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RELAXATION LENGTHS AND NON-NEGATIVE SOLUTIONS
IN NEUTRON TRANSPORT

JaN KyncL, Ivo MAREK

(Received August 5, 1975)

INTRODUCTION

Most of the problems connected with a stationary system of neutrons in a homo-
geneous medium without external sources leads to the study of the linearized
Boltzmann equation of the form

(1) [V + o 5(v)] Nir, v) = f 4 SV = v) N(r V') +

+ J d3v’y’ v - v) v(v') Zf(v') N(r,v').

The following standard notation is used:

r.v — space radius and velocity vectors;

v — modulus of v;

0] — three dimensional velocity space;

N(r.v)  — neutron density;

S(v" — v) — macroscopic differential scattering cross-section;

Z(v) — macroscopic total cross-section;

7(v" — v) — fission spectrum;

v(v) — number of fission neutrons originated by a neutron with velocity v;
):f(v) — macroscopic fission cross-section.

Since the functions S, x, 2 do not depend on space coordinates, one can expect
that some of the particular solutions of equation (1) will be of the form

(2) N(r,v; %) = e o(v; %),

where x is the first component of the vector r = (x, y, z) and x is any complex
parameter.



The knowledge of the behavior of particular solutions (2) gives worthwhile infor-
mation for solving various stationary neutron transport problems. Actually, one
can sce that for some important cases the collection of ali of the solutions (2) contains
a system which is complete in a certain sense. Since the construction of the solutions
(2) is a relatively easy matter, one can apply the complete system for solving transport
problems by the method of superposition (see, e.g., Case [2], Zelazny [27], Mika
[19], Cercignani [3]). In connection with the method mentioned, the parameter has
a quite natural physical interpretation. Let us consider for example, a point source
of neutrons in a slab geometry located at the origin, and let us investigate the
stationary neutron distribution propagating from the source in an unbounded homo-
geneous medium. By expressing the solution of this problem as a superposition of
(2) with various x’s, we can observe that those terms would dominate at long distances
from the origin for which the real pait of »x is minimal. In non-multiplying media
one can expect, moreover, that the solution tends to zero as the distance tends to
infinity; in multiplying media the solution will assume a non-zero value at infinity.
Thus, in agreement with the diffusion approximation, the reciprocal to x is the dif-
fusion length.

The example shown above leads to the folliowing ideca: To classify the media
according to the properties of the set of x’s occuring in (2). As usual the value » ™"
is called the relaxation iength. If there is a purely imaginary » such that the cor-
responding expression (2) is a solution of (1), then this medium is called multiplying;
in the opposite case absorbing (see [4]). The relation between the properties of the
medium considered and the relaxation lengths is not too satisfactory; some natural
claims have more in common with assumptions than with assertions. One usually
admits that the relaxation lengths in non-multiplying media are real. The proof,
however, has been given for some more or less very special cases ([11], [15]). The
situation is even less clear in the case of multiplying media [4]. In this paper we
consider a rather general case; we emphasize the multiplying case for which all of
the results are new, and we also re-prove and complete the theory of relaxation lengths
in non-multiplying media. In particular we give an affirmative answer to a conjecture
formulated in [15].

FORMULATION OF THE PROBLEM AND BASIC ASSUMPTIONS

The macroscopic quantities X(v), S(v' — v), etc. occuring in equation (1) charac-
terize the following processes: elastic scatiering, absorption of neutrons and creation
of neutrons by fission of nuclei. How precisely one has to consider these particular
processes depends esseritially on the material and on the geometrical properties of
the medium under consideration.

A general theory of the potential elastic scattering was built up by van Hove [24]
on the basis of a time-space correlation function. For the free gas model, i.c., for the
model in which, with the exception of the spin, the inner structure of the scattering
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particles and also the forces between these particles are neglected, this theory gives the
following expression for the kernel S:

Cl A\ A K\?
3 S(v - v)=— exp{— ——(&e — —
®) V-v=2 <2nTK2> p{ 2TK? ( 2A> }

where K =k — k', ¢ = E — E’ denote the difference of impulse and energy of
a neutron respectively before and after the collision, A, T, C being certain constants
(for details see [26]). The formula (3) remains valid for liquids and solids as well
as for energies exceeding 1eV, because the effects connected with the chemical
structure of the medium will be negligible for the approaching neutrons with these
energies, and hence the solids and liquids will behave like a free gas in this case.

At Jlower energies some quantum effects connected with the chemical binding begin
to manifest themselves more strongly. For solids one can sce that the macroscopic
differential scattering cross-seciion may be expanded into a sum of elastic and
inelastic contributions:

4) SV = v) = S 5 v) + Sulv =),
where

(5) Sv' =v)=Z,w 2?50 — ') + T 2 e Z(K — 1) (v — v) e,
T

where 7 is the vector of the reciprocal mesh, W, — the so-called Debye-Waller
factor and X;,. and X, are certain constants. In a similar manner the inelastic
contribution S;, can be expanded. In most cases the coherent inelastic contribution
is negligible ([23]).

The theory of liquids is not elaborated satisfactorily. Thus, there is no adequate
description of the neutron scattering for liquid media. Some kind of description can
be obtained using van Hove’s theory for small |8 and |K|:

2

K2
6 VSV ov)=C, 4 C,K2,
( ) ( - ) 1 TI(CZK4 + 82) 3

where Cy, C,, C5 are constants [ 14].

The resonance scattering is connected with the inner structure of the nucleus. In
the resonance domain the scattering is comparable with the potential scattering, and
outside the resonance domain the scattering is negligibly -smail. If the resonance is
sufficiently narrow, then the resonance scattering can be neglected.

The inclastic scattering is observable only if the energy of the approaching neutron
is higher than 10 keV. The macroscopic scattering cross-section either by inelastic
or by resonance scattering is mostly independent of the angle [4].

The absorption of neutrons is an isotropic process consisting of the radiation
capture and the capture of neutrons joint with the radiation of charged particles. The
macroscopic absorption cross-section X,(v) is proportional to ,‘/v for low energy
of the approaching neutron, and it is bounded for high energy.



The fission process is very closely connected with the inner structure of the nuclei;
it has not yet been adequately described. The measurements of the fission spectrum
7(v" = v), i.e., of the probability whether a neutron with velocity v’ creates fission
and the creation of a neutron with velocity v, are still rather incomplete. It appears,
however, that it is quite acceptable to assume that this process can be considered as
isotropic [26]. Assuming that the fission is created by slow neutrons, only the
following empirical formula has been derived for the 4,U?*" nuclei:

(7) 2(v) = koe™ /123 sinh (/(1:15) v) .

This formula holds for the velocities corresponding to energies lower than 10 MeV
and, up to certain unimportant exceptions, its form is applicable to other fission
materials. The behavior of the fission spectrum for higher encrgies is still not known.

Concerning the fission cross-section X (v) one can say that its behavior is like that
of X, and this is sufficient for our purposes. The function v = v(v) essentially depends
on the atomic weight of the fission material. It remains positive and bounded from
above (as usual, its upper bound equals 4).

The total cross-section X(v) can be expressed as a sum

(8) I(v) = Z(v) + Z(v) + Z,{v).

where
un:jd%swﬁwy

In the following we restrict ourselves to the case of an isotropic medium and do
not consider the resonance and inelastiic scattering. The differential cross-section will
then depend on the angle between v and v’ by means of the inner product v . v’ and
the following relation, the so-called detailed balance relation [26], will hold in the
form

©) v M) S(v = V') = o' MU) SV~ v).

m \*? mv?
M@) =[-—) expld— —
( ) <2kT) P { 2kT}

with m, k, T being certain constants. This obviously implies for the total cross-
section that

in which

2(v) = 2(v).
It is quite natural to assume that
(10) »* = inf{Z(v) : ve [0, +0)} > 0;
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we also require the kernel S to satisfy the following: There is an ¢ > 0 such that {or
every v one has that

(11) Sv-ov)>0
for almost all v’ for which |v — v'| <e.

We emphasize the fact that our main goal is to consider multiplying media; thus,
we assume that

(12) Z(0) + X, (v) £0.
The fission spectrum is considered to be independent of the angles; thus
(13) wy =) = xo. ).

Let us set @(v; %) = M(v) W(v) in (2) and let us substitute this expression into (1).
Using (9) we then obtain

(14) (2(0) — 20) ¥(v) = J &' S(v > v') (V') +

+ J'wd3V' U;yj(\j(v;) 0 (0" )MV ) (V') .
where p = v,fv.

Our problem is to consider the equation (14). For this purpose we introduce the
complex Hilbert space # consisting of measurable functions ¥ such that

J d*vo M() [Y(v)]* < +oc .
Obviously # is a Hilbert space with the inner product
(15) (o, y) = j d*vo M(v) (v) Y(v), ¢, Y € A .
The equation (14) can be written symbolically as

(16) [Z = =(S+ F)y,

where the meaning of the operators X, S, F is obvious according to (14). We sum-
marize some of the properties of these operators.

The operators X and p are obviously self-adjoint and g and X! are bounded. The
operator S is bounded and symmetric. Moreover, S is compact for the free gas model,
and so is K = X725 72 for liquids.

For the case of solids we write S = S, + S, (according to (4)). It is known that S,
is compact and S, is bounded (see, e.g., [10], [9], [20], [1]).



Concerning the operator F, the situation remains unclear because there is no
adequate description of the fission spectrum (7) for high energies (>15MeV).
Fortunately, the experimental data show with good exactness that one can consider
only neutrons with energies up to 10 MeV [25] for all of the reactor calculations.
This is our case, too, because we already have restricted ourselves to such energies
by neglecting the inelastic scattering. As a consequence of this assumption, we can
let e.g. x = 0 for E = 20 MeV. In this case the operator F is obviously bounded,
and since it has one-dimensional range, it is compact.

The previous arguments also justify our assumption that F is compact in the case
of more general fission spectra (13).

SPECTRAL PROPERTIES

We say that a complex number x, is an element of the continuous (residual, point)
spectrum of the operator pencil 4 — »B, if 1 = 0 is an element of the continuous
(residual, point) spectrum of the operator A — x,B, where 4 and B are linear opera-
tors mapping a Banach space 2 into itself. The spectrum of A is denoted by O'(A).

Before we formulate our result concerning the spectral properties of (14) we shall
state some auxiliary assertions needed in our proofs. We refer the reader to the paper
[8] where some more general assertions can be found. For the reader’s convenience
we formulate some results of Gokhberg and Krein and of others in the form we shall
use.

Let A be a densely defined lincar operator mapping its domain %(A) = 4 into %,
where 2" and % are Banach spaces. The operator A is called normally solvable if the
equation Ax = y has a solution if and only if y'(y) = 0 for all y" € N*(A) where
9N*(A) is the defect space of A. Let us set f(A) = dim N*(A4) and o(4) = dim R(A4)
where M(A) is the nullspace of A. A closed operator A is called an F-operator if it is
normally solvable and its characteristic d = (a(A), f(A)) contains finite integers.
We denote by ind (4) = B(4) — o(A) the index of A. A complex number 4 is called
an F-point of 4 if A — Al is an F-operator. The set of all F-points of A is called the
F-set of A and is denoted by F(A).

Lemma 1. Let 4 = A(,l) be an analytic operator-valued function in a domain G
of the complex plane and let each of the operators A(/l), Ae G, be a closed and
normally solvable operator mapping its domain 9(A) = & into X, where Z is
a Banach space, such that 0 is an F-point of A(/l)for all 1 € G.

(a) Then the quantities B(A(2)) = dim N*(A(2)) and «(A(2)) = dim N(A(2)) are
finite and the function ind (A4(2)) = B(A(%)) — o A(4)) is constant in G.

(b) If, moreover, A(2) is compact for ). € G, then the operator I — A(2) is either
not boundedly invertible at any point of G, or the bounded inverse exists and
(I — A(A))~" is analytic in G with possibly an exceptional set o which is at most
countable. Moreover, ol — A(2)) = o for A€ G\o, where o is a constant, and
ol — A(4;)) > o for 2;€0.
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Lemma 2. Let A be a closed operator mapping its domain 9(A) < A into X,

let B be a compact map of 4" into X'. Then the ¥-sets of A and of A + B coincide:
F(4 + B) = F(A).

et us note that Lemma 1 is a consequence of Theorems 3.5 and 3.7 in [R] Lemma
2 is actually Theorem 3.4 in [8].

As a consequence of Lemma 2 we obtain:

Proposition 1. The point ). = 0 is an F-point of C(x) =X — S — F — »xp if and
only if it is an ¥-point of B(x) =2 -8 —xu
The main result of this section is the following

Theorem 1. (a) The spectrum of the pencil C(x) =X — S — F — x coincides
with the set

(17) M, = (=, —x*] U [x*, +0)UN,
for the case of gas and liquid media, and is a part of the set
(18) M, = (=, —px*] U [yx*, + ) U N,

Sor the case of solid materials. Here in (17, 18) the sets Ny and N, are certain sets
of isolated points whose limits belong to (—oo, —x*] U [%*, +00) and (—
—yx*¥] U [yx*, + o) respectively, and

(19) y—l—sup{é)'[ d:‘v’Su(v—»v’)'ue[O,+oo)}>0.
v
(b) The operator- valued function (X — S — F — xp)™ ' is analytic with respect

to » outside the sets My and M, respectively; the singularities of (X — S — F — %H)
belonging to Ny and N, are poles.

(¢) The dimensions of the null-spaces of C(x) and of its adjoint coincide.

Proof. Let x = iv be purcly imaginary. Then we have for ¢ € # that
(20) O e P
[ avarean B oz gt < 1zl
b X(v)
where 7 is a positive constant, © < + o0o. Furthermore, for the same x’s
lop — (I — %pE= ")t 27 12S3" V20| =

= ;;2—1[' TSETi| 2

2 |o| -

2 || — 712822 p| = (I — 2712827 12) o] .




Therefore,

(21) [T = (1 = spz=t)y tx-t2s 2712 =
Zsup (I — Z7'2827'?) ||, |p|) = «* > 0, where o = inf (£ — S)¢, ).
llell=1 ﬁﬁ(—f}

Let us consider first the case of the liquid and gas materials. In this case the operator
Z7YXS + F) X2 = K + Lis compact and we have that

T —S—F—oxu=2"1—(K+L)—xuz']2"*.

The number A = 0 obviously belongs to the spectrum of I — »uX ™' for all x ¢
e(—oo, —x*] U [»*, +w); the inverse to I — »uX ™1 exists and is bounded for x
outside this set. Proposition 1 then implies that 2 = 0 belongs to the spectrum of
X — S — F — »pu for the same »’s as it does for [ — K — L— »xuX~"'. The inverse
[ - —»uz"")"" (K + L)]™" is bounded for all purely imaginary »’s with suf-
ficiently large absoluwe values |;{[ as can be observed from (20). The assertions (a)
and (c) then follow according to Lemma | and Lemma 2. Assertion (b) is a con-
sequence of (b) in Lemma 1 and the relationship

(22) 2—S—-F—xu=
=21 = wepE ) [T = (I —2pX7 ') (K + L)] 2V2.

For the case of solid materials the operator X~'/*(S; + F) X'/ is compact and
Z~125,57 12 is bounded, and

(23) Y= S—F —oxp=2X3"21— 371285712 — pux1].
AL = [I = 27128 2712 — oy LT V(S + F) 2T R

For real % we have (see (10)) that H(I — TS T Y (p” >

> (y — #/»*) ||| Hence, I — X '/2S,57/% — 5uX~" has a bounded inverse for
all x e (—ys*, yx*) and, since it is selfadjoint, the inverse exists and is bounded for
all % with Im » # 0. Furthermore, the inverse (Z - S —F— Jm)“l exists and is
bounded for purely imaginary x»’s with sufficiently large absolute values as can be
observed from (20) and the relationship

(24) Y—S—F —xu=
= SV — apE Y[ — (I = %pZ 1) LIS 4 F) 5252

The validity of all of the assertions (a)—(c) then follows similarly as in the previous
case according to Lemmas 1 and 2. Theorem 1 is thus completely proved.
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We already know that the set (— oo, —x*) U (x*, 4 ) is a part of the continuous
spectrum for liquid and gas media. For solid materials the question concerning the
qualitative structure of this set remains open. For practical purposes the following
theorem may be useful.

Theorem 2. Let the kernel S(v — V') in (1) have the following form:
1

S(v-v)= y
7T

M
j;(zj + 1) S;(v, V') Py() 0% .
where [L is the cosine of the angle between the vectors v and v', P; denotes the
Legendre polynomial and M is a positive integer. Then the set (—o0, —x*) U
U (#*, +00) contains no points of either the residual or the point spectrum of the
pencil ¥ — S — F — xu.

The proof of this theorem does not differ from that given in [15] for non-multi-
plying media and hence it is omiited.

NON-NEGATIVE EIGENFUNCTIONS

Non-negative solutions of the equation (14) are of great importance in physical
applications. In this section we show that certain existence assertions concerning
non-negative eigenfunctions of (14) are implied by the fact that the operators K =
= Y7128y~ 1% and L= ¥ '2F3~ 1% leave invariant the cone of function-classes
in S having non-negative representatives; the uniqueness assertions are then con-
sequences of the indecomposability of K + L.

We call a bounded linear operator T in a Banach space 4" positive if it leaves
invariant a normal reproducing cone ¢ = 4 [13]. A positive operator T is called
indecomposable [22] if, for every couple x €%, x + 0, x" € 6", x’ & 0, where ¢ is
the dual cone [13], there is a positive integer p = p(x, x') such that x'(T"x) > 0.

Proposition 2. Let T be an operator of Radon-Nikolskii type, i.e. let T=U + V,
where U is compact and V bounded, and their spectral radii satisfy the following
relation: r(T) > r(V). Furthermore, let both the operators U and V be positive
and U + Vindecomposable with respect to a generating and normal cone 6. Then
there is an eigenvector xo of T corresponding to r(T) such that x, € € and, up to
scalar multiples of x,, there are no other eigenvectors of T'in €. Moreover, x'(xo) >
> 0 for every x'€%’, X' + 0.

This proposition is proved in [16] (see also [18]); we state it here because it is the
main tool for avoiding certain difficulties connected with the non-compactness of S.

Before stating our main result, we introduce some notation.

Let ge A, ¢ 20 ae., ¢ + 0. We set [16] r(K + L) = sup {ve(—o, +w):
(K+L)o, ¢) = v, ¢), Vo' e #, 20 ae, ¢ + 0}, r’(K + L) =
=inf{re(—o0, +0): (K + L) ¢, ¢") < 1(p, @), ¢’ €A, ¢' 20 ae. ¢ #0}.
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Theorem 3. (a) If sup r*(K + L) = 1, then there exists a value x, € [0, x*) and
¢>0

a function @, >0 a.e. such thai (¥ —S — F — xou) ¢y = 0. Moreover, the

functions (pi(v) = (pO(J_rv) are the only non-negative solutions to (14) for x in the

complex plane.
(b) I
inf {r(K+L):peX, p20ae, p+0} 21,

then there are no non-negative solutions to (l4)for any x in the complex plane.

Proof. Let us consider the operator
T(x)=1+xp2" ' + K, %[0, +0).

This operator is bounded and symmetric, and for x € [0, »*] leaves invariant the
cone ¢ ={peH; ¢ =9 aec.}. This cone is obviously reproducing and normal.
According to our assumption (1 1), the operator K is indecomposable and so is T(x).
By setting U = K for liquids and gases, and U = K + X~ 1'/25,,¥ "'/ for solids, and

V() = I + »pX~ ' for liquid and gas media
ST ezt 4 228,572 for solid media

we see that T(x) = U + V(x), and we can show that T(x) is a Radon-Nikolskii
operator for every x € [0, x*]. To prove this, some simple criteria derived in [17]
can be used, e.g. Theorem 2 and Theorem 5, in particular. It follows that T(x) + L
is an indecomposable Radon-Nikolskii operator.

The following function ¢ will be examined:
o(x) =sup {Ae(—w, +w):2ea(T)x) + L)} .

For every » € [0, x*], o(x) is an eigenvalue of T(x) + L and to this eigenvalue there
corresponds, up to a positive factor, a unique non-negative eigenfunction ¢, of
T(x) + L and a non-negative eigenfunction ¢} of the adjoint [ T(x) + L]*. Because ¢,
is positive a.e., we may assume that (¢,, (p:‘) = 1. It can be shown easily that the
function ¢ = g(x) is continuous and continuously differentiable, its first derivative
being given by

(25) i o) = (27 "o, 0}) -

Actually, ¢ is analytic as a function of x in (0, x*). Obviously, (0) — 1 = /(K + L),
the spectral radius of K + L, and

(26) o(x*) > 2.
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The last relation is a consequence of the fact that (— oo, —x*) U (x¥, + o) always
belongs to the spectrum of the pencil £ — S — 3. We note that this is proved in [15]
for gas and liquid moderators, and in [()] for solid moderators by means of a criterion
of Weyl and von Neumann. For general media the required result is obtained by using
a monotonicity argument.

First, let us consider the case (a); then ¢(0) = (K + L) + 1 <2, and hence,
since o is continuous, it assumes the value 2 at a point x, € [O, y*) The uniqueness
of %, follows from the relation

(27) 4 o(x) 20 for xel0,x*).
dx
To prove the validity of (27), we consider the expression
- " [ s 1 o
(IUZ (% (px) = - - ((K + L) (/N (PA) i - [] — T 'L(K + L)] g 0.
x X b%

This completes the proof of assertion (a).

In the case (b) we see that

i .

a(i o) [l —inf{r(K+L):¢p=20ac ¢+0/]=0 for xel0,x*].
P %

Hence g(x) does not increase for such s, and the assertion (b) then follows according

to (26). Theorem 3 is thus completely proved.

Remark. The assumptions of Theorem 2 concerning the quantities r, (K + L)
and r?(K + L) are is entirely theoretical, and the verification of their validity may
be a rather difficult matter. On the other hand, continuity arguments show that the
condition stated in (a)is always fulfilled if “L” is small enough, and the condition in (b)
holds whenever the medium under consideration is strongly fissionable.

CONCLUDING REMARKS

Let us note that our results generalize all of the results derived in [15] for non-
multiplying media. If, in particular, Lis the zero operator, then !!K” <1 and the
conclusion of Theorem 3 completes the uniqueness result for solid moderators con-
jectured in [15].

As already mentioned above, a relaxation-lengths theory for moderator media
has been presented in [ 15], where the symmetry properties of the operators appearing
there have been used in an essential way. However, the proof of the uniqueness result
of Theorem IIT in [15] is based on a lemma which is obviously false. As we show,
the conclusions of this theorem remain valid for general media.

We summarize the results.
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If the fission in the medium is sufficiently weak, then:

(i) The properties of the relaxation lengths are very similar to those in the cor-
responding non-multiplying medium characterized by the same cross-sections.

(ii) The possible complex relaxation lengths are located in a strip along the real
axis, the thickness of the strip being a multiple of the norm of the fission operator F.

(iii) The diffusion length is (up to symmetry) the only relaxation length to which
there corresponds a non-negative eigensolution.

If the fission in the medium under consideration is sufficiently strong, then:

(iv) There are no non-negative eigensolutions of the relaxation-lengths equation
(14). This has the interpretation that the concept of diffusion length loses its meaning.

(1]
[2]
[3]
[4]

[5]
[6]

[71
[8]

[9]

[10]
(]
[12]

[13]

[14]

[15]

[1e]

References

M. Borysewicz, J. Mika: Time behavior of thermal neutrons in moderator media. CNEN
Documents CEC (68), 1 Bologna (1968).

K. M. Case: Elementary solutions of the transport equation and their applications. Ann.
Phys. 9 (1960), 1—23.

C. Cercignani: Unsteady solutions of the kinetic models with velocity-dependent collision
frequency. Ann. Phys. 40 (1966), 454—468.

B. Davison: Milne problem in a multiplying medium with a linearly anisotropic acattering.
Canadian Report CRT 358 (1946).

B. Davison: Neutron Transport Theory. Oxford University Press, London 1957.

J. J. Duderstadt: Theory of the propagation of the plane-wave disturbances in a distribution
of thermal neutrons. J. Math. Phys. 10 (1969), 266—276.

N. Dunford, J. T. Schwartz: Linear operators. Part I. Interscience Publ. New York 1957.
L. C. Gokhberg, M. G. Krein: The basic propositions on defect numbzrs, root numbars and
indices of linear operators. Usp. mat. nauk XII (1957), 43— 118 (Russian).

H. Grad: Asymptotic theory of the Boltzmann equation. I. Proceedings of the Third Intern.
Symp. Rarefied Gas Dynamics, Vol. I, Academic Press, New York— London, 1963, pp.
26-—59.

E. Hecke: Uber die Integralgleichung der kinstischen Gastheorie. Math. Zzitschrift 12
(1922), 277 286.

S. Kaplan: Properties of the relaxation lengths in Py, double P; and angle-space synthztic
approximaticns. Bull. Sci. Eng. 28 (1967), 456.

T. Kato: Perturbation Theory for Linear Operators. Springer-Verlag, Bzrlin—Heidelberg—
New York 1966.

M. G. Krein, M. A. Rutman: Linear operators leawing invariant a cone in a Banach space.
Usp. mat. Nauk III (1948), N 1, 3—95 (Russian), English translation in the Translations
of the AMS, Vol. 26 (1952).

1. Kuséer, N. Corngold: Discrete relaxation times in neutron thermalization. Phys. Rev.
139 (1965), A981—990; 140 (1965), A85.

I. Kusé¢er, I. Vidav: On the spectrum of relaxation lengths of neutron distributions in a mo-
derator. J. Math. Anal. Appl. 25 (1969), 80—92.

I. Marek: Frobenius theory of positive operators. Comparison theorems and applications.
SIAM J. Appl. Math. 19 (1970), 607-— 628.



[t7}] I. Marek: On Fredholm points of compactly perturbed bounded linear operators. Acta Univ.
Carol. — Mathematica et Physica Vol. 17, (1976) No. 1, 65--72.

[18] I. Marek: On some spectral properties of Radon-Nikelskii operators and their generaliza-
tions, Comment. Math. Univ. Carol. 3, 1 (1962), 20--30.

[19] J. Mika: Neutron transport with anisotropic scattering. Nucl. Sci. Eng. 11 (1961), 415—427.

[20} B. Montagnini, M. L .Demuru: Complete continuity of the free gas scattering operator in
neutron thermalization theory. J. Math. Anal. Appl. 12 (1965), 49— 57.

[21] W. Rudin: Functional Analysis, McGraw-Hill Co. New York, 1973.

[22] 1. Sawashima: On spectral properties of some positive operators. Natur. Sci. Rep. Ochano-
mizu Univ. 15 (1969), 55— 66.

[23]1 V. F. Turchin: Thermal Neutrons. Gosatomizdat, Moscow 1963 (Russian).

[24] L. Van Hove: Correlations in space and time and Born approximation scattering in systems
of interacting particles. Phys. Rev. 95 (1954), 249.

[25]1 A. M. Weinberg, E. P. Wigner: The Physical Theory of Neutron Chain Reactors. Chicago
University Press, Chicago 1958.

[26] M. M. R. Wiiliams: The Slowing Down and Thermalization of Neutrons. North-Holland
Publ. Company, Amsterdam 1966.

[27] R. Zelazny: Exact solution of a critical problem for a slab. J. Math. Phys. 2 (1961), 538 to
542.

Souhrn

RELAXACNI DELKY A NEZAPORNA RESENI
V TRANSPORTU NEUTRONU

Jan Kynci, Ivo MAREK

V préci je vybudovina teorie tak zvanych relaxacnich délek v teorii transportu
neutront. Tato teorie je natolik obecnd, Ze pokryva pfipad jak moderatorovych
tak Stépnych prostfedi. AC hlavni vysledky se tykaji pfevazné prostfedi §tépnych,
prace obsahuje nové vysledky i pro prostfedi nemnoZici. Specialnég, tvrzeni o unicité
vyslovené v préaci 1. KusCera a 1. Vidava ,,On the spectrum of relaxation lengths of
neutron distribution in a moderator* J. Math. Anal. Appl. 25 (1969). 80—92,
jakoZto hypotéza, je v nasi praci disledkem obecné teorie.
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