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One of the basic problems in the theory of investment evaluating is the choice of
a criterion which is used to decide whether one investment is better then another.
Usualy a untility function is chosen determining the ordering of investments, i.e.
making it possible to decide which of two given investments is to be prefered.

The aim of this paper is to find a general form of such utility functions. Therefore
we shall proceed in the reverse order: we shall suppose that an ordering of the set of
all considered investments is given and we shall ask whether there exists a utility
function for this ordering and what is its analytical expression. The answer is in the
affirmative: if the ordering satisfies some conditions (“‘axioms”), then there exists the
corresponding utility function. The axioms formally express some of the basic proper-
ties of the ordering of investments.

First of all it is necessary to state exactly what we shall understand under the term
“investment”. We shall limit our considerations to financial investments only, and
we shall suppose that such an investment is fully characterized by its cash-flow. In the
sequel we shall identify the investment and its cash-flow.

In the discrete case (i.e. the expenditures and revenues occur at discrete times) the
appropriate mathematical representation of the cash-flow is an m + 1 dimensional
vector (Po, P1s - --» Pm)> €ach component of which represents either revenue (if positive)
or expenditure (if negative); the m + 1 dimensional vector space of such cash-flows
can be called the “investment” space.

The currently used utility function has the general form:

(1) u(p) = ¥ pot’

i=0

]

where 0 < a < 1.

In the continuous case the cash-flow in the time interval <0, T) is represented by
a continuous function, which is defined on the interval <0, T) and the space of all
continuous functions on the interval {0, T') can be taken as the investment space.
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The most general case covers both discrete and continuous investments. The
cash-flow can be then written in the form

p(t) = o(t) + éopi ot —ty)

where 6 means the Dirac delta-function. The utility function currently used in this
case has the following form:

T
u(p) = j p(t)e ®dr, ¢>0
o v

ie.

T m
u(p) = J. o(t) e dt + Y pe”
0 i=0
(see e.g. [8]).

As we have mentioned above these utility functions are not the starting point for
our consideration. On the contrary, we wish to demonstrate that if a given ordering
satisfies some axioms, then there exists a number o (or ) so that the utility function
of the ordering has the form mentioned above.

In the discrete case the problem has been completely solved by Williams and
Nassar [1] They proposed four axioms and they proved that if the axioms are
fulfilled for a given ordering, then there exists a number o« so that (1) is the utility
function of this ordering.

1. LINEARLY ORDERED TOPOLOGICAL VECTOR SPACES

Let V be a linearly ordered separable topological vector space in which the ordering
relation < satisfies the following requirements:
(i) Vis fully ordered by =,
(i) xZy=s>x+z=Zy+zforallzeV,
(iif) x < y = Ax < 1y for all 1 € R (real numbers), 1 > 0,
(iv) if x, » xin Vand x, < y then x < y.

The relation x & y means that both relations x < y and y < x are satisfied. = is
an equivalence and its kernel is closed. Therefore the canonical (algebraic) homo-
morphism v of the space ¥ on the factor space V[N is continuous and V|N is a separable
topological vector space (see [3]). The ordering < on V induces canonically the

ordering on V/N. V[N is a linearly ordered separable topological space and the
homomorphism v is continuous and monotone. .
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Further we shall suppose that the ordering is Archimedean, i.e. we shall suppose
that

(v) if 0 2 x and nx < y for all positive integers n, then x = 0.

Under this condition the induced ordering on V/N is also Archimedean. As every
fully ordered Archimedean group is isomorphic to a subgroup of the additive group
of real numbers (see [2] or [4] Chap. XIV, §7, or [5]), there is an isomorphism w of
the commutative additive group of the factor space V/N on the subgroup of R. It is
easy to see that w(rx) = r w(x) holds for all real r.

Theorem 1. Let V be an Archimedean fully ordered separable topological vector
space. Then there exists a linear continuous functional u on V such that for all
x,yeVitholds: x <y<u(x)<u(y), x~y<ux)=u(y) (u=wov).

2. THE INVESTMENTS

We shall suppose use the same notation of the theory of distributions as e.g.

in [6] or [7].

Definition. An investment in the time interval {0, T) is a distribution from @’(R),
the support of which is contained in the interval {0, T). S denotes the space of all
investments.

If an ordering on # satisfying the conditions (i) — (V) is given, we shall speak about
a preference in the investment space. If x, y € £ and x > y, we shall say that the in-
vestment x is preferd to the investment y, or that x is better than y etc.

If a preference is given on the space £, then according to the previous discussion
there is linear continuous functional which is the utility function of that preference.
It is possible to extend (linearly and continuously) the functional to the whole space
2'(R) (Hahn-Banach’s Theorem). The space 2(R) is reflexive (a relatively simple
. proof can be found e.g. in [7]). Hence we deduce that there is a function ¢ € 2(R)
such that

u(p) = <{p, ¢y forall peP'(R).

3. THE AXIOMS

The foregoing discussion is too general and the conditions too weak to give
reasonable results for the investment evaluation.

The first axiom joins the ,,natural” ordering of mvestments with the preference
given on the investment space.
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Axiom L. If pe # and p > 0O, then p > 0.

It is of course necessary to add the explication what is the meaningof p > 0:p > 0
means that for all g € 2, ¢ > 0(on <0, TD)itis {p, > > 0. Itis clear that this defini-
tion is natural: if the distribution p is a locally integrable function, i.e. if there is
a function p(f) such that

{p, oy = f p(t) (1) dt

for all ¢ € @, then {p, ¢ > 01s equivalent to the fact that p(t) = 0 holds for almost
all t € Rand p(t) > 0 on a set of positive measure. (The proof can be done in a similar
way as e.g. in [7] Chapter I, §8, the note after second definition.) As an example of
a positive distribution which is not a function we can take the é-function.

Theorem 2. If < is a preference in the investment space S satisfying Axiom I,
then there exists a positive (on <0, T») function ¢ € 9 such that for all p, g€ S

pP<qg<=Lp, o> <{q, ¢,
PR qg={p, ¢y =14_q¢).
Proof. The theorem was actually proved in the previous section. Axiom I guaran-

tees only that ¢ is positive (in fact Axiom I is equivalent to the positivity of ¢). It is
sufficient to take the delta function 6(t — s) > 0 and according to Axiom I

O(t —s5), 9> >0, ie. ¢s)>0 forall se0,T).

The explicit form of ¢ can be described in this way: We know that if x < 0 and
0 < ythereisana, 0 < o < lsuchthat ax + (1 —a)y =~ 0.
(Tt is sufficient to take o = sup {f: Bx + (1 — B) y < 0}.) When applied to the
investments v,, w, defined by

o (7) = {—1 1€40,t>

0 else
wl(t) = (t — 1)
for which v, < 0, w, > 0 and so v, < 0, w, > 0 it yields the existence of the number
a(t), 0 < oft) < 1 such that oft) v, + (1 — «(t)) w, ~ 0. If we denote
1 — ot
By =+
oft)
we have v, + B(f) w, & 0, which rewritten in terms of the utility functional, means

_ j " o(e) dt + B(H) o(t) = 0.

V]
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Hence we have first of all € C* and differentiating we obtain the differential equation
B¢ + By’ = ¢ the solution of which is

If we denote

o) = — Ol;ﬂ(ii)@ d

)

we have
o(t) = e,

(The multiplicative constant is itrelevant for the utility function and so we omit it.)
The utility function has then this analytical form: u(p) = {p(r), e"¢®.

If the investment p is a locally integrable function, it is possible to write

u(p) = er(t) e e dr .

0

The function ¢ can be described more precisely if we introduce
Axiom IL Let vy, v, be the investments defined by the relations

6,(1) = {1 tedlty, t; + 1t

0 else

or(t) = {1 telty, t, + 10

0 else

where t,,t,€<0, T, t > 0,t, + 1 < t,. Then v > v,.

Theorem 3. If Axioms I and II are satisfied for the preference =< on the investment
space S, then (1) is an increasing function.

Proof. If Q(t) were not increasing, then there would exist ¢, t, such that ¢, < t,
and o(t,) = o(t,). From the continuity of ¢ we can deduce that there exists t > 0
such that t; + t < t,and for te 1y, t; + ), se{ty, 1, + ) itis o(t) 2 os). Then
of course »

ty+t 2+t
‘[ e W dr < j e ® dy
1y t2

which means that v, < v, and this is a contradiction.
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Example. If the investment is discrete, i.e. if it has the form

m
p(t) = X pi8(t — t;)
i=0
where ¢, < t; < ... < 1, then the value of the utility function for this investment is

u(p) — Z pie—e(n)
i=0

and if we put

ay = e et)

o, = e letn—eti-1] , i=1,2...,m,

we have
u(p) = appy + Aoy Py + A0y AaPay + ..+ Aglly .. UpPpy

where 0 < o; < 1. And this is exactly the form obtained by Williams and Nassar
who started from similar axioms.

If we add the third axiom (which is not always satisfied in reality because it expresses
the ,,time uniformity”), we can write the explicit expression for Q(t):

Axiom III. (Time consistency.) Let p be such an investment (it is even sufficient to
consider only integrable functions), that p is zero in the interval {T — t, T,
where t € 0, T). Let us denote by p(t) the shift of p:

pe)=pt-1) tzm,
ﬁ(t):O t<t
If p> 0then p > 0.

Theorem 4. If the preference < is given on the investment space and if it satisfies
Axioms I, II and III, then there exists such a positive number @ that the utility
function of this preference is the following functional:

u(p) = {p(f), e™*).
(Le., if Axiom III is fulfilled the function g is linear.)

Proof. The axiom of consistency means that

T—t T T-1
f p(t) e dt > 0 =>J- p(t — 1) e @udt = J‘ p(t) e~e¢*9dt > 0.
(1]

0o T

Let us define the function of two variables d(¢, 7):

8t 1) = e(t + ) — e(t) — (7).



d is continuous and we shall prove that it is constant:

T-t T-t
I p() e dt > 0 =>J p(t)e™e® e7%®Ddt > 0.
0 [

p(t) e7®® s actually an arbitrary integrable function and according to the lemma
below, (1, 1) is constant for fixed 7. We have

o(7) = 2(0 + 1) = o(7) + 2(0) + (0, 7)

and so §(0, t) = —g(0) which means that & is constant. If this constant value is c,
then the function o(x) = g(x) + c satisfies the functional equation

a(t + 7) = o(t) + o(7),

which implies the existence of a number ¢ such that o(t) = ot, i.e. g(f) = ot — c.
Without any loss of generality we can take ¢ = 0.

Lemma. Let the function ¢ be positive and continuous in the interval (a, b). If
the following implication holds for all integrable functions ¢(t) on the interval

{a, b)>:
JP(t) dt >0 :Jp(t) p(f)dt >0,

then the function ¢ is constant.

Proof. Let us suppose that ¢ is not constant. Then there are certainly two intervals
i, i, =<a, by, iyniy, =0,

u(i;) = (i) = d > 0 (pis the length)
such that

I, = f o(t) dt <_[ p(H)dt =1,.

it iz

This follows from the fact that there exists two points t; = t, such that ¢(t,) < ¢(t,),
and the continuity of ¢ implies the existence of two neighborhoods of ¢, and ¢,
such that the values of ¢ in the neighborhood of ¢, are all less than the values of ¢
in the neighborhood of the point ¢,; it is sufficient to reduce both neighborhoods to
disjoint intervals of the same length. Since it is I 2/[ 1 > 1 there is q such that 1 <
< q < I,[I,. Let us define the function

q tei,
pt) =<—1 tei,
0 t¢i,vi,
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We have

J”};(:)d:: da-1)>0,

a

but

b
fp(r) o(i)dt = ql, —1, <0,

which contradicts the assumption. Hence ¢ is constant.

Example. Let us suppose that a preference satisfying Axioms I, 11 and III is given.
There is o > 0 such that

u(p) = <p(1), e

is the corresponding utility function. If p is now an investment which is a linear
combination of continuous and discrete investments, i.e. it has the form

p(1) = v(t) + 3. p; 6(t — iT[m)
i=o0
where (1) is continuous, then the value of the utility function for this investment is

T m
u(p) = | v(t)e " dt + Y o'p,,
o i=0

where we put o = exp (— T/m). This expression coincides with the expression used
in the theory of investment evaluation (see e.g. [8]).
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Souhrn
AXIOMATICKA TEORIE OCENOVANI INVESTIC

Jikf FIALA

Jednim ze zakladnich problému v teorii ocefiovani investic je volba kriteria, na
zakladé kterého se rozhoduje, zda je néjaka investice lepSi neZ druha. Obvykle se
piedpoklada néjaka uzitkova funkce, kterd uspofadava investice. Zde postupujeme
obracené: dano je uspofadani spliiujici jisté poZadavky a k nému se vyhledava
odpovidajici uzitkova funkce.

Investice se poklada za pIné uréenou odpovidajicim penéznim tokem. Matematic-
kym vyjadienim je distribuce s nosi¢em v néjakém pfedem daném Casovém intervalu.
Prostor vSech investic oznaéme J.

Piedpoklada se, Ze na # je dano archimedovské uplné uspotfadani, které souhlasi
s algebraickou i topologickou strukturou #. Takové uspofddani nazyvame preferen-
ci. Formuluji se tfi axiomy, jejichZ obsah lze vyjad¥it zhruba takto: I. Je-li n&jaka
investice kladna (v normalnim smyslu), je i lepsi neZ nulova investice. II. Mame-li
investici, ktera je charakteristickou funkci néjakého intervalu, pak je tato investice
lepdi neZ investice, ktera je charakteristickou funkci stejné dlouhého intervalu, ktery
je cely napravo od prvniho intervalu (druha investice se ,.realizuje‘* pozdéji). III.
Vznikne-li investice p posunutim do prava investice p a je-li p lepsi nez nula, pak je
i p lepsi neZ nula (Sasova stejnomérnost).

Jsou-li tyto axiomy splnény pro danou preferenci, pak existuje kladné &islo g tak,
Ze uZitkovou funkci této preference je tento funkcional:

u(p) = <{p(t), e > .

Je-1i na pfiklad investice souctem spojité a Cisté diskretni investice:

p(1) = o(t) + _gop,.a(; — iT|m),

pak hodnota uZitkové funkce pro tuto investici je vyjadfena v obvyklém tvaru

u(p) = J.Tv(t) e dt + ia‘pi

0 i=0
kde
a=exp(—T/m).
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