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A RESONANCE PROBLEM FOR NONLINEAR DUFFING EQUATION

Pavel DRABEK

Abstract: The purpose of this paper is to study a semilinear periodic
problem for the forced Duffing equation at resonance. Nonlinear perturbati-
on is allowed to grow linearly. Also some nonuniform nonresonance conditi-
ons concerning the nonlinear perturbation are discussed.

words and ases: Duffing equation, periodic solutions, nonlinear
perturbations with linear growth, Leray-Schauder degree.

Classification: 34C25, 34B15, 34C15

1. Introduction. We consider the periodic boundary value problem BVP °
for an ordinary differential equation of Duffing type

(1.1) u "+c a'+£(t,u)=e(t) a.e. on [0,T],

(1.2) u(M=u(0), u’(T)=u"(0).

The right hand side e is an element of Ll(O,T;R), ceR is the damping
and f is a nonlinear Carathéodory function.

Our aim {s to give sufficient conditions for the existence of periodic
solutions of (1.1) - (1.2). We can formulate either nonresonance or resonan-
ce conditions according to the lower and upper limits of s'lf(t,s) as
s—» Yoo . As for the nonresonance case our result is related to Drébek, In-
vernizzi L7]. The resonance conditions are related to the papers of Landes-
man, Lazer [ 8], Ward [9], Ahmad [1,2] and Drébek L3].

To prove our results we use essentially the structure of the set of all
couples (a,n)tl!2 for which the nonlinear Dirichlet BVP

u "+a u™-b u™=0 on [0,T],
u(0)=u(T)=0
has a nontrivial solution. The reader is referred to the Fuifk's monograph
[61 in order to see the important role played by the set of such couples
(a,b)st.
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When resonance occurs, we obtain Landesman-Lazer type sufficient con-
ditions for the solvability of (1.1) - (1.2) (see (3.6), (3.7) below). Simi-
larly as in [1],(2) and [3], some upper bounds for s'lf(t,s) are necessary
it s—+*w. In case of the Duffing equation we have an explicit dependence
of these bounds on the damping. Roughly speaking, the stronger the damping
lc| is, the weaker assumptions laid on s'lf(t,s) (as s — oo ) are necessa-
ry.

The paper is organized as follows. In Section 2 we formulate some auxi-
liary assertions. The main result of this paper is formulated in Section 3.
The proof of the main result is contained in Section 4. Some remarks in Secti-
on 5 conclude the paper.

. Preliminary assertions. In this section we shall summarize some re-
sults on BVP’s for second order ODE 's. Let T>0 be given number, and let
o :=2r/T. Denote uf:=(Jul? u)/2.
Lesma 2.1. -Let (a,b) R%. The nonlinear BVP
(2.1) u’4a u*-b u™=0 on [0,T),
(2.2) u(0)=u(T)=0
has a nontrivial solution if and only if
@pecy 1O, Guepl,
where
C¥:= {(a,0) 8 R;(a-t?)(b-c?)=0},
Ck:= {(a,b)e Rz;a>kzec2, b>0, bl/zzkaal/z/t(al/z—kd.)i,
= {(a,b)e Ra> ke, b>0, bl/2=(kel)ecal/2/(a}/ 2k )} v
via,b)e R%;a > (k+1)2ec?, b0, b1/ 2kecal/2/(al/2-(ke1) o).
Remark 2.1. The proof of this lemma can be found in Fudfk [6, Lemma

42.2). Let C := 4 (a, b) € R?; ab=0}.

Assuming d.-l/2 and plotting (al/2 bl/z) for (a,b)e G, or C':‘, k&0, aZ0, b20,
it is possible to get a picture of the sets C and C: which can be found in
Drébek, Invernizzi (4, p. 645].

The following assertion can be proved similarly as Lemma 2.1.

Lemma 2.2. Let (a,b) eR?. The nonlinear periodic BVP
(2.1) u "+a u*-b u™=0 on [0,T],
(2.3) u(M)=u(0), u’(T)=u"(0)
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has a nontrivial solution if and only if
-]
(a,b) e k"-’ock'

The set of nontrivial solutions of nonlinear periodic BVP is reduced
only to constants if we consider a nonzero damping term (c+0) in the equ-
ation (2.1).

Lemma 2.3. Let (a,b)ch, ceR, c#0. The nonlinear periodic BVP

(2.4) u '+c u’+a u*-b u™=0 on [0,T],
(2.3) u(T)=u(0), u’(T)=u"(0)

has a nontrivial solution if and only if
(a,b)e C,.

Proof. Multiplying both parts of (2.4) by u” and integrating on 10,T)
we get (with respect to (2.3)) that u m const. Let us suppose that (a,b) ¢
4C,. Then the continuous function R—- R defined by s +»a s'-b s~ vanishes
only at s=0. In this case u = 0 on [0,T]. On the other hand, u =1 and uss -1
is a nontrivial solution of (2.4) - (2.3) if a=0 and b=0, respectively.

Substituting a, b by t-dependent mappings, we obtain the following re-
sult.

Lemma 2.4. Let g, be two mappings in L*(0,T;R).

Let us assume one of the following hypotheses is valid:

(H1) there exist an integer i&1, two points (ai’bi)‘ Ci» (ai+1'"i+1)‘ci+1
such that
a,é g ()6 8,1 bli g_(t)ﬁbh1

holds a.e. in [0,T], with strict ineguality signs on the set of positi-
ve measure in (0,T];

(H2) there is (al,bl)c C, such that
g,(t)éa), g (D)éb)

holds a.e. in [0,T], with strict inequality signs on the set of positi-
ve measure in [0,T].

Then the nonlinear Dirichlet BVP
(2.5) u""+g,(t) u*-g_(t) u™=0 on [0,T3,
(2.2) u(0)=u(T)=0
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has no nontrivial solutions verifying also

(2.6) sign u’(0)=sign u'(T).

Remark 2.2. The proof of Lemma 2.4 can be found in Invernizzi [7, Lem-
ma 1.2). Under more restrictive assumptions than (H1), (H2) laid on g4 (1),
the assertion of Lemma 2.4 is proved in Drébek, Invernizzi (4, Lemma 2.2].

3. Main result. In this section we shall consider the solvability of
the monlinear periodic BVP
(3.1) u "+c u'+f(t,u)=e(t) a.e. on L0,T],

(3.2) u(M=u(0), u’(T)=u’(0).

We shall suppose that e is a fixed element in the Banach space
X:=L1(0,T;R), with usual norm J+H , ceR, and f is a Carathéodory function
(i.e. f(.,s) is measurable for all s, and f(t,s) is continuous for a.e.
tel0,T)), satisfying the growth restriction
(3.3) |f(t,5)|=p1(t)+p2|5|
for a.e. tel0,T) and for all seR, with P1€X, pyeR, p2=0.

Suppose that there are numbers r, % s, such that

(3.8) r, & lim inf s7le(t,9),
- S

(3.5) lim sup s lf(t,s)& s,
§—-x =

a.e. in [0,T1.
The solution u of (3.1) - (3.2) is a continuously differentiable map-
ping u:[0,T] —» R, such that u’ is absolutely continuous and (3.1) - (3.2)

held. -
Let us denete by Ad the d-th closed quadrant of Rz.

Theorem 3.1 (Nonuniform nonrescnance case). Let £r+,st [r_,s]c
c AluA3 and let either (r+—cz/4,r_—c2/A)GCi, (s+-c2/4,s_—02/4)6ci+1

for some fixed i&1, or (s*-cz/a,s_-cz/a)tcl, or s+—c2/460,s_-02/46 0.
Moreover, let us suppose that (3.4) and (3.5) hold with strict inequality

signs for t in a subset of positive measure in £0,T].

Then the BVP (3.1) - (3.2) has a solution for arbitrary e eX.
In the resonance case we shall suppose that the following hypothesis is

fulfilled:
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() £7%®(t)= lim sup £(t,s) and f, _(t)= lim inf £(t,s)
[ @® £ +00
are bounded from above and from below, respectively, for a.e. tel0,T].

Remark 3.1. Note that hypothesis (f) implies that r, from (3.4) satis-
fy r, 0.

Theorem 3.2 (Resonance case). Let us suppose (f), (s+—cz/4,s_ -02/4) 6
éCl and (3.5) hold with strict inequality signs for t in a subset of positi-

ve measure in [0,T].
Then the BVP (3.1) - (3.2) has a solution provided that

(3.6) jon‘ ®(tdt <foTe(t)dt < [Tt p(tat.

Consider, instead of (f), the following hypothesis:
(#%) £*®(4)= lim sup f£(t,s) and t _ (t)= lim inf f£(t,s)
: S—>+0 - [ B3
are bounded from above and from below, respectively, for a.e. te&l0,T]).

Remark 3.2. The hypothesis (f”) implies that s, from (3.5) satisfy
s, % 0.

Theorem 3.3 (Resonance case). Let us suppose (f°) is valid. Then the
BVWP (3.1) - (3.2) has a solution provided that

G0 =< [Tewat < [T (Dot

4. Proof of the main result. The proofs of Theorems 3.1 - 3.3 will be
performed in several steps. The main tool we shall use is the homotopy in-
variance property of the Leray-Schauder degree.

Fix A sJO,(Zsr/T)ZE. Consider the linear operator K:X —» X defined by
Kw:= the unique solution u of the linear periodic BVP: u’ “+c u’+Au=w, u(T)=
=u(0), u (T)=u"(0). A straightforward argument shows that K is completely
continuous. Moreover, the standard regularity argument for ODE’'s proves that
K maps bounded sets in LI(O,T;R) into relatively compact sets in C([0,T}).
The Nemytskii operator induced by f and the mappings u —>u® are all conti-
nuous X—> X and map bounded sets into bounded sets.

Step 1, Let ee K be given and c#0. Let us consider the continuous

path
(4.1) ¢ [0,1—>(WUy, Vgl 6 (A, vANNC,
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with endpoints (u, v,) and (&, ¥)), with w,= »,. Then there is R>0
sufficiently large such that the mapping X —»X defined by
(8.2) U uK(-pgu’ +¥gu” + Aus(1-6)e)

has_the Leray-Schauder degree at 0 relative to the ball {x¢ X; A xU<R}

equal to a fixed odd number.

Proof. The mapping (4.2) is odd for &=1 (we have )" vl). Hence by
the Leray-Schauder continuation theorem it is sufficient to show the existen-
ce of such R» 0 that

FC &,u):= u-K(- au® +3gu™ + Aus(l-€)e)=0 ,
for (&,u)e [0,11xX, implies Huli<R. Let us suppose the contrary. Then the-
re are Gnc 10,1] and u € X, Iunl—ooo and

(4.3) Hce,,u)=0,
for all ne N. The equation (4.3) is equivalent to the periodic BVP

(8.8) u " 4o U+ u; -3 up =(1- € e,
n n
4.5) 4 (D=0, y (D= (.

Put Vn=“n/ llunll . Then passing to a subsequence, if necessary, we obtain
from (4.4) - (4.5) Vp—> Vv in X, dn—->6'o¢[0,1] and

s . + -
V +CV + v - v =0
A A
v(T)=v(0), v (T)= v (0).
This, with respect to the assumption (4.1), contradicts the assertion of Lem-
ma 2.3.

Step 2. Let e¢X be given and c=0. Let us consider the continuous path
(-~
(4.6) 6 e (0,1 (o(.‘, v‘,)‘ (AI v AB) \k(.:lock

with endpoints (@.o,vo) and ((41, vl), with @,=»,. Then the assertion from
Step 1 remains true.

Proof. By the same way as in the proof of Step 1 we get veX, vl =1,
80;[.0,11 and

.. + -
vV o+ V -y v =0
s, e,V 0
v(T)=v(0), v (T)=v'(0).
This, with respect to the assumption (4.6), contradicts the assertion of
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Lemma 2.2.

Step 3. Let us suppose that the hypotheses of Theorems 3.1 - 3.3 are
fulfilled. Let either

(g v (r,,8)xLr_,sI\C,, for c#0, or
--]
(@gr »olelr,,sdxlr_,s 3\ 2, Gy fox e=0.

Consider the homotopy H:{0,1)x X —> X defined by

HC2,u)i= u-K(-2£(o,u)-(1- &) Lt u® - »u”] +Ause).
Then there exists R>0 such that

H(,u)=0,
for (v,u)el0,11xX implies Hull<R.
Proof. Let us suppose the contrary. Then there is a sequence ('En,un) €
€ 10,1 xX such that
(8.7) up=KC- 7 2Co,u)-(1- ¥ 0@ ur- wous 3+ A ve),

and l\unli-—b @ . The normalized sequence v, := u/ lun I verifies

-1 + - -1
(4.8) v K- Nu 077 £Ce,u)-(1- ) LV~ PVl Av Hut™ e).
According to (3.3) the sequence f:= luﬂ\{ ~1f(-,un) is bounded in X. Therefo-
re, passing if necessary to subsequence, we can assume that Vp—*V uniform-
ly on [0,T]. In this case, (3.3) implies
-1
Ifn(t)lﬁpl(t) lunl +p2|vn(t)|£p(t),

for all neN, with some pe& X. Hence
'z.
j;1 £ (t)|dt—> 0, for |t,-t,|—»0,

uniformly with respect to ne N. Therefore the sequence {fn?;‘::lc X is weakly
sequentially compact (see Dunford, Schwartz L5, Corollary B8.11}), i.e. there
is ge X such that some subsequence of -i,fni‘::l converges weakly to g in X. We
can suppose "!n—-> % e [0,1), too. Since any bounded linear mapping X —>X is
both continuous and weakly continuous, we can pass to the weak limit in (4.8)
and we get

(4.9) v=K(-vg+(1- ®) [(lbv+ - 9Dv"J +Av). '
It is a direct consequence of Lebesgue’s theorem, Fatou's lemma, (3.3), (3.4)
and (3.5) that

- 211 -




(8.10) g(t)=h, (tV'(t)-h_(t)v (1) a.e. on [0,T],

(8.11) r, & h (t)€s, a.e. on 0,71
The mappings h, :({0,T)— R are defined as follows:
ht(t):= g(t)/v(t), for teVy , h(£):= @ ,h_(t):= »

for teV , where V := {t€ [0,T1; v(t)=0}, V, := 1t e(0,T); v(t) Z 0. The re-
ader is referred to Drdbek, Invernizzi [4, p. 648] for details.

Note that (4.9) - (4.11) imply that v, lvli =1, is a solution of the pe-
riodic BVP

(8.12). v vc v+ g (V" - g (V7 =0 a.e. on 0,T),

(8.13) v(T)=v(0), v (T)=v"(0),

where the coefficients 7+(t):=‘rh+(t)+(1-’c)(l.o and g_(t):=eh_(1)+(1- ) »,
verify
(4.14) r. & 7. (t)@s, a.e. on (0,T].

Our aim is to show that (4.12) - (4.14) yield to the contradiction under
the assumptions of Theorems 3.1 - 3.3. °

Let us suppose that the assumptions of Theorem 3.1 are satisfied. Then
either ¥, (t)Z0 or 7% (t)%0 with strict inequality signs on the set of po-
sitive measure in [0,T]. Then integrating (4.12) on LO,T], we obtain (with
respect to (4.13)) that there is neither v >0 nor v<O0 on [0,T]. Hence v has
at least two zero points in [0,T1, i.e. we can find t*e¢ [0,T] such that v(t*)=
=0 and C:= 1/v'(t*) >0. Let us extend v and ¥+ by T-periodicity on the whole

real line and define V, %, :(0,T1—> R by the relations V(t):= Cv(t+t*),
F.(1):= ., (1+t%), We obtain

Ve ¥ F OV -F_ (W =0 a.e. on 10,71,
v(T)=v(0)=0, v'(T)=v'(0)=1.

Introducing z:(0,T) —> R, z(t):= exp((c/2)t)V(t), a simple computation shows
that z is a solution of the nonlinear Dirichlet BVP

(4.15) 2 +(§, (D-c2/m)z" (5 _()-c2/)z =0,
(4.16) z(0)=z(T)=0,

which verifies
(4.17) sign z (T)=sign z (0).

« The inequalities (4.119) and the hypotheses of Theorem 3.1 imply that the
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functions g,(t):=§"_._,(t)-—cz/4 fulfil the assumptions of Lemma 2.4. Then (4.15)
- (4.17) yield to z(t) = 0 which contradicts v =1.

Let the assumptions of Theorem 3.2 be satisfied. Then 7+(1)=0 a.e. in
[0,T1. If these inequalities hold with the strict inequality signs on the
subset of positive measure in (0,T) (the resonance does not occur), we can
reach the contradiction by the same way as in the previous case. With resp-
ect to the assumptions of Theorem 3.2, we have that either v>0, or v<0 on
(0,71 (see Lemma 2.4, (H2)). If 4 (t)=0 a.e. on (0,7 and o _(t)+#0 in a
subset of positive measure in (0,T) then integrating (4.12) on [0,T]}, we ob-
tain v > 0. Then it follows directly from (4.12) - (4.13) that v = 1/T on
{0,7). Similarly, we have v = -1/T on [0,T]1 if 4 _(t)=0 a.e. on [0,T] and
7§(t)+0 in a subset of positive measure in [0,T]. Finally, it is either
v=1/T, or v -1/T on (0,T) if ¥, (t)=0 a.e. on [0,T]. Let us suppose that
v = 1/T on (0,T) (the other case vw= -1/T on (0,T] can be treated similarly). *
Then with respect to the uniform convergence Va—> 1/T on LO,T), we have
un(x)—+ + o uniformly on [0,T). Hence the operator equation (4.7) is, for n
sufficiently large, equivalent to the periodic BVP

.. . .
(4.18) U, +C Ut t’nf(t,un)+(1- () MU =e,
(4.19) u (T)=u (0, ur'l(T)=u’;(0).
Integrating (4.18) on (0,71, we obtain by using Fatou’s lemma and (4.19):
T .. + L. T
(A.ZO)fo }‘1_%,1nf Lcnf(t,un)+(1— %) qu.oun]dt 6%£n¢1nf fa [‘b’nf(t,un)+
+ T
+(1-%) @ uddt= fo e(t)dt.
On the other hand, the assumption (3.6) yields
T LI +
‘/‘D e(t)dt<‘/; A}'nz’inf ['l.'nf(t,un)+(1- 'L'n) g,ounldt,
which contradicts (4.20).

Let us suppose that the assumptions of Theorem 3.3 are fulfilled. Then
1‘:(1:)60 a.e. in [0,T). If these inequalities hold with the strict inequa-
lity signs on the subset of positive measure in [0,T} (resonance does not
occur), we can proceed again as in the case of Theorem 3.1. In the opposite
case we can derive v = 1/T, or v = -1/T on [0,T], and the proof can be per-
formed in a similar way as in the case of Theorem 3.2 but by using the as-
sumption (3.7) instead of (3.6) (note that it is “,< o, v0<0 under the
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assumptions of Theorem 3.3).

Step 4. Let us suppose that the hypotheses of Theorems 3.1 - 3.3 are
fulfilled. Then the nonlinear periodic BVP (3.1) - (3.2) has a solution.

Proof. The nonlinear periodic BVP (3.1) - (3.2) is equivalent to the
operator equation

(4.21) u-K(-£(s,u)+ Au+e)=0.

By Step 3 the Leray-Schauder degree of the operator standing on the left
hand side of (4.21), relative to {x eX; IxN<R}, is equal to the degree of
the operator

(8.22) u +—> u-K(- (4.0u+ + o+ Ause),

provided that R>0 is large enough. But according to Steps 1,2 the degree of
(84.22) is different from zero. Hence the operator equation (4.21) has at le-
ast one solution which is simultaneously the solution of the nonlinear peri-
odic BVP (3.1) - (3.2):

5. Concluding remarks

Remerk 5.1. The assertion of Theorem 3.1 is proved under more restric-
tive assumptions in Ordbek, Invernizzi [41. More precisely, in (4, Theorem
3.1), we impose uniform nonresonance conditions on nonlinearity f, while the
nonresonance conditions in Theorem 3.1 are nonuniform ones.

Remark 5.2. The proof of Theorem 3.1 can be found in Invernizzi [7]
if c=0.

Remark 5.3. To prove our result, we construct a slightly different ho-
motopy than in [4, 7]. The homotopy of compact perturbations of the identity
used here allows us to treat also the resonance case. This is the topic of
Theorems 3.2, 3.3. The relation of our result to the paper of Ahmad [2] was
already pointed out in the introduction. The author of [2] studies nonself-
adjoint resonance problems for PDE s with unbounded perturbations. Note that
in case of Duffing equation we received an explicit bound for the ratio
s lect,s) (it |s| is large enough) by means of the curve C, and the damping c.

Remerk 5.4. Our result also generalizes the result contained in Ward
[9, Theorem 11 for the case of the Duffing equation.
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