Commentationes Mathematicae Universitatis Carolinae

Pavel Kostyrko
Quasicontinuity and some classes of Baire 1 functions

Commentationes Mathematicae Universitatis Carolinae, Vol. 29 (1988), No. 3, 601--609

Persistent URL: http://dml.cz/dmlcz/106675

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1988

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/106675
http://project.dml.cz

COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
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QUASICONTINUITY AND SOME CLASSES OF BAIRE 1 FUNCTIONS

Pavel KOSTYRKO

Abstract: The paper deals with quasicontinuity of real-valued
functIons of a real variabie. Tt is shown, e.g., that a Lebesgue
measurable function has the set of all its quasicontinuity points
Lebesgue measurable. Families of bounded Baire class one functions
which are not quasicontinuous almost everywhere are investigated.
Such functions are shown to be “typical™ in the sense of category
in some standard function spaces.

Key words: Quasicontiinuity at a point, approximately continu-
ous functions, Balre class one functions, Baire category, Zahorski
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Classification: 26A13, 20A21

1. Introduction. Quasicontinuity is a generalization of the
notion of continuity. It has been introduced in [Ke]‘and its basic
properties are known (see e.g. [Bl], [s], [Ma], [Th] ). The aim of
the present paper is to show that the set of all quasicontinuity
points of a Lebesgue measurable function is Lebesgue measurable and
that there are classes of Baire 1 functions in which a typical func-
tion is not guasicontinuous almost everywhere. This last statement

improves some of known results (see [3P], [&3]).

2. Points of quasicontinuity. Further we shall deal with real-
valued functions defined on a real non-degenerate interval Io. Re-
call in this case the notion of quasicontinuity of a function at

a point. - €01 -



Definition 1. A function £:Iy—>R (R - the real line) is said
> be guasicontinuous at the point xe IO if for each & >0 and each
& >0 there exists a non-void open interval Te(x -o ,x + ¢ ) such
that [£(t) - 2(x)[< ¢ holds for svery teI. We denote by &(f)
(R(£)) the set of all such points of I, at shich the function f is

(13 not) quas!continuous.

Let r:Ty—R be a function. Put d7(f,x) = supte.,{lf(t) - f(x)l} ,

where Tc I, is a non-void open interval and ié‘("") = infy (. -8, x+8)

';dI A,x)} for ©>0. Obviously 13(f,x)z i.?(f,x) whenever §<” and

we can define for each ero
ge(x) = Umg_ o, 15(f,x) = sup g g {ia(f,x)} .

Theorem 1. (a) A function f:Io—'R is quasicontinuous at the
point x if and only if qf(x) = 0,

(b) 1r f,—~f uniformly, then a‘ 8o qf —-qf uniformly.

(¢) If £ —f uniformly, then WA Y 3 U Q(f Yc Qlf).

Proof. (a) The statement is an immediate consequence of the
definition of quasiconiinuity.

(b) Let €>0 and let |£, (t) - £(t)<€ hold for each teI,
and n2ny. Choose xeIy. Then |£, (t) - £ ()= [£ (£) - £(t)] +
[£€e) = £ + [£x) = £ Ol <|£(t) - £G)] + 26 . If TeTy, then
dI(fn,x)S dr(f,x) + 2€ . Analogously dy(f,x)= ap(f ,x) + 2¢€.
From above inequalities it follows for any & >0 that ig(f ,x)<
1g(f,x) + 2& and i5(f,x) = ig(f ,X) + 2& ., llence qf (x) = qf(x) +
2€, qpx)S qfn(X) +36 and qu (x) - qf(x)l 2¢ .

(¢c) Put Q = k-l A aley). If f,—f uniformly, then for each

xe Q we have x€Q(f ) for infinitely many indices n, and (b)
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implies QcQ(f).

The set Q(f) of a function f:Iy—R, in general, need not be
Lebesgue measurable. E. g., if D cI0 is a nowhere dense Lebesgue
non-measurable set, then XD = qu holds for its characteristic
function X, 1.e. Q(X) is Lebesgue non-measurable.

Theorem 2. Let f:Io—-R be a Lebesgue measurable function. Then
qe: Ig=RU{+e] 1s Lebesgue measurable.

Corollary 1. The set of quasicontinuity points of a Lebesgue

measurable function is a Lebesgue measurable set.

First we shall introduce a class of functions and prove

Theorem 2 for this class.

Definition 2. A function g:Iy—R is said to be simple, if

(1) g is Lebesgue measurable;
(11) there exists >0 such that |g(y) - g(x)|<? implies

gly) = g(x).

Lemma 1. If g:Iy—~R is a simple function, then ag is Lebesgue

measurable.

Proof. If I is a non-void open subinterval of Io, then we can
define a function dy:Iy—~RuU{+e} by dI(x) = 4;(g,x). For aeR put
Ef = {x: d(x) < a}. It follows from the property (ii) of the simple
function g that the set g(I,) is countable and the same holds for
the set dI(Io). The function dy is obviously constant on each level
set of the function g and each level set of the function d; is a
countable union of level sets of the function g. Consequently level

sets of d; are Lebesgue measurable. Let {yn} be a sequence of all
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values of the function dy such that y, <a. Then E; = Y d}l(yn) is
Lebesgue measurable. Choose & >0 and put ig(x) = 15(f,x) and E} =

s 4n a . ~
{x: 15(x)<a} for acR. Then E} =rl’J‘{x. d(p,g)(x)<a, r and s are
rational numbers, x -§ < r<s<x +3} and hence E} is Lebesgue
measurable. Consequently, for each & >0 the function 13:I°—oR U{+oo}
is Lebesgue measurable and the same holds for the function q8 =

linm _,“11/m.

Proof of Theorem 2. Let f:Io—vn be Lebesgue measurable. For
each n =1, 2, ... we can define the function fn:Io—-R by the pre-
scription: £ (x) = m2™® for xef X[, (@ + 1)2°™), n - an inte-
ger number. Obviously every term of the sequence {fn}? is a simple
function and f —f uniformly. According .to Theorem 1(b) and Lemma 1
qfn_.qf uniformly and q is Lebesgue measurable.

3. Typical results. In the next text we shall deal with class-
es of real functions defined on the unit real interval [0,1] . Ve
denote by bQ (bA, bﬁl) the class of bounded approximately conti-
nuous functions (bounded derivatives, bounded Baire 1 functions).

All these classes are complete metric spaces with the metric d(f,g) =
8upy ¢ [0,1] {\f(x) - g(x)l} . There are known some proverties which
hold for most of the functions of these classes in the sense of the
Baire category (see e.g. [BP], [cP], [cPi], [cp2], [Ed], [k3], [wu],
[ri], [Ri2]).

Further we shall use the following known notion.

Definition 3. ([Br], p. 14) Let § be a family of functions
5 .
defined on an interval I. A subfamily % of ¥ is called the maxi-
mal additive family for ¥ provided & is the set of all functions g

in ¥ such that £ + g € ¥ whenever f¢ .
- 604 -



Definition 4. A family § of functions f: [0,1]-R is said to
be acceptable, if

(1) bvacfc bﬁl;
(11) ¥ is uniformly closed;
(111) bAc ¥ holds for the maximal additive family % of ¥ .

We shall also use the following known results.

Theorem Z. ([Za]; [Br], p. 23) Let E be an Fg set such that
the density of E at x d(E,x) = 1 for all xe€E. Then there exists an
approximately continuous function f such that O0<f(x)<1 for all
xcE and £(x) = O for all x¢ E. The function f is also upper semi-

continuous,

Theorem CP. ([CP], Th. 9) Let £& b®, and £>0. Then there

exists ge b& withfigll= "“pxe‘EO,l] {letx)|} <€ such that h(c(n))
(c(h) - the set of all continuity points of h) is finite where h =
f - g

In what follows A stands for the Lebesgue measure on [0,1].

Theorem 3. Let ¥ be an acceptable family of functions endowed

with the metric d(f,g) = |t - gll= 8up, [0,1] {lex) - g(x)l} . Then
the family

F={re¥: Q) =0}
is a residual Gy set in T .

In the proof of Theorem 3 the following preliminary results
will be used.

Llemma 2. The class & of all he ¥ such that h(C(h)) ie finite
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is dense in ¥.

Proof. Let £e¢¥ and £>0. Applying Theorem CP there exists
g bQ such that ||g]|<& and h(C(h)) is finite where h = f - g.

Then hed) and |If - hl<€.
Lemma 3. The set ¥ *1s dense in ¥.

Proof. It is sufficient to show that for each ted and €50
there exists he § * such that |[f - h||<€ . Since fe b®B; there exists
a countable set D dense in C(f) and also dense in [0,1]. Let f(c(f)) =
{cys +ves ¢} ana s = £7H(£(C(£))) - D. Obviously S 1s Lebesgue
measurable.

Ir A(S) = 0, then £(x)¢£(C(£)) holds for almost all x e [0,1]
and for such an x we have dy(f,x)Zmin;, ., {letx) - cJ|}>0 for
each nonvoid open interval I, Consequently qf(x)>0 and re¥ ",

Suppose MS)> 0. According to the Lebesgue Density Theorem
([er], p. 18) d(S,x) = 1 holds for almost every x&S. Put T =
{xes: a(s,x) = 1} . The set T is of the form EUN, where E is an Fy
set, A(N) = O and 4(E,x) = 1 for each xeE. Let g be a function,
the existence of which is quaranteed by Theorem. Z fof the above set
E. Choose 7%>0 such that 7<¢ and < mingg g pen {IcJ - ckl} . We
show that the function h = £ + " g has desired properties. Obviously
he§ and |2 - hll<€ . Since Ec£™2(£(C(£))) and A(E) =
Ale=l(£(c(£)) we have h(x) ¢ £(C(£)) for almost all xe [0,1] . It
1s surficient to show {x: h(x)¢ £(C(£)}cR(h). If h(x)¢ £(C(£)) and
Ic [0,1] is a non-void open interval, then dy(h,x)2 ming) ..on
{Ih(x) - ¢y |}>0. This follows from the fact that there is a point
yeInD and hi(y) = £(y) = ¢, for some k, 1= k=<n. Hence qy(x) > 0

and x¢ R(h)a
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Lemma 4. Let &>0. The family
= {re¥: Aale)) =8}
is uniformly closed.

Proof. Suppose that f e % , f —f uniformly. According to

o-

Theorem 1(c) we have A(Q(£))= ‘Mkﬁl Mk Q. )28, hence fe i .
Proof of Theorem 3. Put &(n) = n~1 (n = 1, 2, ...). According

to Lemma 3 and Lemma 4 each of the sets 93(:;) is closed and nowhe-

re dense in ¥. Consequently Fe g - n-l g'“n) is a residual Gy
set in (3 .

Let bAS (b'mi, 1 =1, ...y 5) denote the class of bounded
symmetric derivatives (bounded functions of the 1P Zahorski class
(see [2a])) on [0,1] . Note that b@ = bM; and that £ ie a symmetric
derivative on [0,1] if and only if there is a function F:(a,b)—R,
[0,1] c(a,b), such that

£(x) = 1im o (F(x + h) - F(x = h))/2n

holdes for every x e [O,l] .

Corollary 2. The family of all bA (bA®, b®,, vM,; 1 = 4,5)
functions which are not quasicontinuous almost ewerywhere is a re-
sidual Gy set in the space bA (bA®, bbl, b‘m.i; 1 = 4,5) with the

metric 4.

Proof. It is sufficient to prove that each of the above class-
es is acceptable in the sense of Definition 4. The fact that the
classes bA and bM,, 1 = 4,5, fulfil the condition (1) is well
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known. The inclusion bA®%c bBl is proved in [La] . Every of the Za-
horski classes is uniformly closed. It is shown in [Ri]. The uniform
closednees of bA® is proved in [Ko]. The condition (iii) for class-
es b7n4 and b7n5 is proved in [Za], p. 45.

Remark. In [Za], p. 45, it is also proved that the condition
(111) of Definition 4 is not fulfilled for classes bmi, i=1, 2,

3. It is an open problem wether, or not, Corollary 2 holds also for

these classes.
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