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VARIETIES OF ASSOCIATIVE RINGS CLOSED UNDER IDEAL
SUMS
M. V. VOLKOV

Abstract: All varieties of associative rings closed unde:
ideal sums are described.
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A ring variety X is said to be cloged under ideal sums if
for any (associative) ring R and for any its ideals I and J
belonging to X, the sum I+J belongs to X, too. B.J. Gardner
has described in 11] varieties of algebras over any field
which are closed under ideal sums and suggested describing vee
rieties of rings with this property. The aim of the present
paper is to solve this problem.

Let us recall that the (Malcev-)product of two varieties
Jﬂ; and A 18 a class MA of all rings R containing an ideal
Ie M such that R/Ie N . The product of two ring varieties
is elso a variety containing both M and &X' . The variety of
all rings satisfying the identity nx=0 will be denoted by .'Bn,

Theorem., A variety of associative rings is closed under
ideal sums 1ff it coincides either with the variety of ell
associative rings or with a variety of the kind 5B, where
the variety ¥ is oenerated by a finite (possibly, empty) set
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of finite fields,

Proof., Necessity, Let X be a variety closed under ideal
sums, By [1], Corollary 2.3, X either consists of all associa-
tive rings or satisfies an identity of the kind mx=0 for some
m. In the latter case there exists the greatest number n such
that .'Bng X. By [2], Corollary 2, we have x-cBn*:-! for some
variety ¥ . Denote by le the ring variety given by the iden-
tities px=xy=0 where p is a prime number. If the variety &
contains le for some p, we consider the zero-ring A over a
cyclic group with pn elements. We ebiain pA € 53, and A/pA € Ap.
hence, A e :Bn ﬂps%g’ =X, By [1), Proposition 1.1 it follows
ﬁpne X, and we have now a contradiction with the choice of n.
Thus, ﬂp$ ¥  for any p. By [3]1, Corollary 3.8, ¥ may be
generated by a finite ring S, It is easy to see that S does not
contain non-zero nilpotent elements, and hence S is either the
direct product of a finite number of finite fields, or the tri-
vial ring.

Sufficiency. We prove that any variety of the kind anEI’
where ¥ is generated by a finite (possibly, empty) set of fi-
nite fields has the following property which is stronger than
the property to be closed under ideal sums: for any ring R and
for any ideal I and subring S which both belong to anCf the
subring S+I belongs to S'Sn":f s too., Consider the sets In =
= {1€ Ilni=0} and S = {se SIns=03. It is easy to verify that
I+, and I+Sn are ideals in I4+S. The ring (I+S)/(I+Sn) o
28/(8,+8NI) is a homomorphic image of the ring 8/8,. Since
SeB ¥ , end S is the greatest ideal of S belonging to B,
it follows that (I+S)/(I+5,) € ¥ . Analogously, the ring
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(I"'Sn)/(ln'l'sn)‘!I/(Ini-SnﬂI) belongs to ¥ . Thus, the ring
(S+I)/(Sn+In) lies in ¥¥Y , but by [4), Lemma 10, PP = &,
Since the ideal In+8n belongs to the variety 5Bn, we obtain
S+Ie :Bng.

The author expresses his thanks to Professor L.N, Shev-

rin for his attention to the work.

[1]

[2)

[31

[4]

References

GARDNER B.J.: Rings varieties closed under ideal sums,
Comment. Math, Univ. Carolinae 18(1977), 569-578.

VOLKOV M,V.: Strukturi mnogoobrasiy algebr, Matem.3bor-
nik 10(1979), 60-79; Engl. translation: Lattices
of varieties of algebras, Math. USSR, Sbornik,
37(1980), 53-69,

LVOV I.V,: O mnogoobrasiyah associativnih kolec, II,
Algebra i logika 12(1973),,667-688.

SHEVRIN L.N., MARTINOV L.M.: O dostizhimih klassah al=-
gebr, Sibirskiy matem, zhurnal 12(1971), 1363~
1381.

Ural State University Sverdlovsk, USSR (permanent address)

and

Technical University of Vienna, Vienna, Austria

(Oblatum 2.11, 1982)

- 103 -



		webmaster@dml.cz
	2012-04-28T08:56:34+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




