open subset of M.

Similarly for a. For this reason, let us suppose ab += 0 on M.
Suppose

(92) va=0 on M.
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Then, see (88,) and (89),

(93) ' 0,—Q0,=0, P} —¢P:=0.

Applying v, to these equations, we get

(94) aP, + bP, =0, bP; + aP, =0, a(Q; + Q,) + 2¢b(3ab + 1) =0,
P,Q, = ¢(3ab + 1) Py, P,Q, =(3ab + 1)P,, aP} + 2bP,P, + eaP; =0.

Let a> — ¢b® + 0 on M. From (94, ,), we obtain P, = P, = 0, and the other
equations (94) imply Q; = Q, = 0 and

(95) 3ab+1=0.

From (88, _5), we conclude v;a = v,a = vsa = 0, thus a is a constant.
Now, let us have (92) and a®> — &b*> = 0 on M. Then

(96) e=1; a=¢gb, ¢g= +1.
The system (84) reduces to
(97) govb + v, =0,
go001b — 203b — 3egb? = 1, g40,0,b + 2u3b — 3gob? =1,
which may be rewritten as
(98) v b=P, v,b= —gP, v3b=0,
v P =3b% + g5, 0,P = —¢g3b7 + &);

Il

here (98,) is the definition of P and (985) is the integrability condition of (98,) +
+ (98,). The integrability condition of (98,) + (985) is

(99) ;P =03

the system (98) + (99) is completely integrable.
Finally, suppose abvsa & 0 on M, which implies (Q, — Q,)(Pf — ¢P3) + 0

on M. Our starting point are the equations (88), (90) and (89). Applying v; to (89),
we get

(100) P,Q, = —2¢b*P; + (ab + 1) P,, P,Q, = ¢(ab + 1) Py — 2eb*P,,
—2ab(Q, + Q,) = aP} + 2bP,P, + eaP; + 4cb*(3ab + 1);
repeating this procedure, we obtain
(101) 2abQ, = —bP,P, — eaP} — 2¢b*(3ab + 1),
2abQ, = —bP,P, — aP; — 2eb*(3ab + 1),
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aPiP; + bP3 + e(ab + 1)(3ab + 1),

0,0, + 2eb*Q, aPiP; + ¢bP} + ¢(ab + 1) (3ab + 1),
2bP,Q, =  2eb(1 + ab) P, — 4sb*P; + Py(P} ~ ¢P}),
2bP,Q, = —4b®Py + 2b(1 + ab) P, — Py(P} — ¢P}).

0,0, + 26b*Q,

Il

The elimination of Q, from (100,) and (101;) implies
(102) P,P, = —2eb(ab + 1);

we get the same result eliminating Q, from (100,) and (1014). The substitution of
(102) into (101, ,) yileds

(103) 2bQ, = —eP% — 4eb®, 2bQ, = — P — 4eb>.
Thus the system (88) reduces to
(104) va =Py, va=P,, via=3b"'(P? — eP),
Ulb= —b‘Pz, U2b= '—Pla U3b=0’
v,Py =3ab + 1, v,P, = —¥b 1P} + 4¢b?), vsP, = aP; + bP,,
v Py = —3e(b7'P3 + 4b%), v,P, = ¢(3ab + 1), vsP, = —(e¢bP; + aP,).

The system (104) as well as the equation (102) are completely integrable. From (102),
we conclude

(105) a = —4b"*(eP,P, + 2b).
Next, let us consider the case
(106) R=1, §=0,
the case R = 0, S = 1 being symmetric. The supposition together with (56) implies
(107) c=0,
i.e., the system (4) + (106) reduces to
(108) v,a =0, v,b=—va, v3b+ 3ab = vva—1%.
It is easy to see that the integrability condition of (108,) + (108;) is
(109) avia + 2v,0,0,a — vv0a = 0.

But, quite generally, 20,0,0; — v,v,0; = v,v,0, — av; — bv,, and (109) is satisfied
because of (105).
Our results are collected in
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Theorem 3. Let B; be a G-structure on M. Let ¢ = {v, v,,v5} be its special
section satisfying

(110) [v, 0] =03, [vg, 03] = avy, + bv,, [vy,05] = cvy — av,;
consider the associated functions
(111) R = v,v;a — 2v3b — 3ab, S = v,v,a — 2vsc + 3ac.

I.IfR =S =0, 0 may be chosen in such a way thata = b = ¢ = 0.

II. If sgn RS = ¢ = +1, 6 may be chosen in such a way that R=1, S =¢.
This being the case, we have: '

1° If ab(a® — &b*) # 0 and vya = 0 on M, then

(112) a=—1b"!, ¢c= —¢b, = const.
2° If ab # 0, a* — &b = vya = 0 on M, then

(113) e=1, a=¢b, ¢c=—b, g = +1

and b is a solution of the completely integrable system

(114) v,b + gov,b =0, wv3b =0, vy0,b = v,0,b =3b% + ¢y, v30,b6=0.
3° If abvsa £+ 0 on M, then

(115) a = —%b"*vbv,b + 2b), c¢= —eb

and b is a solution of the completely integrable system

(116) v,0,b = 3b7Y(v,b)* + 2b%, v0,b = 3b7(v,b)? + 2¢b?,

v0,b = v0,b = —(3ab + 1),
v30b = —(av,b + bu,b), vsv,b = ebv,b + av,b .

III. If R £ 0,S = 0, 0 may be chosen in such a way that R = 1. This being the
case, we have ¢ = 0, a is a solution of v,a = 0 and b a solution of the completely
integrable system (106).

As an application, let us present just one global result.

Theorem 4. Let B; be our G-structure on a compact manifold, let B; be of the
type 11,3° of the preceding theorem. Then ¢ = 1 and b < 0 on M.

Proof. From (104), we get easily
(110) (v10; + V0, + v303) b* = 3(P] + P3) + 4(b + ¢b) b*;
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as mentioned above, b + ¢b and b? are invariants. Choosing arbitrarily local co-
ordinates on M, it is easy to see that vyv, + v,0, + v3v; is an elliptic operator.
Suppose (b + eb) b*> = 0 on M. Applying Hopf’s lemma, we get b = const. on M.
But this means, see (104), Py = P, = 0 and 3ab + 1 = 0 on M, i.e., a is constant
on M and vsa = 0, a contradiction. Thus there is a point m € M such that (1 +¢).
. b(m) < 0. This implies ¢ = 1 and b(m) < 0. From b + 0 on M we get b <0
on all of M. QED. :

Bibliography

[1] A. Svec: On a partial product structure. Czech. Math. J., 23 (98) 1973, 306—338.
[2] A. Svec: On a partial complex structure. Czech. Math. J., 25 (100) 1975, 653 — 660.

Author’s address: 771 46 Olomouc, Leninova 26, CSSR (Pfir. fak. Univ. Palackého).



		webmaster@dml.cz
	2020-07-03T02:08:37+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




