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In the paper [2] the authors considered tolerances on direct products of monoids
and distributive lattices in order to obtain conditions under which a tolerance is
a direct product of tolerances on direct factors. Actually, the following result is
proved:

Theorem. Let A and B be two monoids or two distributive lattices with greatest
and least elements. Then the following two implications are equivalent:

(1) Te LT(A x B) = there exist T; € LT(N), T, € LT(VB) such that T= T, x T,.
(2) <a, by € T= T,(prya, prib) x Ty(pr,a, prb) = T.
The aim of this paper is twofold: ,

— to extend the above result for algebras in the title;
— to prove that (2) of Theorem holds automatically in lattices, i.e. lattices have
directly decomposable tolerances without any constraints.

0. BASIC CONCEPTS

Let A = (4, F) be an algebra. By a rolerance T (or tolerance relation) on 2 we
mean a reflexive and symmetric binary relation on 4 with the Substitution Property
with respect to F, i.e. T is a subalgebra of the direct product 2 x 2. The set of all
tolerances on an algebra 20 constitutes an algebraic lattice LT(2[) [1], and the meet
in LT(A) coincides with the set intersection. We denote the join in LT() by v .

Let 9 and B be two algebras of the same type, 2 x B their direct product and
Te LT(A x B). T is called directly decomposable if there exist Ty € LT(2) and
T, € LT(B) such that T = T; x T. If every tolerance on U x B is directly decom-
posable, we say that 2 x B has directly decomposable tolerances. If € is a class of
algebras such that for every pair U, Be ¥, U x B has directly decomposable
tolerances, ¥ is said to have directly decomposable tolerances.

Let @ and b be two elements of an algebra . T,(a, b) denotes the least tolerance
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on U collapsing the pair <a, by, ie. Ty(a, b) = N{T| Te LT(A) and {a, b) € T}.
Thus T4(a, b) is a generalization of the concept of a principal congruence.

Let U and B be two algebras of the same type and x an element of A x B. When
x; = pryx and x, =pr,x, [x;, x,] is a componentwise denotation for x. Further,
if T,eLT(W) and T,e LT(B), we have <{x,ypeT; x T, if {x;, y,>eT; and
(X3, y2» € T,. As noted in [2], the direct product of two tolerances is a tolerance
on the direct product of the corresponding algebras.

1. TOLERANCES ON DIRECT PRODUCTS

The aim of this section is to give conditions under which the identity
(1) (Ty x T3) Vaxp(Sy X S2) =(Ty v4Sy) x (Ty v S,)

is valid for two algebras U and B of the same type and for every T}, S; € LT(2)
and every T, S, € LT(QS). It is worth noting that (1) holds for congruences Ty, T5, Sy
and S, on any algebras % and B of the same type, see [3].

An algebra is called idempotent if for every m-ary polynomial g(xi, ..., x,
over A and for every a € 4, q(a, ..., a) = a. Wis called superidempotent if it is idem-
potent and for every m-ary polynomial g and every two elements a and b of 2 there
are elements ¢ and d such that g(k, ..., k,a, k,....,k) = a and g(k, ..., k, b, k, ...
..., k) = b, where k is ¢ or d according to the following rule: if k on ith place is ¢ (d)
in the expression for a then k on the ith place is also ¢ (d) in the expression for b,
and vice versa. When 2 is a lattice, it is superidempotent: the elements ¢ and d
corresponding to given a and b are a v b and a A b.

Theorem 1. Let € be a class of superidempotent algebras of the same type, where
Jor every We % and every T,Se LT(N), <u,vd>eT v S if and only if there
exists a positive integer N such that for every even n > N there are elements
u, v;of (i = 1,...,n) and an n-ary polynomial p over A with the properties

() p(uy, ..., u,) = u and p(vy, ..., v,) = v;
(i) <u;, v,y € T for even and {u;, v,y € S for odd values of i (i =1,..., n).

Then the identity (1) is valid for all A, B € € and every Ty, S; € LT(N), T,, S, €
e LT(B).

Proof. The proof is a modification of the proof of [2, Thm. 1]. Evidently T} x Ty,
Sy xS, €(Ty va4S;) x (T, vy S,), whence it remains to prove the inclusion
(T, vaS1) x (T, v Sy) € (Ty x Ta) V 4x5(S; X S,).

Let a,, bye A and a,, b, e B be elements such that <{[ay, a,], [by, bo]> €
e(T; v458;1) x (T, vpS,). Then <{ay;, b;>e Ty v, S; and <ap b,)eT, viS,.
According to the assumption, there are two positive integers N; and N, such that
for every even integer n > max (N,, N,) there exist elements uy, ..., u, aad vy, ..., v,
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of A, uj, ..., u, and v}, ..., v, of B, and n-ary polynomials p and g over A and B
having the properties

(i) puy, ..., u,) = ay, p(vg, ..., v,) = by, q(u}, ..., u,) = ay and q(v}, ..., v;) = by;
(i) <u;, v,y e Ty and <uj, v}y e T, for even and <u; v;) € S; and {uj,v;> €S, for
odd values of i, i = 1,..., n.

We define now an n’-ary polynomial r as follows: r(yy, ..., y,2) = p(a(xyq, ...
s Xgn)s ooes @(Xngs -5 Xum))s Where X ;= Yg—1ym+; Let ¢; and d; be elements
of A such that q(k;, ..., ki, uy, kiy ..o ki) = u; and gk, -.s kiy v, iy o0y k) = 0
where k; is ¢; or d;, i = 1, ..., n. Furthermore, {c;, ¢;>, {d;, d;» € Sy, Ty for every
value of i. Accordingly, we can now write the following scheme:

— t and s are indices, t,s = 1, ..., n;

— for each separate value of ¢, z; = w, = k, when s + ¢, and z;, = u,, w, = 1,

when s = 1;
= {[zpu}], [wev]> € Ty x T, when tis even and {[z,u;], [w,v;]>eS; x S,

when ¢ is odd.

Moreover, r([zy, u], [Z2, 4] oo [Za th]) = [F(Z15 - os Zus Z1s ooes Zup ooos Z)s

r(uy, o,y uh, ul, o up)] = [Py, kyy e Ky ks g, Koy o kg, K,

coos by wy), P(ul, oo uy, ub, o uy)] = [ay, ay] and similarly #([wy, vi], [w,, 01], ...
ey [Wa 03]} = [b1, b, ] Obviously, A x B is superidempotent when A and B are,
whence one can derive from the polynomial » a new polynomial r* such that r*
is (n* + j)-ary, where j is even and r*(yy, ..., Yoo ;) = pFi(H(Vis oo Yu2)s Yarsts -
... Yu2+;)- But then, according to the superidempotency of 2 x B with respect to r*,
[ay, a,] and [by, b,], we have two sequences of elements and a polynomial r*
over 2 x B such that (i) and (ii) hold for every even m > n* — 2 and thus {[ay, a,],
[by, b:]> €(Ty x T5) V 4x5(Sy x S,). This completes the proof.

A join-semilattice @ = (S, v) is called down directed, if for any two elements
a, b e S there is a common lower bound ¢ of a and b in €. An up directed meet-
semilattice is defined dually. A quasilattice Q = (Q, v, A)is a structure, where v
and A are commutative, associative and idempotent (see Plonka [4]), ie. Q is
a join-semilattice with respect to v and a meet-semilattice with respect to A. Q is
a lattice if and only if the absorption laws hold in Q. Q is down directed, if it is down
directed as a join-semilattice, and up directed, if it is up directed as a meet-semilattice.
Obviously, down directed join-semilattices and quasilattices as well as up directed
meet-semilattices and quasilattices are superidempotent.

Theorem 2. Let € be one of the following classes of algebras:

(i) the class of all lattices;
(ii) the class of all down directed join-semilattices;

(iii) the class of all up directed meet-semilattices:
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(iv) the class of all down directed quasilattices;
(v) the class of all up directed quasilattices.

Then (1) is true for each A, B e % and for every Ty, S; € LT(N), T,, S, € LT(B).

Proof. We have to show that when e %, T,Se LT(Y) and u, ve A, then
{u,vy e T v , S if and only if there exists an even positiev integer N such that for
every even integer n > N there are elements u, ..., 4, and v,, ..., v, and an n-ary
polynomial p over U such that (i) and (ii) of Theorem 1 hold. After proving this the
assertion of the theorem follows from Theorem 1. We shall present the proof only
for lattices; the proofs for (ii)—(v) are analogous and hence we omit them.

As proved in [1, Thm. 2], <u,v) € T v, S if and only if there is a polynomial
p*(¥1s .- ym) and elements uf,...,u, and vj,...,v) such that <(uf,vf>eT or
uf,viyeS, i=1,...m, p*uf, ..., uy) = u and p*(v{,...,v)) = v. Thus if the
conditions (i) and (ii) of Theorem 1 hold, then <u, v) € T v 4 S. So it remains to show
the converse and we shall do it by modifying the polynomial p*(yy, ..., y,,,) and the

sequences u¥, ..., uk and v}, ..., v in a suitable manner.
Let us denote uf A ... A uX A 0¥ A ... A0} by a*. Trivially, (a*, a*)e T, S,
uf v a* = uf and vF v a* = of for each i, i = 1, ..., m. If (u¥, v}> e S, we put

u, = u¥ and v, = oF, and if <u¥, v¥) ¢S, we put u; = v, = a*, u, = u¥ and
v, = v¥; clearly then {u,,v,>e T. Assume that <{uf,v¥)>eS, whence u, = uf
and v, = v¥. If now <u}, v5) € T, we put u, = u} and v, = v}, and if <ul, vi> ¢ T,
then we put u, = v, = a*. In that case {u,, v,> € T and because then {ui, vi) ¢S,
we put u5 = u; and v5 = v;. So from u¥, ..., uk, from v¥, ..., v and from a* we
can easily construct two new sequences Uy, ..., Uy and vy, ..., v,, such that {u;, v;> €
€ Tfor even and {u;, v;» € S for odd values of i, i = 1, ..., 2k. Assume that {u¥, v} ¢
¢S, and so u; = v, = a*, u, = u} and v, = v}. Then we replace y, in the poly-
nomial p*(yy, ..., y,) by the expression x, v x, and obtain a new polynomial
p'(xl, X2, V25 -+s Ym). After performing all similar necessary modifications in the
polynomial p* we have a new ome: p(xy, ..., xp). Because u} v a* = u} and
vf v a* =of, pluy,...,us)=u and p(vy, ..., vy) = v. Now we may put N =
=2k —2andif n > N, we put u; = v; = a* for i = 2k + 1, ..., n, and moreover
(X1, oos X)) = P(X1, -.» X21) V X441 V ... V X,. In this case the conditions (i)
and (ii) of Theorem 1 also hold, and the required result follows from [1, Thm. 2].

It is proved in [2] that the identity (1) implies a similar identity for an arbitrary
number of tolerances on direct factors, i.e.

&) Vaxs{T, x S, | 7€} = Vu{T, [y T} x VS, | ve T}

(I is an arbitrary index set) in the class of all distributive lattices with a least and
a greatest element as well as in the class of all monoids with a unit element. In the
following we extend this result. The proof follows from that of [2, Thm. 2], where
the unit element is substituted by a lower bound (by an upper bound) of the elements
under consideration and the operation - by v (by A). Hence the proof is omitted.
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Theorem 3. Let € be one of the classes (i)—(v) of algebras in Theorem 2. Then (2)
is valid for each pair U, B e ¥ and for every T,e LT(Y), S,e LT(B), where I
is an arbitrary index set.

2. DIRECT DECOMPOSABILITY

Theorem 5 of [2] can be generalized in the following way:

Theorem 4. Let A and B be two algebras of the same type satisfying (2). Then
the following conditions are equivalent:

(1) A x B has directly decomposable tolerances;

(2) <a, b) € T implies Ty(ay, by) x Ty(a,, by) € T for each Te LT(N).

Proof. (1) = (2). The equality T,,p(a, b) = T, x T, evidently implies that
Ty(ay, b)) € Ty, Ty(ay, by) S Ty, and thus (a, by € T implies that Ty(a,, by) X
X Tylan b)) ST, x T, = T.

(2) = (1) Let
T, = {<a;, b1>] there exist a,, b, of B such that

{[ay, a,], [b1, b,]> e T} and
T, = {<a,, b2>| there exist a,, b; of A such that

{[ay, as], [by, by]> e T} .

By Theorem 14 in [1], T, = V. {T4(ay, b,) | <a, by € T} and T, = V{Ty(az, bs)
{a, by € T}. Then it follows from (2) that T, x T, = (V{Tu(a;. by)
{a, by € T}) x (V{Ts(as, b,) l {a, by € T}) S V 4xp{Tu(ay, by) x Ty(as, by)
{a,bye T} = T. The converse inclusion is evident. Because T, e LT(¥) and

T, € LT(B), (1) is proved.

Next we shall prove two lemmas, by means of which we can prove the second result
from the introduction.

Lemma 1. Let A = (A, F) be an algebra and a, be A. {x, y) € Ty(a, b) if and
only if there exists a binary algebraic function ¢ over U such that x = ¢(a,b)
and y = ¢(b, a).

Proof. Clearly the set of all pairs {x, y) for all binary algebraic functions ¢ from
the theorem over U constitute a reflexive and symmetric binary relation T having the
Substitution Property and collapsing {a, b}, i.e. T4(a, b) = T. The converse inclusion
is evident.

Lemma 2. Let % and B be two lattices. Then Ty(ay, by) x Ty(as, by) S Tyxs(a, b)
for every pair {a, b) of elements of A x B.
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Proof. Let <(x,y>e TA(al7 b1) x TB(az» b2)~ Then <{xy, y;> € TA(an bx),
(x5, y2) € Ty(ay, by) and, according to Lemma 1, there exist (2 + n)-ary and
(2 + m)-ary polynomials p and g such that x; = p(ay, by, ¢y, ..., ¢,), yy =
= p(by, ay, 1, ..., €,), X2 = q(az, by, dy, ..., d,) and y, = q(by, a5, d;, d,, ..., d,,). Let
s = max (m, n) and letus put ¢; = ¢c,and d; = d,, fori = n,...,sand j = m, ..., s.
Now we can construct a (4 + s)-ary polynomial r as follows: r(x, Yk oo kg
e, e3) = (ey A p(x, y, kys oo k) v (e A g(x, v, ky, ..., k). But then p(x, y, ¢y, ...
o c,,) = 1'(x, VY, Cqynes Cs B, g) and q(x, B PUR d,,,) = r(x, Vsdys.odg g, h), where
h=xvyve Vv..vevdv..vd, and g=XAYyAC{ A ... NGy A
Ady A ... Ad, Further, <x, > = {[xy, x2], [y, y2]> = {[r(ay, by, ¢y, ...
oo € 1y g), H(ay, by, dy, ..., dg g, B)], [r(by, ay, ¢y, ..., ¢y By @), 1(ba, ay, dy, ..
v dy g, W] = (Ha, b, [ey, di], ..., [eo d), [h, 9], [9. h]), r(a, b, [cy, dy], ...
oo [es dg], [h, 9], [9, R])> = <¢(a, b), (b, a)y, where ¢(x, y) =
=r(x, y, [ey, di ], .- [es 4], [hs 9], [9, h]). According to Lemma 1, {(x, y)e
€ Tyxp(a, b). This completes the proof.

Now we can prove

Theorem 5. The class of all lattices has directly decomposable tolerances.

Proof. By Theorem 3, the class from the theorem satisfies the identity (2), and thus
Theorem 4 can be used. According to Lemma 2, 2) of Theorem 4 holds, whence the
proof is a direct consequence of Theorem 4.

References

[1] I. Chajda and B. Zelinka: Lattices of tolerances. Casop. pést. mat. 102 (1977), 10— 24.

[2] 1. Chajda and B. Zelinka: Tolerance relations on direct products of monoids and distributive
lattices. Glasnik mat. 14 (1979), 11—16.

[3]1 G. A. Fraser and A. Horn: Congruence relations in direct products. Proc. Am. Math. Soc. 26
(1970), 390—394.

[4] J. Plonka: On distributive quasilattices. Fund. Math. 40 (1967), 191—200.

Authors’ addresses: 1. Chajda, 750 00 Pferov, tf. Lidovych milici 22, CSSR; J. Nieminen,
90570 Oulu 57, Faculty of Technology, University of Oulu, Finland.

115



		webmaster@dml.cz
	2020-07-03T03:05:43+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




