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0. INTRODUCTION

The purpose of this paper is to investigate orthogonality spaces and atomistic
orthocomplemented lattices related to them. Especially we investigate conditions
under which such an atomistic orthocomplemented lattice may be represented by
the lattice of closed subspaces of a generalized inner product space. Some previously
known conditions are compared with so called condition of minimal dependence
or postulate of minimal superposition introduced by S. P. Gudder in [10] and used
by S. Pulmannovd in [22] and [23] to obtain representations of quantum logics
and transition probability spaces. We show that it is possible to reduce the condition
of minimal dependence to a condition of 3-minimal dependence. Similar weakened
forms of the minimal superposition postulate have been studied by W. Guz [14]
in orthomodular structures. We show the possibility of reduction in an atomistic
orthocomplemented lattice correspondirg to an orthogonality space. If the latter
lattice is orthomodular, even the 3-minimal dependence condition can be reduced
to a condition of 2-minimal dependence, which is equivalent to an atomic exchange
property.

An important example of an orthogonality spacc is a generalized inner product
space. The atomistic orthocomplemented lattice associated with this orthogonality
space is just the lattice of closed subspaces. The orthomodularity of this lattice
captivates a wide interest in the literature as it is equivalent to so called hilbertian
property. In conclusion of our work, the orthomodularity of the atomistic ortho-
complemented lattice associated with a special orthogonality space is characterized
by means of so called splitting sets (cf. [24], [21], [11], [9], [3], and [4]).

1. DEFINITIONS AND PRELIMINARY RESULTS
In this preparatory section we define an orthogonality space (S, L), closed sets
and linear sets in (S, L), and a reduction (S, L) of (S, L). We prove some basic facts

about them and carry out some necessary observation on the lattice L(S, L) of
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closed sets and on the lattice K(S, L) of linear sets. Our general theory is supple-
mented by several concrete examples.
Still a remark concerning notation used in this article: we identify a one-element
set {x} with the element x.
Let S be a nonempty set. Recall that a closure operation on S is a map A+ A
on the subsets of S satisfying the following postulates:
(i) A = A for every subset 4 of S (extensiveness),
(ii) A = A for every subset 4 of S (idempotency),
(iii) A = Bimplies A = B for all subsets 4, B of S (isotony).
A subsct A of S is closed it A = A. The collection of all closed subsets of S forms
a complete lattice under set-inclusion in which
ANA;=NA; and V A4; = (UAi)—
iel iel iel iel
where N and U denote the set-theoretical intersection and union, respectively.
In addition, @ is the smallest element and S is the greatest element in the lattice
(see [2]).
Let S be a nonempty set. Let L be a symmetric binary relation on S. For a subset 4
of S put
A ={yeS|xLyforall xe A} and A = (A
Then the map A+ 4 is a closure operation on S and the set
L(S,_L)={A§S|A=A}

of all closed subsets of S is a complete lattice with the smallest element S” and the
greatest element S. Moreover, the map 4+ A’ is an involutive dual automorphism
of L(S, L) (see [2]).

In what follows in this section we shall assume that S is a nonempty set equipped
with a symmetric binary relation L. When is the unary operation 4+ A’ an
otthocomplementation on L(S, 1) is solved in our first lemma (see also [2]).

1.1. Lemma. The lattice L(S, 1) is orthocomplemented if and only if L has the
following property:

(1) For every xe S, x L x implies x L y for all yeS.

Proof. The lattice L(S, 1) is orthocomplemented if 4 A A" = S’ (or dually,
if Av A’ =S) for all AeL(S, L). To prove necessity, assume that L(S, L) is
orthoccomplemented, x € S and x L x. Since x' € L(S, _L), we get xex' A X =5
and thus x L y for all y e S. Conversely, if (1) holds and if 4 € L(S, L) then every
element x e A A A’ satisfies x L x which means that x € §’. Since from 4,4’ = S
we obtain S € A A A’, this gives A A A" = S'. O

1t is easy to see that every atom in L(S, L) is of the form X for some xe S — S".
In general, not every X (x € S — §’) is an atom in L(S, L). Since

A=V(|xed-5)



for every AeL(S, 1), the presumption that every X (x€S — §') is an atom in
L(S, 1) guarantees that the lattice L(S, L) will be atomistic. Our second lemma brings
several useful conditions each of them is equivalent to the statement: every X
(xeS — §')is an atom in L(S, 1).

1.2. Lemma. The following four conditions are equivalent:

(2 Ifx,yeSand y¢S’, then x' <y’ implies x' = y'.

(2a) For every xe S, X ={yeS|x' =y}us.

(2b) The set {X|xe S — S'} is the set of atoms of L(S, L).

(2c) The set {x'|xeS — S'} is the set of coatoms of L(S, L).

Proof. (2) = (2a) If x € S then every element y € X — S’ satisfies x’ = y’ which
implies x' = y’ by condition (2). Thus X < {y € S |x’ = y’} U S" and because the
opposite inclusion is evident, we obtain the desired equality.

(2a) = (2b) Let xe S — S" and let A € L(S, L) be such that S’ = 4 = X. Choose
an element y € A — S'. According to condition (2a) it holds x’ = )’ which means
that X = j = A. Therefore Xis an atom in L(S, L). This is enough for validity of (2b).

(2b) = (2c) The implication follows by duality.

(2c) = (2) Assume that x, y € S are such that y ¢ S’ and x’ < . Then x does
net belong to S” and hence by condition (2c), x’ is a coatom in L(S, L). Therefore
x' =y O

1.3. Definition. Let S be a nonempty set endowed with a symmetric binary rela-
tion L. We shall call a couple (S, L) satisfying conditions (1) and (2), an ortho-
gonality space (compare with [6], [16], [18]).

1.4. Proposition. Let (S, 1) be an orthogonality space. Then L{S, 1) is a complete,
atomistic orthocomplemented lattice.

Proof. The lattice L(S, L) is orthocomplemented by Lemma 1.1 and atomistic
by Lemma 1.2. O

Let S be a nonempty set and let L be a symmetric binary relation on S. A subset A
of S will be called linear if {x, y}~ = A for every x, y € A. Denote by K(S, L) the
set of linear subsets of S. For 4 = S we denote by the symbol kA4 the smallest linear
subset of S containing A. Then the set of linear subsets of S can be expressed as

K(S,L)={A<S|A4=kA}.

It is evident that L(S, 1) = K(S, 1). For 4, Be K(S, 1) we shall use the following
notation: A + B = k(A U B).

1.5. Proposition. The map A+> kA is a closure operation on S. Consequently,
the set K(S, 1) is a complete lattice with the meet N A; = (\ A; and the join
iel iel
> A; = k(U A4;). The empty set O is the smallest element and S is the greatest
iel iel
element of K(S, L).
We continue perceiving the linear subsets of S. Evidently, k{x, y} = {x, y}~ and
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kA = A, where x,ye S and A = S. Let us observe that for every nonempty set
A€eK(S, L) we have S’ = A. In what follows we shall consider S’ as the smallest
element of K(S, L). With this supposition, the set of atoms (and dually, the set of
coatoms) in K(S, L) is equal to the set of atoms (the set of coatoms) in L(S, L).
Note that if condition (2) is satisfied then K(S, L) is an atomistic complete lattice
with the atoms kx = X (xe S — ).

Recall that an atomistic lattice Lis compactly atomistic if for every atom x € L
and any set of atoms 4 < Lsuch that x = V(y [ yE A) there is a finite set F < A4
such that x < V(y | y € F).

1.6. Proposition. For every A < S,
kA = U(KF | F < A, F is finite).

Proof. Put B = U(kF | F S A, F 1s finite). Clearly, A < B < kA. We see that
it is enough to prove that B = kB. If x, y € B then there exist finite sets F, G = A4
such that x € kF and y € kG. Hence {x, y}~ = k(FuU G) < Band thus B = kB. []

Corollary. If (S, L) has the property (2) then the lattice K(S, 1) is compactly
atomistic.

Before bringing into some examples, we introduce a procedure which, in a natural
fashion, produces from a given orthogonality space (S, L) a new orthogonality
space (S, L), called the reduction of (S, L), having more powerful properties and
possessing the same structure of closed and linear sets.

1.7. Lemma. The following two conditions are equivalent:
(B) Ifx,yeSand y¢S', then x' < y' implies x = y.

(3a) For every xeS,X =xuU S".

Proof. (3) = (3a) Having an element x € S, the inclusion x U S’ S X is clear.
Conversely, every element y e X — S’ satisfies x’ < )’, hence x = y by (3). Thus
XxXexus.

(3a) = (3) Let x, y € S be such that y ¢ S and x’ < ). Then j < X which by (3a)
implies yu S’ < xu S’, and thus y = x. O

n

Looking at the conditions (2) and (3), we see that (3) implies (2). An interesting
property, stronger than condition (1), and in the presence of which S’ = @, is the
following one:

(1°) x L x for no x € S (anti-reflexivity).

Let us observe that provided S” = @, conditions (2) and (3) have the following forms,
respectively:

(2°) If x, y € S then x’ = y’ implies x’ = y".

(3°) If x, y € S then x’ < y’ implies x = y.

Again, let S be a nonempty set with a symmetric binary relation L. Assume that
S’ # S. We shall use the following notation. For any subset 4 of S, put

A={x|xed-S7}.
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Define X L j when x Ly (x,yeS — S'). It is easy to see that this rule defines
a symmetric binary relation on S. For o/ = § put

ot ={BeS|ALBforall Ae/}.
Our interest concentrates now upon the new system (§, 1) which reliably reflects
the original structure of (S, 1) as the following results show.
1.8. Lemma. For every subset A of S it holds:
() A = (4",
(ii) (k4)~ = k4.
Proof. (i) If 4 = S then
A*={y|yeS—5S and x Ly forall xe4 — S’}
={j|yed — S} =(4)".
(ii) It is easy to see that for 4 = S,
kA =U(A4,|n=0,1,2,...) where A4,=A and

A, =U{xy} " |x,yed,_y) for n=1.
Similarly,
k/T:U(d,,]n=0,l.2,...) where = A and

A, =U({B,C}"|B,Cest,_,) for nz1.
Evidently, &/, = A,. Suppose that &/, = A, for some n > 0. Then, according to (i),
A1 =U({B,C}"|B Cest,)
=U{x 7} |x.red, - S)
U= |xred, - )
=U(({x 7)) [xyed, - S)
=Ux " [xyed, =) =4y
So, the induction gives &, = A, for all n > 0. The rest of the proof is now clear. [J

Using Lemma 1.8, it is easy to prove the following statement.

1.9. Proposition. The maps L(S, L) —» L(S, L), A+ 4, and K(S. L) > K(S, 1),
A A, are lattice isomorphisms which carry the unary operation Avws A’ onto
the unary operation of +— s/*.

1.10. Lemma. For all A, Be S it holds:
At < BY implies B< A.

Proof. If 4, Be Sthen A = Xand B = y for some x, ye S — S'. Then 4* < B*
means that X* < j* which is the same as ¥* < §*. By Lemma 1.8, this implies (x')~ <
< (y')” from which, using Proposition 1.9, it follows x’ < y’. Hence y = X and

thus B < A. ]
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Corollary. For all A, Be S the following implication is true:
At = B* implies A= B.

1.11. Proposition. Property (1) is equivalent to the anti-reflexivity in S:
(la) A L A forno A€eS.
Property (2) is equivalent to the following condition:

(2d) If A, Be S then A~ < B* implies A = B.

Proof. (1)=(la) If Ae S and 4 L A then there is x€ S — S’ such that 4 = X
and x L x, hence x € S’ by (1), which is a contradiction.

(la)=(1) If xe S — S" and x L x then X€ S and X L ¥ which is impossible
by (1a).

(2)=(2d) If A,Be S then 4 =% and B = j for some x,yeS — S’. From
A* = B* we obtain x’ €)', as in the proof of Lemma 1.10. According to (2),
x" =y’ and therefore A = X = y = B.

(2d) = (2) Let x, ye S be such that y¢ S’ and x’ < y'. Then x¢S" and X" =
=% = (x)" = ()" =7 =y~ By (2d), X = y which means that x' = y". [

Let (S, L) be an orthogonality space. Using Proposition 1.11, we see that (S, L)
is also an orthogonality space, and satisfies (1°) and (3°). More precisely, we should
say that (5, L) satisfies conditions (1a) and (2d), which are S-analogous of properties
(1°) and (3°). because (1°) and (3°) are expressed in terms of the set S, not 5. We
shall call the orthogonality space (S, L), the reduction of the orthogonality space
(S, L). Let us note that adding S’ to the elements of § we obtain an orthogonality
space satisfying (3).

1.12. Examples. (i) Let (S, <,0, 1, *) be a complete orthocomplemented lattice.
For x,ye S define x L y when x < y*. Then L is a symmetric binary relation
on S which satisfies (1). The lattice L(S, L) consists of the principal ideals of S and
thus is ortho-isomorphic with S.

(ii) Let (L, <,0,1,%) be a complete, atomistic, orthocomplemented lattice.
Let S be the set of atoms in Land for x, y € S define x L y when x < y*. Then 1 is
a symmetric binary relation on S which satisfies (1°) and (3°). Moreover, the lattice
L(S. 1) is ortho-isomorphic with L (see the preceding example and [18], Theorem
2.5).

In the following two examples we assume that V is a generalized inner product
space. This means, V is a vector space over a division ring D with an-.involutive
anti-automorphism o +— a*, and <+, *> is an Hermitian form (the generalized inner
product).

(iii) Let S = Vand for x, y € V let us define x L y when <x, y> = 0. Then L is
a symmetric binary relation on V. If x € V'then x -L x implies x = 0 and therefore (1)
is satisfied. As known, X = Dx = {ocx | o E D} for every x € V. Hence, if x,y€V,
y % 0 and x’ < )/, then j < X which implies X = j. Thus condition (2) is satisfied
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and (S, L) is therefore an orthogonality space. If 1 + 1 % 0 then (3) is not satisfied
as for example x’ < (2x)’ for every x € ¥, but x % 2x + 0if x % 0.

The reduction of (S, L) is (S, L) where § = {Dx |x eV, x * 0}.

(iv) Let S ={xeV|<{x,x) =1} be nonempty and let x Ly if and only if
{x,y> =0 (x,y€S). Then x L x for no x €S, hence (1°) is satisfied. Since X =
= {ax|ae D, aa* = 1} for every x € S, also (2°) is satisfied, but (3°) is in general
not satisfied.

2. MINIMAL DEPENDENCE CONDITION AND REPRESENTABILITY

Our attenticn in this section is aimed at orthogonality spaces (S, 1)satisfying
conditions (1°) and (3°). We shall present a variety of properties of (S, L), each of
them is equivalent to the condition of minimal dependence, which enable to represent
the lattice L(S, 1) as the lattice of closed subspaces of a vector space with an
Hermitian form.

At the beginning we recall some definitions.

A set P whose elements are called points is called a projective space if there exists
a family of subsets of P called lines satisfying the following two conditions:

(P1) Every line contains at least two points, and two different points x, y are
contained in just one line, which is denoted by {x, y}~.

(P2) Let x, y, z be points which are not contained in one line. If u, v are different
points such that ue{x, y}~ and ve{y, z}~ then there exists a point ¢ in
{x,z}" n{u,v}".

(See [19], p. 67.)

A lattice with a smallest element 0 has the covering property if for every atom x
and every element y, x A y = 0 implies y is covered by x V y, in notation y <
< x v y. (Cf. [19], p. 31.) Dually, a lattice with a greatest element 1 has the dual
covering property if for every coatom x and every element y, x v y = 1 implies
x Ay <)y

A lattice Lis modular if (x A y) v z=(xVv z) A yforall x,y,zeL, z < y.
Modularity implies both covering properties.

Now let S be a nonempty set with a symmetric binary relation L. When 4 < S,
we say that x € S depends on A if x e A. We say that x depends minimally on A
if x e A and x ¢ B for every proper subset B of A.

By definition, (S, 1) satisfies the condition of minimal dependence if for every
finite subset F of S, and for every element x € S depending minimally on F, it is
true that

(xUG) " NnH*9

for all nonempty subsets G, H of F suchthat Gn H = @ and GuU H = F (see {10],
where the minimal dependence condition is called the minimal superposition postu-
late).
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We shall introduce a weakened form of the condition of minimal dependence.
Let n = 2 be a natural number. We say that (S, J_) satisfies the condition of n-
minimal dependence if for every elements Xy, ..., x, of S and every element x € S
depending minimally on {xy, ..., x,}, it holds

(X, x} " {x5..x,) " 0.
Evidently, if (S, l) satisfies the n-minimal dependence condition, it satisfies also the
m-minimal dependence condition for every m, 2 < m < n.

Weakened forms of the condition of minimal dependence (‘“MSP reduced”)
in orthomodular posets have been studied in [14].

An element A of L(S, L) is called finite if there is a finite subset F of S such that
A = F. Dually, an element 4 of L(S, L) is called cofinite if A’ is a finite element.
The set of all finite elements in L(S, L) will be denoted by the symbol F(S, 1),
and G(S, L) will denote the set of all finite and cofinite elements in L(S, L).

2.1. Lemma. The following three conditions are equivalent in an atomistic
lattice:

(i) If x, y are distinct atoms then x v y covers x and y (the atomic covering
property).

(i) If x,y,z are atoms and x + z then x <y Vv z implies y < x Vv z (the
atomic exchange property).

(iii) If x,y,z,t are atoms and x = y then x,y < z v t implies z,t < x Vv y.

The proof of this lemma is a routine and therefore is omitted.

In the sequel, we shall need the following observation. Let S be a nonempty set
with a symmetric binary relation L. Assume that S’ = @ and (2°) is satisfied. Then
(S, L) satisfies the condition of 2-minimal dependence if and only if the lattice L(S, L)
has the atomic exchange property.

Let us also observe that if (S, L) satisfies (3°) and S’ = 0, then in view of Lemma
1.7, X = x for every x € S.

Now we are ready to prove the main theorem of this section.

2.2. Theorem. Let (S, L) be an orthogonality space satisfying (1°) and (3°).
The following conditions are equivalent:
(i) The covering property holds in L(S, L).
(ii) If A and B are in G(S, L) and both cover A A B then A v B covers both A
and B.
(iii) F(S, L) is a modular lattice.
(iv) (S, L) satisfies the condition of minimal dependence.
(v) (S, L) satisfies the condition of 3-minimal dependence.
(vi) The set S with lines {x, y}_, x,y€S, x £y, forms a projective space.
(vii) K(S, L) is modular.
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(viii) (a) For every AeL(S, 1) and for every xeS, A+ x = A Vv x, i.e. A +
+ x e L(S, _L)
(b) Forallx,y,z,teS, x +({x Woa{zt ) ={xy}" Ax+{z1}").
(ix) (b) and (c) For every xy, ..., x, €S, k{xy, ..., x,} = {x,...,x,}~
(x) (b) and (d) For every x,y,z €S, k{x, y, z} = {x,y,z} .
(xi) (e) For every A,BeK(S, 1), A+ B=U({x,y} | xeA4, yeB).
(f) (S, L) satisfies the 2-minimal dependence condition.

Proof. We shall prove the theorem in the following way. In the first place, we
shall prove all successive implications from (i) up to (x), and then we shall show that
(x) = (v) and that (vi) = (xi) = (vii) = (i).

(i) = (ii) The implication is clear from [19], Theorem (7.10).

(it) = (iii) The implication follows by [18], Lemma 4.2.

(iif) = (iv) Let us assume that an element x € S depends minimally on a ﬁmte
subset F of S and that G, H are nonempty disjoint subsets of F suchthat GU H = F.
Then, using modularity, we obtain:

xe(xuG) " n(GvH =GV (xuG) nH).

Therefore (x U G)™ N H must be nonempty.

(iv) = (v) The implication is evident.

(v) = (vi) The lattice L(S, 1) satisfies the condition (iii) of Lemma 2.1, hence
(P1), the first property of a projective space. To prove (P2), assume that x, y, z, u, v €
€ S are such that u % v, ue{x, y}~ and ve {y, z} . We are to show that {x, z} ~ n
N {u, v}~ is nonempty. Suppose that x + u. Hence we get y € {x,u}” and thus
ve{x,z,u}”. We can assume that the element v depends minimally on the set
{x, z, u} since otherwise, ve{x,u}” implies x €{u, v}~ and ve{z, u}” implies
ze{u,v}”. An application of 3-minimal dependence condition gives the desired
result.

(vi) = (vii) The implication follows by [19], Theorem (16.3).

(vii) = (viii) The part (b) follows immediately by modularity of the lattice K(S, L).
So, we shall prove condition (a). As K(S, 1) is modular, the covering property and
the dual covering property hold in K(S, 1). Therefore, if 4 € L(S, L)and xe S — A4,
then A < A + x and A’ A x’ < A’. Since the lattice K(S, 1) is atomistic, 4’ =

= (A" A x') + y for some yeS, from which we obtain by the dual covering
property,

=(A)=(A4 rAx)+y)=(AVX)AYy <AVx.
As A+ x < A v xand 4 is covered by both 4 + xand A v x, we get 4 + x =
= A v x. (The proof is similar to that used in [20], p. 55.)

(viii) = (ix) Condition (b) is immediate and (c) follows from (a) by an easy
induction.

(ix) = (x) The implication is evident.

(x) = (v) Let x, y, z, t € S be such that the element ¢ depends minimally on the
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set {x, y, z}. Then x + {y, z} ™ = k{x, y, z} = {x, y, 2}~ and hence
(00 (87 = (6 0k (2))
={t,x}7 n{x,y,2}"
~ {14
from which it follows that
{t, x}_ N {y, z}_ +0.

(vi) = (xi) By an application of [19], Lemma (16.2) we obtain the part (e). The
part (f) is implied by Lemma 2.1.

(xi) = (vii) Let 4, B, C be elements of K(S, 1) and let B = C. We have to prove
that (A + B)jnC < (AnC) + B. If ze(4 + B)n C then ze{x, y}~ for some
x € A and y € B by condition (). We can assume that y + z, hence by condition (f)
we get x €{y, z}~ < C,and thus {x, y}~ = (4 n C) + B which concludes the proof.
(The proof js similar to that used in [19], Theorem (16.3), (II).)

(vii) = (i) Modularity of the lattice K(S, L) implies that the covering property
holds in K(S, L). We have already proved that 4 + x = 4 v xforevery Ae L(S, 1)
and every element x € S. Therefore the covering property holds also in L(S, 1).

The proof is complete. O

Remark. If (S, 1) is an orthogonality space satisfying (1°) and (3°) then each of
the conditions (i)—(xi) in Theorem 2.2 implies the following condition (MacLaren’s
condition):

For every x, y € S, x & y implies x" n {x, y}' iS nonempty.

Proof. We prove that MacLaren’s condition follows from (i). First observe that
by duality, the lattice L(S, L) has the dual covering property whenever it has the
covering property. So, if we assume (i) and if x, y € S, x # y, then by the dual
covering property, x' 0 {x, y}~ < {x, y} . As {x, y}~ is not an atom in L(S, 1),
we have

Xo{x T £0. O

To recognize representability of the lattice L(S, L) of closed sets in an ortho-
gonality space (S, L), we need still express irreducibility of L(S, 1) as a property
of (S, L). Such a property is provided by the following lemma.

First recall that a lattice with 0 and 1 is irreducible when O and | are the only
central elements in L. Further, recall that an element x of an orthocomplemented
lattice (L, A, v,0, 1, %) is central if and only if y = (x A ¥) A (x* A y) for all
y € L(cf. [19], Lemma (29.9)).

2.3. Lemma. Let (S, L) be an orthogonality space. The lattice L(S, L) is ir-
reducible if and only if whenever A, B are subsets of S properly containing S’
such that A v B = S, there exist elements x € A and y € B for which x L y is not
true.
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Proof. Assume that A, B are subsets of S properly containing S’ such that
AUB = Sand x L yforallx € Aand y € B. Using condition (1) we obtain 4 n B=
= S’ and then A = B’ and B = A’. Whence 4, Be I(S, 1). Let E be an arbitrary
element of L(S, L). Denote C = AN E and D = A’ n E. Then

E=CuD=(AAE)v (4 AE).
This means that A4 is a central element in the lattice L(S, _l_) and therefore L(S, J_)
is not irreducible.

Conversely, assume that L(S, 1) contains a central element A distinct from S’
and S. To violate the above condition it is enough to prove that 4 U A’ = S.
Choose an element xS — 4. If yeXn 4 and y ¢ S’ then x" € y’ which implies
x" =y’ by condition (2) So, we have xeX = y < A, a contradiction. Therefore
Xn A =S Since A4 is central,

T=(XAA)Vv((ETAA)=5AA.
Thus x € A4". This gives Au A" = S. O
The following representability theorem holds (see [19], Theorem (34.5)).

Theorem. Let L be an irreducible complete atomistic orthocomplemented lattice
with the covering property and of length =4. There exists a division ring D with
an involutive anti-automorphism and there exists a vector space V over D with an
Hermitian from such that L is ortho-isomorphic to the lattice of closed subspaces
of V.

By [19], Theorem (34.2), a converse is also true: the lattice of closed subspaces
of V, V as in the preceding theorem. is an irreducible complete atomistic ortho-
complemented lattice with the coverirg property.

Lct (S, L) be an orthogonality space satisfying (1°) and (3°). Assume that LS, 1),
the lattice of closed sets in (S, L), is irreducible, i.e. that (S, L) satisfies the condition
of Lemma 2.3, and that L’S, 1) is of length =4. Theorem 2.2 yields a series of equi-
valent sufficient conditions under which L!S, 1) can be represented by the lattice
of closcd subspaces of V. V as in the preceding theorem. These conditions are also
necessary.

3. ORTHOMODULARITY

Our interest in this section is oricnted to a study of orthegonality spaces (S, L)
satisfying (1°), (3°) and the cordidons (i)—(xi) of Theerem 2.2, which is related
to orthomedularity occurring inside the lattice L(S. L).

First, we shall observe that Theorem 2.2 has a continuation concerning ortho-
medularity (see Theorem 3.2 below). We shall define splitting sets in (S, L) and
present several statements about them, especially that the posct of all splitting sets
is orthomedular and that L’S, L) is its cut-completion. Finally, we shall formulate
some conditions based on splitting sets under which L(S. L) is orthomodular.
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Recall that an orthomodular lattice is an orthocomplemented lattice satisfying
the orthomodular law,

(i) x < y implies x Vv (x* A y) =y,
or equivalently, satisfying the following condition,

(i) x < y and x* A y = 0 implies x = y.
An orthomodular poset is an orthocomplemented poset in which x v y exists
whenever x < y* and in which (i) or (ii) is satisfied. Every interval [0, x] in an ortho-
modular lattice is also an orthomodular lattice with the relative orthocomplementa-
tion y > y* A x (see [17]).

Let S be a nonempty set with a symmetric binary relation L. A subset 4 of S
is called orthogonal if x L yforall x, y € A, x & y. We say that elements x, ..., x, €
€ S are independent if

X {Xgy oy Xyo gy X1y cees Xy}
forevery ie{l,...,n}.

3.1. Lemma. If x, y, z are atoms in an atomistic orthomodular lattice having
the atomic covering property, then the elements (x v y) A y* and (x V y V z) A
A (y v 2)* are atoms or 0.

Proof. In the first part of the proof assume that x, y are distinct atoms. By
orthomodularity, s = (x v y) A y* % 0. Let z be an atom under s. Then y % z
and s < x v yfrom which, by the atomic covering property, it follows z < y vV z =
= Xx Vv y, hence s = z. This means that the element s is an atom.

Secondly. let x, v, z be atoms. Using the fact that {y*, x v y, y v z} is a Greechic
set (see [17]). we obtain

w=(xVvyvz)a(yvzH*
=zxAy* A((xVvy)Vv(yvVz)
= A AV )y OF Ay )

=z¥ A (u Vo),

where . = y* A (x v y)and v = p* A (y v z). We can suppose that x + y * z,
hence u and v are atoms by the preceding part of the proof. If w = u v v then
v £ z* which implies v = 0. a contradiction. Assume therefore that 0 = w < u v v
and u # v. Let 1 be an atom under w. As t v, we get t <t VvV v=u Vv v and
thus w = 1, wis an atom. ) O

Now we can prove the promised continuation of Theorem 2.2.

3.2. Theorem. Let (S, L) be an orthogonality space satisfying (1°) and (3°).
The conditions (i)—(xi) of Theorem 2.2 are equivalent to the following condition:

(xii) (f) (S. L) satisfies the 2-minimal dependence condition.
(g) For every independent elements x, y,z €S, the lattice [0, {x,y,z}7]
endowed with the unary operation A+— A’ N {x, ¥, z} ~ is orthomodular.
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Proof. First assume that the conditions of Theorem 2.2 are satisfied. We prove
that for every F € F(S, 1), the lattice L = [, F] endowed with the unary operation
Ar> A" N F is orthomodular. Since F(S, 1) is an ideal in the lattice L(S, L) (see
[18], Theorem 4.1), L < F(S, 1). Let us observe that A + B = A v B for every
AelL(S, L) and Be F(S, 1). Using modularity of the lattice K(S, L), we obtain
for every A€ L,

(ANFYAF=(AVF)AnF=(A+F)nF=A+(FnF) =4,

which shows that L is orthocomplemented. Since L is modular, it is also ortho-
modular.

Conversely, assume that (xii) is satisfied. We prove that (S, L) satisfies the con-
dition of 3-minimal dependence. Suppose that an element t € S depends minimally
on a set {x, y,z} < S. It is to show that G n H is nonempty, where G = {x, t}~
and H = {y, z} 7. With respect to (f), which is the 2-minimal dependence condition,
we can assume that the elements X, y, z are independent. Let us denote 4 =
={x,yz}", B={x,yt}7, C={x,y}7, D=AnC, E=BnG and F =
= An H'. It is clear that B < A. We consider the orthomodular lattice [0, A].
By Lemmas 2.1 and 3.1, D, E and F are atoms or 0. If D =< ¢ thente An D' = C
which contradicts the minimal dependence of t. Threfore

AnB =AnC'nt'=Dnt' =0,
from which it follows B = A. Suppose to the contrary that G n H = (. Then
A=An(GnH) =(AnG)vV(AnH)=EVF.

By condition (iii) of Lemma 2.1, C = E v F = A which is impossible since x, y, z
are independent. We conclude that G N H must be nonempty. O

Corollary. In a complete, atomistic, orthomodular lattice, the atomic covering
property is equivalent to the covering property.
Proof. It suffices to use Examples 1.12, (ii). O

It is interesting to study conditions, this means properties of an orthogonality
space (S, L), under which the lattice L(S, L) is orthomodular provided the conditions
of Theorems 2.2 and 3.2 are satisfied.

A general characterization of orthomodularity of L(S, 1) is given in [6] (see
also [7]). It can be formulated as follows. Let S be a nonempty set with a symmetric
binary relation L. Assume that (S, L) satisfies condition (1), i.e. that the lattice
L(S, 1) is orthocomplemented. Then L(S, L) is orthomodular if and only if for
every A€ L(S, 1), A = B for each maximal orthogonal subset B of A.

An important example of an orthogonality space is an inner product space (real
or complex), where L is defined by x L y if and only if {(x, y) = 0, where {-, -)
is the inner product (see Examples 1.12, (iii) and (iv)).

The orthomodularity of the lattice L(S, 1) of an inner product-orthogonality
space (S, L) has been often studied in the literature. in [1], it is shown that L(S, 1)
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is orthomodular if and only if the inner product space is complete, i.e. a Hilbert
space (see also [19], Theorem (34.9)). The problem is by no means easy, as R.
Goldblatt [8] has shown, orthomodularity of L(S, L) can not be expressed by any
first-order properties of (S, L). A series of other conditions (based prevailingly on
states and splitting subspaces) characterizing the orthomodularity of the lattice
L(S, 1) of an inner product space is presented in works [117], [97], [15], [3], [4]. [5]-
We shall formulate orthomodularity conditions using splitting subspaces in a more
general context.

Let (S, L) be an orthogonality space satisfying (1°) and (3°). A subset 4 of S
is called splitting if AeK(S, L)and A + A" = S. Let us denote by E(S, 1) the set
of splitting subsets of S. Using Lemmas 1.2 and 1.7 we obtain that for every x € S,
x is an atom in K(S, L) and x’ is a coatom in K(S, L), hence x € E(S, L). We also
see that A’ e E(S, J_) for every A € E(S, 1). Tt is clear that @ and S are splitting sets.

More about E(S, 1) can be said when the lattice K(S, L) is modular which is
demonstrated by the next two results. As to the following proposition, see also [21]
where splitting subspaces of a vector space with a linear orthogonality relation are
dealt with.

3.3. Proposition. Let (S, L) be an orthogonality space satisfying (1°) and (3°).
If K(S, L) is modular then the following conditions are satisfied:

(i) If A€E(S, L), BeK(S, 1), A< Band A nB =0, then A= B.

(ii) E(S. 1) < L(S, 1).

(i) A+ B=Av BeE(S, L) forall A,BEE(S, L), B< A

(iv) E(S, L) is an orthomodular poset.

(v) A+ x€eE(S, L) for every A€ E(S, 1) and x€S.

Proof. (i) By modularity we get B=Bn (A + A) =4 + (Bn A') = A.

(i) If A € E(S, L), it suffices to put B = A4 and to use (i).

(i) Let A4,BeE(S, 1) and let B = 4. Modularity implies S = 4 +
+(AN(B+B)=A+B+(AnB)=A+ B+ (A+ B). Therefore A + B
belongs to E(S, L). By (ii), A + Be L(S, 1), hence A + B= 4 v B.

(iv) Usingcondition (ii), it is easy to check that 4 — A’ is an orthocompementation
on E(S, L). The rest follows by (i) and (iii).

(v) Assume that A€ E(S, L) and xe S — A. By condition (e) of Theorem 2.2,
x €y + zforsome ye Aand z € A, hence by condition (f) of Theorem 2.2 we obtain
zex + y. Therefore 4 + x = A + z e E(S, 1) by (iii). O

In general, E(S, 1) need not be a lattice. However, if E(S, 1) is a lattice then it is
a sublattice of L(S, L). Namely, if 4, Be E(S, L) and C is the meet of 4, B in
E(S, 1), then C = A~ B and since x € E(S, L) for every xe S, An B < C, and
thus C = A n B. Using the orthocomplementation we get that the join of 4, B
in E(S, L)is A v B.

The standard method of embedding a partially ordered set into a complete lattice
uses completion by cuts. If the poset is orthocomplemented, the completion can be
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constructed by using the orthogonality relation (see [18]). Since S is a join dense
subset in E(S, L), a direct application of [18], Theorem 2.5 gives the following
result.

3.4. Theorem. Let (S, L) be an orthogonality space satisfying (1°) and (3°).
If K(S, L) is modular then the cut-completion of E(S, L) is ortho-isomorphic
to L(S, 1).

3.5. Theorem. Let (S, L) be an orthogonality space satisfying (1°) and (3°)

and let the lattice K(S, 1) be modular. The following statements are equivalent:
(i) The lattice L(S, L) is orthomodular.

(if) E(S, L) = L(S, 1),

(iii) E(S, L) is a complete lattice.

(iv) A € E(S, L) for every orthogonal subset A of S.

Proof. Using Theorem 2.2 and [19], Lemma (30.7), it can be easily derived
that L(S, 1) is orthomodular if and only if A + A’ = S for every AeL(S, L).
This means that (i) and (ii) are equivalent. It is clear that (ii) implies (iii) and (iv).

(iii) = (ii) Let 4 eL(S, L). Since E(S, L) is complete, there is Be E(S, 1)
smallest such that 4 < B. For every x e A’ it holds x’ € E(S, _L) and 4 < x/,
hence B < x’, which means that x € B’. Thus A" < B’, i.e. B = A. Therefore
A =BekES, 1)

(iv) = (ii) Let AeL(S, 1) and let B be a maximal orthogonal subset of A.
Evidently, B = A. Be E(S, 1) means that B + B’ = S. Hence if xe A — B then
by condition (e) of Theorem 2.2, x €y + z for some y e B and z € B". Using the
atomic exchange property we get zex + y < A which is impossible since B is
maximal. Therefore A = Be E(S, 1). 0

References

[1] I. Amemiya, H. Araki: A remark on Piron’s paper. Publ. Research Inst. Math. Sci. Kyoto
Univ. Series A 2 (1966) 423—427.

[2] G. Birkhoff: Lattice theory. Coll. Publ. 25, Amer. Math. Soc., Providence, 3rd ed., 1967.

[3] G. Cattaneo, G. Marino: Completeness of inner product spaces with respect to splitting
subspaces. Letters in Math. Physics 7/ (1986) 15— 20.

[4] A. Dvurefenskij: Completeness of inner product spaces and quantum logic of splitting
subspaces. Letters in Math. Physics 15 (1988) 231—235.

[5]1 A. Dvurelenskij: States on families of subspaces of pre-Hilbert spaces. Letters in Math.
Physics 17 (1989) 19—24,

[6] P. D. Finch: Orthogonality relations and orthomodularity. Bull. Austral. Math. Soc. 2
(1970) 125—128.

[71 D.J. Foulis, C. H. Randall: Lexicographic orthogonality. J. Combinatorial Theory Ser. A 11/
(1971) 157—162.

[8] R. Goldblatt: Orthomodularity is not elementary. Journal Symbolic Logic 49 (1984) 401 to
404.

22



[91 H. Gross, H. A. Keller: On the definition of Hilbert space. Manuscripta Math. 23 (1977)

67—90.

[10] S. P. Gudder: Projective representations of quantum logics. Internat. J. Theoret. Physics 3
(1970) 99—108. -

{11] S. Gudder: Inner product spaces. Amer. Math. Monthly 81 (1974) 29— 36.

[12] S. Gudder: Correction to: ,,Inner product spaces”. Amer. Math. Monthly 82 (1975) 251 to
252.

[13] S. Gudder, S. Holland: Second correction to: ,,Inner product spaces”’. Amer. Math. Monthly
82 (1975) 818.

[14] W. Guz: Filter theory and covering law. Ann. Inst. H. Poincaré Sec. A Phys. Théor. 29
(1978) 357—378.

[15] J. Hambhalter, P. Ptdk: A completeness criterion for inner product spaces. Bull. London
Math. Soc. 19 (1987) 259—263.

{16] L. Iturrioz: Orthomodular ordered sets and orthogonal closure spaces. Portugal. Math. 39
(1980) 477—488.

[17] G. Kalmbach: Orthomodular lattices. Academic Press, London, 1983.

[18] M. D. MacLaren: Atomic orthocomplemented lattices. Pacific J. Math. 14 (1964) 597—612.

[19] F. Maeda, S. Maeda: Theory of symmetric lattices. Springer-Verlag, Berlin 1970.

{20] C. Piron: Foundations of quantum physics. Benjamin, Reading, Massachusetts, 1976.

[21] R. Piziak: Orthomodular posets from sesquilinear forms. J. Austral. Math. Soc. 15 (1973)
265—269.

{22] S. Pulmannovd: Superpositions of states and a representation theorem. Ann. Inst. H.
Poincaré Sec. A Phys. Théor. 32 (1980) 351— 360.

{23] S. Pulmannovd: Transition probability spaces. J. Math. Physics 27 (1986) 1791—1795.

[24] V. S. Varadarajan: Geometry of quantum theory. 2nd ed., Springer-Verlag, New York,1985.

Authors® address: 814 73 Bratislava, Stefanikova 49, Czechoslovakia (Matematicky tustav SAV).

23



		webmaster@dml.cz
	2020-07-03T07:53:44+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




