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INTRODUCTION

Let M be an n-dimensional C® manifold and # M its frame bundle. A theory of
complete and horizontal lifts to #M of tensor fields and connections on M are
recently developped by several authors [1], [2], [4], [6] in such a way that — the
results obtained may be closely compared with the corresponding results in the
theory of lifts to the tangent bundle TM. In this paper, complete and horizontal
lifts to #M of derivations of the tensorial algebra of the tensor fields on M are
defined and their properties are studied. The particular case of covariant differenta-
tions is considered.

1. PRELIMINARIES

In this section, we shall fix our notations and recall, for later use, the definitions
and some properties of the complete and horizontal lifts of tensor fields and con-
nections to the frame bundle. Details can be found in Mok [6] and in [1], [2].

Manifolds, tensor fields and linear connections under consideration are all assumed
to be differentiable and of class C®, and the manifolds to be connected.

1. Indices i,j, k,...; o, B, 7, ..., have range in {1, e n}. We put h, = an + h.
Summation over repeated indices is always implied.

2. Entries of matrices are written as AJ':, 4;; or AY and in all cases, i is the row
index while j is the column index.

3. Let M be an n-dimensional manifold. Coordinate systems in M are denoted
by (U, xi), where U is the coordinate neighborhood and x' are the coordinate
functions. Components in (U, x’) of geometric objects on U will be referred to
simply as components in U, or just components. We denote the partial differentation
0/ox* by 0;, and the Lie derivative by Zy.

Let T,M be the tangent space at a point xe M, (X,) = (Xy,...,X,) a linear
frame at x and # M the frame bundle over M, that is the set of all frames at all
points of M. Let n: #M—M be the canonical projection of #M onto M; for the
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coordinate system (U, x¥) in M, we put FU = n~(U). A frame (X,) at x can be
expressed uniquely in the form X, = X}(0/0x’),. The induced coordinate system in
FMis {FU,(x', X})}. The matrix [X}] is non-singular and its inverse will be written
as [X%].

4. Let V be a linear connection on M with components F?,-. The curvature tensor
and the torsion tensor of V are denoted by R and 7| respectively. The opposite con-
nection V of V has components I, = I'},.

With a given linear connection V on M, we can define two sets of global 1-forms
on &M, namely 6" and w?. Their expressions on FU are

0" = X]dx", ¢ = XY(I".X!dx/ + dX")

jitte
and these n + n? global 1-forms are linearly independent everywhere. Actually,
6 = () is the canonical 1-form of #M and ® = (w?) is the connection form of V.
Let E;, EY be the n + n® global vector fields on #M dual to 0", ®?; they span the
horizontal and the vertical distributions on & M, respectively, and their expressions
in U are

(1.1) E, = X}0, — I'l. X} d;,), Ei= =X 9;,
where 9;, stands for 9/0X}.

Note that A4 = A;Ef is the fundamental vector field on # M associated to 4 =
= [4;] e gl(n, R), and B¢ = £°E, is the basic vector field associated to & =
= (&, ..., eRn

From (1.1) we notice that the horizontal and the vertical distributions, when
restricted to #U, are spanned respectively by the local vector fields

(1.2) D; =08, —I"X.0, , Dy, =0,.

jitte

The frame field {Dj, Dkﬁj will be said the adapted frame on #U. The local
1-forms 57, 71’5 on #U dual to D;, D, are given by

(13) n=dx/, nf=I%X}dx + dX}
and {#’, 5} will be said the adapted coframe on FU.

5. Let S be a tensor field on M of type (1, 5), s = 1, with local components Sj,
in U; then, we associate to S a tensor field yS on FM of type (1, s — 1) defined
in #U by

(1.4) yS =8 X310, ®d"* ®... @ dx".

J1eds

Let F be a tensor field on M of type (1,1) with local components F’; let Fo = [F?]
be the n x n square matrix of functions globally defined on #M and given by
F? = FiXIX}. For each A = [A}] e gl(n, R) we consider on #M a vertical vector
field defined by

(1.5) AF o A) = FEA’E}.
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From (1.4) and (1.5), we notice that if 4 is the unit matrix I, then A(F°I) = yF;
and if F is the identity tensor I on M, then A(I°4) = 14.

6. Let S be a tensor field on M of type (1,5), s = 0, and let S% . be its local
components in U; then, the complete lift S€ of S to # M is the tensor field of the
same type given in #U by

S€=8" .0®d®.. ®@dx" + (XE0,S" )0, @d @ ... ®dx* +

J1eeJs

+.i1555" WO, @A ... ®dXF® ... @ dxf.
So, if s = 0, that is, if X is a vector field on M with local components X', its
complete lift X€ to &M is the vector field locally given by
X¢=X'0, + (XtoxYo,.
In [6], the following properties of these complete lifts are shown
(1.6) [XC Y] = [X, Y]¢, [XC 24] =0
SAx¢S, ..., X6) = {S(Xy, ..., X,)}€

for any vector fields X, Y, X, ..., X, and every tensor field S of type (1, s) on M.
These definitions have been extended in [1] to covariant tensor fields on M
as follows; let © be an arbitrary 1-form on M with local components 7;; then the
functions
7,0 =X, 150

IIA

n

are globally defined on & M. Then, if f is a differentiable function on M, we define
its complete lift € to %M by putting

c_¥ f@

f m§=:1
where [ = y,(df), 1 S ¢ < . 4
The complete lift 7€ of a 1-form 7 on M to FM is defined as the unique 1-form
on FM satisfying 1(X) = (¢(X))° for any vector field X on M. In general, if S is

a tensor field on M of type (0, 5), s = 0, its complete lift S¢ to # M is defined as the
unique tensor field of type (0, s) on F M satisfying

(1.7) se(x¢, ..., X5 = {S(Xy, ..., X,)}¢

for any vector fields Xy, ..., X, on M. If §;
in FU

_j. are the components of S in U, then

SC =Y {(Xi0:S;,.;)dx ® ... ® dx’* +
a=1
+ 38, ®.. @dXF®... @ dx"} .
k=1
The vertical lift S to #M of a covariant tensor field S of type (0, s), s = 0, on M
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is defined by setting S” = n*S. Thus, taking into account the previous definitions,
one easily obtain the following formulas

(1.8)  X® =(X)®, 1<as<n, X=X, X" = (Xf)"
(X9) = («(X))”, "(A4) =0,

for any function f, any 1-form 7 and any vector field X on M, and arbitrary 4 e
e gl(n, R).

7. Let V be a linear connection on M with local components I'%;. Let S be a tensor
field on M of type (r, s) with » = 0, 1 and s = 0, and suppose that the components
of Sin U are §;, ; forr =0 or Sfl . for r = 1. Then a tensor field V S of the

same type is defined on # M by putting in FU

n
(1.9) V‘/,S:Z(X;V ) A ® L @ dx’s for r=0
V,$ = (XV,S" )0, ®@dx' ®...@dx"* for r=1,

where V,S. . and V,S" denote the components of VS. We notice that V S =

Ji.eJs J1eeJs

= y(VS) for r = 1.
The horizontal lift S¥ of a tensor field S on M of type (0, s) or (1,5), s = 0, is
defined by setting

(1.10) . ST =8°-V,s.

Actually, X¥ is the well known horizontal lift of a vector field X on M given
in #U by
(1.11) X" = XJ(o; — 'l X% 0,,) .

If we take into account the various definitions of lifts, the following formulas are
easily proved:

(1.12) fA=0, XU =(Xf), XU =X - (V,X)f®, 1<a<n
X7 = (Xf)° = (V,X)f°
for every function f and any vector field X on M,
(1.13) [X", Y"] = [X,Y]" —yR(X,Y), [X¥,44] =0,
[X7, 7S] = »(VxS)
for any vector fields X, Y and any tensor field S of type (1, 1) on M and any A e
€gl(n, R)
(1.14) FEXH = (FX)?, FH(14) = A(F°4)
FH(yS) = y(FS), FY¥(AS°A) = A((FS)°A)
for every vector field X and any tensor fields F, S of type (1, 1) on M and any
A e gl(n, R).
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8. The complete lift to # M of a linear connection on M has been introduced and
studied by Mok in [6] as follows.

Let V be a linear connection on M; then the complete lift V€ of V to %M is the
linear connection on &M uniquely determined by the condition

(1.15) VEYE = (V4 Y)°

for any vector fields X, Yon M.
In [2], the following formulas are obtained:

(1.16) V$AB = A(AB), V§.XC = A(VX)4),
Viudd = 0, V5cid = A((VX)A), VL X" = AT(—,X)°A)

for any vector field X on M, arbitrary A, B € gl(n, R) and being T(—, X) the tensor
field of type (1, 1) on M defined by T(—, X)(Y) = T(X, Y), for any vector field Y
on M, where T'is the torsion tensor of V.

Moreover, in [2] Cordero and de Ledn introduce the horizontal lift V¥ of V to #M
as the linear connection on % M defined by the conditions

(1.17) ViAB = AAB), ViuAB = 0
VX" = NT(—,X)4), Vim"=0
for any vector fields X, Yon M and any 4, B € gl'n, R).

2. COMPLETE LIFTS OF DERIVATIONS

Let 7 (M) = X7 (M) be the tensorial algebra of the tensor fields on M. By a de-
rivation of (M), we shall mean a mapping D: 7(M) — J(M) which satisfies the
following conditions:

(a) D: (M) > 7(M)

(b) D(S + T) = DS + DT, S, Te T(M)

(c) D(S®T)=D(S)® T+ S® D(T), S, Te 7 (M)

(d) D commutes with every contraction of a tensor field.

The set 2(M) of all derivations of (M) forms a Lie algebra over R (of infinite
dimensions) with respect to the natural addition and multiplication and the bracket
operation defined by [D, D'] K = D(D'’K) — D'(DK). Two derivations D and D’
of (M) coincide if they coincide on 7 §(M) and 7 o(M), i.e., on the functions and
the vector fields on M. Every derlvatlon D of (M) can be descomposed uniquely
as follows:

D =%y + iy

where £ is the Lie derivative with respect to a vector field X and i is the derivation
defined by a tensor field F of type (1, 1) on M. The set £(M) of Lie derivatives %y,
forms a subalgebra of the Lie algebra 9(M). On the other hand, the set é”("f) of
derivations i is an ideal of the Lie algebra 2(M).
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The following lemma will be useful

Lemma 2.1. (2) Let X, ¥ be vector fields on FM such that Xf¥ = ¥V, Xf©@ =
= Y@, 1 < a < n, for an arbitrary function f on M. Then X = ¥.

(b) Let S, T be tensor fields of type (r, s), s >0 on FM such that §(X$, ..., X¢) =
= T(X$, ..., XC) for any arbitrary vector fields X, ..., X, on M. Then S = T.

Proof. Part (b) can be found in Mok [6] and Part (a) follows easily through
a simple computation in local coordinates.

Proposition 2.2. Two derivations D and D' of 7 (F M) coincide if and only if

(a) DfY = D'f¥, Df® = D'f®, 1 < o < n, for any function f on M.
(b) DY® = D'YC, for any vector field Y on M.

Proof. It is sufficient to show that if DfY = 0, Df® =0,1 < a < n, DY* =0,
for any function f and any vector field Yon M, then D = 0. If D = %4 + iy, then
DfY = Z3f” = Xf¥ =0,

Df® = £5f® = Xf® =0, 1<a<n

for every function f on M. Taking into account lemma 2.1, we deduce X = 0. Thus,
D = iy and hence
DY = iz Y¢ = FY° =0

for every vector field Y on M. Again, from lemma 2.1, we deduce F = 0.
Let D = %y + ip be a derivation of (M), where X is a vector field and F
a tensor field of type (1, 1) on M. We define the complete lift D€ of D tp #M by

D€ = Pyc + ipc.
Taking into account (1.6) and (1.8), we have
Proposition 2.3.
DEfY = (Df)v , Dcf(“) _ (Df @ 1<a<n, Dcfc _ (Df)c
DY = (DY)°,
for any function f on M and any vector field Y on M.
As a direct consequence of propositions 2.2 and 2.3, we easily obtain

Proposition 2.4. The mapping D — D€ is a Lie algebra homomorphism of 2(M)
into 9(FM).

Now, we consider the complete lifts of covariant differentations. Let V be a linear
connection on M. Then the covariant differentiation Vy with respect to a vector
field X on M is a derivation of 7 (M). Since Vxf = Xf~, for any function f on M, we
have the decomposition

Vy =%x + ip
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where F is a tensor field of type (1, 1) on M. We notice that FY = VY — [X, Y] =
= VyX, that is, F = VX, where V denotes the opposite connection of V.
Let (Vx)€ be the complete lift of Vy to M. Taking into account proposition
2.3, we have
(V) f" = (Vxf)" = (Xf)",
(VS = (Vo) = (XN, 1S asn,
for any function f on M, and
(Vx)€ Y€ = (VxY)¢, for any vector field Yon M .

On the other hand, we can consider the complete lift V€ of V to # M and the
covariant differentiation V$c with respect to the complete lift X€ of X to #FM.
Taking into account (1.8) and (1.15), we have
(22)  Vief? = XY = (Xf),

Vgcf(u) = XCf(a) = (Xf)(a) s 1 é o é n,
V$cY€ = (VxY)¢, for any function f and any vector field Yon M .

Comparing (2.1) and (2.2), and taking into account proposition 2.2, we have

Proposition 2.5. (V)¢ = VSc, for every vector field X on M.

3. HORIZONTAL LIFTS OF DERIVATIONS

Let V be a linear connection on M. We have

Proposition 3.1. Two derivations D and D' of I(FM) coincide if and only if

(@) DfY = D’f¥, Df® = D'f®, 1 £ « < n, for any function f on M.

(b) DY® = D'Y”, D(AA) = D'(AA), for any vector field Y on M and any Ae

e gl(n, R).

Proof. It is sufficient to show that if DfY = 0, Df® =0, 1 < a < n, for any
functions f on M and DY? = 0, D(A4) = 0, for any vector field Y on M and any
Aegl(n, R), then D = 0.

If D= %4 + iy, we have

DfY = ZofV = Xf¥ =0, Df® =L5f®=K%f®=0, 12a<n,
for every function f on M. Then X = 0 from lemma 2.1.
Thus, D = iz and hence
DY¥ = i;Y¥ = FY? =0,
D(AA) = iz(A4) = F(A4) = 0,
for every vector field Y on M and any 4 € gl(n, R). Consequently, F = 0.

Now, let D = # + ip be a derivation of J (M), where X is a vector field and F

a tensor field of type (1, 1) on M. We define the horizontal lift D" of D to #M by

DH=$xH+iFH‘.
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If one takes into account (1.12), (1.13) and (1.14), we have

Proposition 3.2.
(a) D" = (D)
DYf® = (D)™ — (V,X) f®, 1 Sa<n
DHfC = (Df)¢ — (V,X) fC, for any function f on M.
(b) DEYH = (DY)” — yR(X, Y)
D¥(24) = AMF°A), for any vector field Y on M and any A € gl(n, R).
Let D = @y + iy, D = %3 + iy be two derivations of 7 (M). Then the com-
mutator of D and D is given by

[D, D] = Zixx1 + igrry -
Hence
[Dy D]H = g[X,X]H + i[F’F]H .

Taking into account (1.12), (1.13), (1.14) and proposition 3.2, we have

(3.1 ([p", D"] - [D,D]")f" =0
([D", "] — [D, D]") f® = —(R(X, X)) f®, 1<a<n
([D", D"] — [D, DI") Y = —»{R(X, [X, Y]) = R(X, [X, Y]) +
+ R(Y,[X,X]) + R(X,FY) + FR(X,Y) — R(X, FY) — FR(X, Y)}
([D", D] — [D, D]) (14) = A(VxF — VxF)°4)

for any function f and any vector field Y on M and any 4 € gl(n, R).

Using (3.1) and proposition 3.1, we have

Proposition 3.3. (a) The mapping ip — ipx is a Lie algebra homomorphism of
&(M) into &(FM).

(b) If V is flat, then the mapping ¥x — Lxu is a Lie algebra homomorphism of
Z(M) into L(FM).

Remark. However, the mapping D — D¥ is not a Lie algebra homomorphism
between 2(M) and 2(F M) even if V is flat.

Next, we shall study the horizontal lifts of covariant differentations. Let Vy be the
covariant differentation with respect to a vector field X on M. So, Vy = Ly + ip,
where F = VX is a tensor field of type (1, 1) on M. If one considers the horizontal
lift (Vx)¥ of Vy to #M, we have
(32 (V)" = (Vxf) = (Xf)"

(Va9 = (V) = (9,) £ = (K1) = (9,) /@, 15 asn
(Vo) Y2 = (VxY)* — 9R(X, Y)

(Vx)® (AA) = A(F°A), for any function f and any vector field Y on M
and any A4 e gl(n, R).
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On the other hand, we can consider the horizontal lift V¥ of V to #M and the
covariant differentiation Vi with respect to the horizontal lift X¥ of X to #M.
Taking into account (1.12) and (1.17), we have

(3.3)  Vif¥ = XY = (Xf)"
V?Hf(“) = XHf(a) — (Xf)("‘) _ (V),X)f(“) , 1<a<n
VA YH = (V,Y)H
VE.:AA = 0, for any function f and any vector field Y on M and any
Aegl(n, R).
By comparing (3.2) and (3.3) and taking into account proposition 3.1, we have

Proposition 3.4. If V is a flat connection, then (Vy)¥ = V¥x, for every parallel
vector field X on M.
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