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Application of Rothe’s method to evolution
integrodifferential systems

MARIAN SLODICKA

Abstract. A system of two partial quasilinear integrodifferential equations (hyperbolic and
parabolic) is studied. The proofs of the existence, uniqueness of the weak solution and its
continuous dependence on the right-hand side and on the initial functions are given.
Keywords: Rothe’s method, evolution systems

Classification: 65M20, 58D25

1. Introduction.

This paper is motivated by the study of some problems from the theory of coupled
dynamical linear thermoelasticity (see [1]-[4], [8], [10]-[11],[13]...). The whole
article is written in terms of abstract Hilbert spaces H, Y where HNY is dense in
H and Y. One system of two quasilinear evolution differential equations (hyperbolic
and parabolic), the right-hand sides of which contain Volterra operators, is studied.
The proof of the existence of a weak solution is done by Rothe’s method (method
of lines or discretization in time) using the technique developed in [6]-[7], [12)].

The semidiscrete approximate solution is defined and the rate of convergence
0(At'/?) of Rothe’s functions in the spaces C(J, H) and Ly(J,Y) is established.

2. Notations and preliminaries. )

Let H, H;,Y,Y; be real abstract Hilbert spaces with norms | |,| |1, LIl [,
where HNY is dense in H and Y. Denote by S, the interval (—g,t) fort € J = (0, T)
where T < 00,q € (0,00). In the following we work in the function spaces of the
types C(J,X), Loo(J, X), L2(J, X), H*(J, X ) where X is a Banach space, the basic
properties of which can be found in [9]. By — (—) is denoted the strong (weak)
convergence. Let (z,w)y, (u,v)y be the continuous pairings for z € Hy,w € H,u €
Yi,veY.

If X,Y are Banach spaces, a € (0,1) then:

- By Lip,(X,Y) is denoted the set of all functions g : X — Y satisfying
llg(uw) —g(v)lly < Cllu—vl%  Vu,v€X.

For o =1 the notation Lip(X,Y) = Lip,(X,Y) is used.
- By Lip(J x X,Y) is denoted the set of all functions g : J x X — Y satisfying

llg(t,u) ~ g(¢',0)lly < C(It =t [1+ flullx + lvllx] + llu = vlix)
Vt,t' € J;Vu,v € X.
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Definition 2.1. (see [5]) The operator E : Loo(J,X) = Loo(J,X) (X is a Banach
space) is said to be a Volterra operator in X iff

[u(s) = v(s) for a.e. s € St,t € J] =
[E(u)(s) = E(v)(s) for a.e. s € (0,t)].

Let E : Lip(St, H) — Lip(ST, H) resp. F : Lip(St,Y) — Lip(ST,Y) be Volterra
operator in H resp. Y and G : Loo(J,Y) = Loo(J,Y), I : Lo(J,H) — Loo(J, H)

be in the form
t
(2.2) R(z2)(t) = /K(t,s)z(s) ds, R=G,I;K € Loo(J x J).
0

Let us fix f € Lip(J x H3 x Y2, Y1),e € Lip(J x Y x H* x Y2 H)),u:J = Y,
and the continuous bilinear forms p(t; z, w), a, (¢;u,v), a2(t; u,v), b(t; u, v), d(t; z,v),
g(t;u,v), pr(t;u,w), g1(u,v) for zyw € H and u,v € Y(t € J). The notation
r®)(¢; z,y) is used for OFr(t; 2, y).

We consider the following problem:

PC-1. To find u,v such that
(1) u € Lipy ;5(J,Y) N Lip(St, H),0u € L2(J,Y) N Leo(J, H)
(ii) v € Lip(S7,Y N H), 0w € Loo(J,Y N H) N Lip(St, H),8%v € Loo(J, H)
(iii) the following identity is satisfied:

Pt 8eu(t), @) + a1 (t; u(t), @) = pi(t; Oev(t), ) + 91(8ev(2), )+
+(f(t, B(u)(), E(v)(2), E(8rv)(2), F(v)(t), G(u)(2)), p)y +
+(e(t, u(t), E(u)(t), E(v)(t), E(8,v)(t), F(v)(t), G(u)(t)), ) H,
p(t; BFu(t), 8) + b(t; Bro(t), ¢) + az(t; v(t), ¢) =
= d(t;v(t), 8) + d(t; I(u)(t), ¢) + d(t; I(v)(t), )+
+9(t; G(v)(2), 8) — pa(t; 6, u(t)) — 91(8, u(t)) + {u(t), d)y +
+(e(t, u(t), E(u)(t), E(v)(t), E(Bev)(t), F(v)(t), G(u)(t)), $)
Ve, €YNHforae teJ

(23)

(iv) u = a,v = B,0v =7 in So = (—q,0) where a € Lip(Sy, H), 8 € Lip(So,Y N
H) and € Lip(So, H).

Remark 2.4. Integral kernels K in operators G, I may be different in different
terms of (2.3) but the ones in bilinear forms d, g must fulfil DK € Lo(J x J) (D
is the total differential, w > 2 will be determined) and the ones in other terms must
satisfy only DY—'K € Loo(J x J). For the simplicity we consider that (2.24) holds
for all integral kernels K.
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Remark 2.5. Bilinear forms p,d; functions e; operators E, F may be different
at any two places of their occurrence in (2.3) but they must fulfil the relations
(2.6)-(2.23). Without loss of generality we shall keep the notation from (2.3).

Let us consider the following conditions (Vt € J;w, A > 0 will be determined;
Vz,w € H;Vu,v €Y;Vy e Y N H):

(26) P(t; z,w) = p(t; w, 2)

@2.7) pt;2,2) 2 oz

(2.8) PPt z,w)| < Cl2ljw]  k=0,...,A
(2.9) a1(t;v,9) > Chllyll* - Clyl?

(2.10) laPEGu )l < Cllullllol]l k=0,...,w
(2.11) az(t; u,v) = az(t;u,v)

(2.12) ax(t; v,9) = Chllyll* - Clyl?

(213) laf (6w, 0) < Cllullloll  k=0,...,w
(2.14) bO(¢t;u,v) = b (¢; v, u)

(2.15) BBt u,0) < Clluflilv)l  k=0,...,w
(2.16) t;y,y) > —Cly®

(2.17) 3o € (0,1) : aay(t;y,y + bV (t;y,y) > —Clyl?
(2.18) lgF(t;u,0) < Clluflllvll  k=0,...,w
(2.19) lg1(u, v)| < Cllufljlo]

(2.20) 1B (t; z,u)) < Clz)|jul) k=0,...,w
(221) 1PV, u,2) < Cllulllzl  k=0,...,w

(222)  |E(z)(t) — E(z)(t')| < |t = ¢'|8(llzllc(s,, ) + 102l Lecsi 1)
vt t' € J,t' < t;0 € C(R4, Ry);Vr € Lip(St, H)
(223)  |F(2)(t) = F(2)(t")] < It = t'10(NIzllces, )2 + N9ezl Lea s, ¥))
Vt,t € J;t' < ;6 € C(Ry, Ry);Vz € Lip(St,Y)
(2.24) DK € Loo(J x J)
(2.25) p € HY(J,Y))
(compatibility condition)
for Up = a(0), Vy = B(0), V; = ¥(0) € Y N H exist Uy, V3 € H such that
p(0;U1,¢) + a1(0; Vo, #) = p1(0; V1, 0) + 91(Va, )+
+(£(0, E(a}(0), E(B)(0), E(7)(0), F(B8)(0),0), v}y +
+(e(0, U, E(a)(0), E(B8)(0), E(7)(0), F(8)(0),0), ¥)x,
(2.26) p(0; V2, 8) + b(0; V1, ¢) + a2(0; Vo, ) = d(0; Vo, ¢)+
+(u(0), 8}y — p1(0; 6,Us) — g1(4, Uo)+
(e(0, Uo, E(a)(0), E(B)(0), E(7)(0), F(B8)(0),0), p}u
Ve, €Y NH.
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Remark 2.27. The function § may be different in both inequalities (2.22) and
(2.23). C,¢e,C. denote the generic positive constants which do not depend on n
and which are not necessarily the same at any two places (¢ is a small constant and
Ce =C(e™)).
For a given positive integer n the following notation is introduced ( = 1,...n;7 =
T/n;t; =ir):
w; = w(t,-), bw; = (w,- —wi_y)/T

(where w is an arbitrary function),

(2.28)
a(t) te S
t) =
“"() {u;_1+(t—-t.-_1)6u,~ tic1 <t<t; i=1,...n
(2.29)
v (t)—-{ B(t) te S
" vi—1 + (t — ti—y)bv; tic1<t<t; i1=1,...n
(2.30)
Ta(t) { a(t) te S
Up(t) = .
g tici<t<t; i1=1,...n
(2.31)
_ (t)_{ B(2) te S
T v iy <t<ty; i=1,...n
(2.32)
t) te So
V(1) = 7(
() { 6v;_1+(t—tg_1)62v; tio1<t<t; i1=1,...n
(2.33)
—(x)(t) { 7(t) te Sy
bv; ti.1<t<ty; t=1,...n
(2.34)
a(t) t € So
= (t) _ Up = a(O) te (0, T)
R uj_1+(t—-tj)5uj te (tj,tj+));j=1,“.,1'-1
Uiy te(t,T)

The functions v;_; resp. '6;;_, are defined analogously as %;—; but instead a will
be f resp.y.

(2.35) Ra(w)(t) = R(w)(t;) t€ (ti-1,ti); R=E,F,G,I
(2'36) rn(t’ C) = T(t.‘, {) te (tl'—-h ti); r =p,a,0a2, b’ g9,P156€ f) H.
(2.37) Wn = Wpoipn W =1U,v,0v.

The key idea for solving PC-1 is to replace the t—derivative by a difference quo-
tient of a given step 7. In this way we obtain an elliptic problem we are able to
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solve successively for ¢ = 1,...,n. Using these solutions u;,v; we construct piece-
wise linear (Rothe’s) function s un(t), va(t) (see (2.28), (2.29)) as an approximate
semidiscrete solution of PC-1.

3. A priori estimates.
Let us consider this semidiscrete problem:

PD-1. To find u;,v; € YN H(i =1,...,n) such that

(l) Ug = Uo, Vo =Vo, Svg = V], Uo,Vo,V] €eYNH
(ii) the relation (3.1) is satisfied:

pti; 6(ui, ) + a1 (ti; uiy ) = (fi, o)y + (eir P} +
p1(ti; 6vi, ) + g1(6v;, ),
p(ti; 6%vi, 6) + b(ti; 6v;, 8) + an(ti; viy 6) =

S = d(ti; T, §) + d(ti; T, ) + (83 Giv, 8) + (i, By +
+d(ti; vie1, ) + (ei, &) i — p1(Ti; ¢, ui) — 91(B, us)
Vo, €YNH
where

fi = f(ti, Esu, Ejv, E;bv, Fiv, Giu)
ei = e(ti,ui—1, Bu, E;v, E;6v, Fiv,Giu)
Riz = R(Z;—1)(t;) for R=E,F,G,I

It is easy to see that PD-1 is solvable for every i = 1,...,n under the conditions
of Theorem 4.18 and applying Lax-Milgram lemma,

An important step in our approach is to obtain some suitable a priori estimates
for u,,v,. Let us state the following very useful identities and inequalities the
proofs of which are straightforward and so they are left to the reader.

(32) (B <0 (1+ s Il

(3.3) [6Eiz|? < CO? (1‘;’%‘; |z,|) (1 + me, |5z,,|2)
(34) 1B < € (14 ma leul?)

©9) I6Fel? < 08" (e ol ) (1+ mas, ol

(36) IGl? < © (1 £ uzku’r)

k=1



62 M Sloditka

16Giz||* £ C (1 + ) llzill?r + Nzl + ||z,-_,||2> <

(37) k=1.
s¢ (1 + 3=l + uazku’)r)
k=1
(38) |I8%Giz|* <C (1 + Z llzell?r + Nzizal|? + l16zi-2l® + Iléz.-_d|2>
k=1
(3.9) Lz < C (1 + Z Izklz‘f)
k=1
|6Liz* < C (1 + 3 lalPr + i + IZ.'-2|2) <

(3.10) k=t

<C (l + i(|zk|2 + |6zk|2)r>

=1

@)  |fL'<C (1 + 2l + Jzica | + [8zical” + |6z.~_1|2)
k=1
(Young’s inequality)
(3.12) labl < ea® + C.b* Va,b€ R;Ve € (0,1)

n 2 n
(3.13) (E a.-) <n E a> Va;€R
i=1 i=1
(per partes formula for pairing)

m m

(3.14) Z(zk,w; = Wk—y) = (zm, wWm) — {20, wo) — Z(&zk,wk_l)r

k=1 k=1
(per partes formula for bilinear form)

m
Z (tk; 2k, Wk — Wi—1) = (tm; Zmy W) — 7(0; 20, W0 )~
k=1
(3.15) -
- Z (r(te—1; 62k, wi—1) + 6r(te; 25, we-1)) T
k=1
(per partes formula for symmetric bilinear form)

Ytk 2k = 261, 28) = ((tm; Zms 2m) — (05 20, 70)+
k=1

m
+ E (r(te; b2k, 623 )72 — 6r(ts; z,,._,,z,,_,)'r)) /2.

k=1

(3.16)

The main tools by the proofs will be a suitable choice of a test function, Young’s
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and Hoélder’s inequalities.
Lemma 3.17. Let the assumptions of Theorem 4.18 be fulfilled. Then
J
lusl + 18051 + ol + D lwill>r + lvjl < €

i=1

forj=1,...,n and 7 < 1.

PROOF: Putting ¢ = u;7,¢ = dvir in (3.1) and then summing up fori =1,...,j

we have
J J
D (p(tis buirwi) + ar(tisui wi)) T = Y ({firwidy +
i=1 =1
+{ei, wi) i + pa(ti; 6vi, ui) + g1(6vi, ui)) 7,
(3.18) 2’: (p(t;;62vi,6v;) + b(t;; bvq, 6vi)+

=1
J
az(ti;vi, 0vi)) T = E (d(ti;viey + Lu + Lv, 6v;) + g(ti; Giv, 6vi)+
=1

(u(t:), 6vi)y + (e 8vi) m — pa(ti; 6vi, wi) — g1 (6vi, w3)) 7
Using (3.2)—(3.16), the following estimates can be obtained

J j
C1/2lui? +(C1 - &) Y lwill*r < Ce (1 + ZA.'T> +

i=1 i=1

i
+ ) (pa(tis 8viy ui) + g1 (6vi, ui) 7,

(3.19) = ; ‘ ;
C1/26v;1* + (C1/2 = )llv;l* < €Y Jluill*r + C. (1 + ZA"T) -
; i=1 h i=1
- Z (p1(ti; iy ui) + g1 (8vi, ui)) 7,
where -

i
R 2 § 2 2 2 )
A= g bl + g oo+ s o+ 3 P

Summing up the both inequalities in (3.19) it yields (for sufficiently small )

J j

fuj 12 + 16032 + o2 + D lwillPr < © (1 + ZA;T) ,
i=1 =1

thus moreover

i
A;<C <1+2A.-'r) .
i=1

The required result is obtained by applying Gronwall’s lemma. ®

63
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Lemma 3.20. Let the assumptions of Theorem 4.18 be satisfied. Then

J
16us| + 18031+ llusll + D 16usll*r + 18%0;1 < €
i=1
fori=1,...,nand T < 7.
PROOF: After subtracting (3.1) from (3.1) for i, — 1 (i > 2, for 1 = 1 the

compatibility condition is used), setting ¢ = fu;,¢ = §%v; and summing up for
t=1,...,7 weget

J
D (p(ti; 6ui, Sus) — pltizs; Sutimy, 6ui) + ay (ti; i, 6u;)—
(3.21;) =1 ;
—ay(ticr;uioy, 6u)) = O ((fi = fimr, 6wy + (e — €im1, Sus) m+
=1

+p1(ti; 6vi, 6ui) — pr(tiz1; 6vioy, 6u;) + g1(8v; — bvi_q, 6u;)),

J
3 ((ti; 6204, 620i) — p(tiv1; 8 vicn, 6%03) + b(ti; bvi, 6%0;)—

i=1

~b(ti—1;8vi1,8%v;) + ag(ti; v, 62v;)—

J
(3.212) —ay(ti-1;vi-1,8"v:)) = Y (g(ti; Giv, 6%v:)+

=1
+d(ti; viey + Liu+ Liv, 820;) — d(tiz1;viea + licau + Limyv, 8%v;)+
+ [(8u(ts), 8%vi)y + (Sei, 62vi) i — g2(6vi, 6us)] 7—
—g(ti=1; Gi—1v, 8%v;) — p1(ti; 8%vi, u;) + pa(ti1;6%vi,ui1)) -

By a standard argument (analogously as in [7, lemma 3.16]) using (3.2)—(3.16)
the following can be obtained

i=1

J J
C1/206u;? +(C1 — €)Y buill*r < C. (1 + EB.'T) +

i=1

i
3 (pa(ti; 6vi, 6u;) + 91(6%vi, 6u:)) 7,

=1
(C116%u;I* + az(t;; vj, 6v;) + 6b(t;; bvj, 6v;)) /2+
j
Z (ag(t;; 8%v;,8%;) + 5b(t;; 6%v;, 62”:‘)) < €||6v; I+

=1
j Jj
+€ ) l6uill*r + C. (1 + Zbﬁ) -

i=1 =1
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J
- Z (p1(ts; 6%vi, 6u;) + 91(6%v;, bus)) T,

i=1

where

i
= 2 212 2 2
Bi = max [bus|” + max |5 vl + max ||6ve +k§—1:"6uk" T

Summing up the both above inequalities, applying (2.17) (for sufficiently small

€) it yields
J
B;<C (1+ZB.~¢) .

i=1
Hence the application of Gronwall’s lemma is sufficient to complete the preof. m

4. Existence and continuous dependence.

In this section the compactness of u,, v, in some function spaces is proved. This
fact is exploited by the proof of existence. Uniqueness of solution is a consequence
of continuous dependence on the right-hand side and on the initial functions.

The a priori estimates from Lemmas 3.17, 3.20 can be rewritten in this form:

(4.1) VD) < Clorae. ted; [VOWlyon <C Vied
(4.2) loa®llynn + [on®)llynn <C Ve J
(4.3) V@) - v <clt-¢| Vvt ed
(4.9) VO -7Vl <C/n Veed

(4.5) loa(t) = va(t)]| < Clt —#'| Wt,¢'€J
(4.6) lloa(t) = Ba(t)| SC/n VteJ

(4.7) lon = Tallcesr,vinc(sr,ay £ C/n

(4.8) 160n = ViPllc(se, 1) < C/m

(4.9) [Orun(t)] + [|OrtinllL,(sy) SC forae teJ
(4.10) lun@®llynn + [@a)llyan <C Vi€
(4.11) [ua(t) —ua(#)| < Clt—t'| Wt eJ
(4.12) lua(t) — ua(t)| < Clt —t'[? Wt,t'€J
(4.13) [un(t) = Tn(t)| + [tia(t) —Ua(t)| SC/n VtEJ
(4.14) lun = nllL,y) + 18 = Tallyoy) S C/n

The identity (3.1) can be written in this way (the variable ¢ is omitted):

(4-15) Pn(t; a‘u", 9”) + al,n(ﬂam ‘P) = (fm‘)o)Y + (em <P)H+
=(1) 1
a7 s0) + a7, 0),
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