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Quasi-metrization and hereditary normality 
of compact bitopological spaces 

SALVADOR ROMAGUERA AND SERGIO SALBANY 

Dedicated to the memory of Zdenelc Frolflc 

Abstract. We characterize two classes of bitopological spaces which admit a compatible 
quasi-pseudometric in terms of a G* condition and hereditary pairwise normality. In 
particular, well-known theorems of V. E. Sneider and M. Katetov are extended. As ap­
plications we give a characterization of regular compact pseudometrizable spaces (not 
necessarily Hausdorff) and a metrication theorem for compact ordered spaces. 

Keywords: pairwise compact space, 2compact space, quasi-metric, quasi-pseudometric, 
hereditarily pairwise normal spaces, compact ordered space, Ga-diagonal 

Classification: 54E55, 54E35, 54F05, 54D30, 54E45 

1. Introduction. In [14] V. E. Sneider showed that every Hausdorff compact 
space with a Ga-diagonal is necessarily metrizable. This G$-diagonal type of theo­
rem has been extended to other classes of spaces and a unification of these results 
is achieved through the notion of an M-space due to K. Morita: A Hausdorff space 
is metrizable if and only if it is an M-space with a G ,5-diagonal (see [5, corollary 
3.8]). 

Using Sneider's theorem, M. Katetov [6] proved that a Hausdorff compact space 
(K, T) is metrizable if and only if the space (X x X x Xt T X T x T) is hereditarily 
normal. 

Our interest is the study of spaces which admit a compatible distance func­
tion which is not necessarily symmetric. La this paper we prove generalizations of 
the theorems of Sneider and Katetov and characterize two classes of bitopological 
spaces which admit a compatible quasi-pseudometric in terms of a G$ condition and 
hereditary pairwise normality. As applications we give a characterization of regular 
compact pseudometrizable spaces (not necessarily Hausdorff) and also of compact 
metrizable ordered spaces in terms of the hereditary normality of X x X X X. 

2. Preliminaries. In the following the letter N will denote the set of all positive 
integers. If P and Q are topologies for a set Xt and if A C X, we write Pe l A for 
the closure of A taken in P and ( P x Q) cl A for the closure of A taken in P x Q 
when A C X x X. 

A quasi-pseudometric on a set X is a non-negative real-valued function d on 
X x X such that, for all x, y, z € K 

(i) <*(x,a,) = Q; 
(ii) d(x,y)<d(x,z) + d{z,y). 
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If d separates points in the sense that d(x, y) > 0 whenever x ^ y, then d is caUed 
a quasi-metric on X. 

A quasi-pseudometric d on X generates a topology T(d) on K, where a basic 
T(d)-open neighbourhood of x is the d-ball of radius r > 0, B&(x, r) = {y € X : 
d(x,y) < r } . Since the conjugate of d, d"""1, given by d"~1(xiy) = d(y,x), is also 
quasi-pseudometric, there is another topology T(d"x) associated with d. A quasi-
pseudometric d is called separating if d(x, y) + d""1(x, y) > 0 whenever x ^y. 

We shaU consider the bitopological space (K, T(d), T^"""1)), naturally associated 
with a quasi-pseudometric d. Observe that d is a quasi-metric if and only if T(d) 
is a T\ tqpology. 

A bitopological space (K, P, Q) is said to be quasi-(pseudo)metrizable if there is 
a quasi-(pseudo)metric d on X such that T(d) = P and T(d~l) = Q. 

The following concepts from the theory of bitopological spaces will be recalled, 
specially because there are different notions of bitopological compactness and bito­
pological T2 separation (see e.g. [2] and [13]). 

A bitopological space (K, P, Q) is called: 

(i) pairwise regular [7] if, for aU x € X, the Q-closed P-neighbourhoods of x 
form a base for the P-neighbourhoods of x and P-closed Q-neighbourhoods 
of x form a base for the Q-neighbourhoods of x. 

(ii) pairwise normal [7] if for every pair of disjoint sets A and B, where A is 
P-closed and B is Q-closed, there is a P-open set U and a disjoint Q-open 
set V such that B C U and A C V. 

(iii) pairwise (countably) compact ([13]) [3] if every proper P-closed set is Q-
(countably) compact and every proper Q-closed set is P-(countably) com­
pact. 

(iv) 2compact [11] if P V Q is compact, 
(v) pairwise Hausdorff [7] if, for a? ^ y, there is a P-neighbourhood of x and 

disjoint Q-neighbourhood of y. 
(vi) 2separated [11] if, for x =j£ y, there is a P-open set V and a disjoint Q-open 

set W such that x € V, y € W or y € V, x € W\ equivalently, if P V Q is 
Hausdorff. 

Remarks. 

(i) It is clear that every 2compact space is pairwise compact. 
(ii) Prom [3, theorem 10] it foUows that if (X, P, Q) is a pairwise Hausdorff 

2compact space, then P = Q. 
(iii) When (K, P, Q) is pairwise regular, then it is 2compact if and only if every 

P-closed set is Q-compact and every Q-closed set is P-compact. 
The foUowing examples illustrate fundamental differences between pairwise com­

pact and 2compact spaces; pairwise Hausdorff and 2separated spaces. 

Example 1. Let X = { l / n l : n € N} and let d(l/n,l/m) = 1/m if n ^ m and 
d(l/nyl/n) = 0 for aU n € N. Then d is a quasi-metric on X with T(d) the 
Zariski (cofinite) topology on X and T^""1) the discrete topology on X. The space 
(XiT(d)yT(d""1)) is pairwise Hausdorff and pairwise compact but, clearly, is not 
2compact. 
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Example 2. Let X = [0,1] and let u(x, y) = (y — x) V 0. Then, u is a quasi-
pseudometric on X and basic T(u)-open sets are of the form [0, a), 0 < a < 1; basic 
Tfa-^-open sets are of the form (a, 1], 0 < a < 1. The space (X,T(u),T(W1)) 
is 2compact (with T(u V u""1) being the usual topology on X) and 2separated, but 
not pairwise Hausdorff. 

3 . The specialization order. With the bitopological space (X,T(u),T(u~x)) in 
mind, where u is the quasi-pseudometric of example 2, the following partial order 
relations are natural ones: 

(i) x<y <=> y €T(u)cl{a;}; 
(ii) x < y <=.> x € T(u"1)cl{y} and 

(hi) x <y <=> y € T(u)cl{a:} and x € T(u-X)c\{y}. 

In our discussion, we shall be interested in pairwise regular spaces, in which case 
all three partial orders defined above are the same. 

We shall denote the graph of the partial order < by [<], so that, [<] = {(x, y) : 
-? < y}. For the discrete order (x < y <=> x = y) the graph [<] is the diagonal 
& = {(x,x):xeX}. _ 

The following proposition is easily verified and we omit the proof. 

Proposition 1. Suppose (K, P, Q) be pairwise regular and let x < y be given by 
y e Pcl{x}. Then [<] = (Q x P)cl A. 

4. Hereditary pairwise normality. A bitopological space(X, P, Q) will be called 
hereditarily pairwise normal if for every subset A, the bitopological space (A , P | 
A, Q | A) is pairwise normal, where T | A denotes the relative topology on A induced 
by a topology T on X. 

Proposition 2. A bitopological space (K ,P , Q) is hereditarily pairwise normal if 
and only if whenever A and B are subsets of X such that AnQclB and B n Pel A 
are disjoint, then there is a P-open set U and a disjoint Q-open set V such that 
BcUandAcV. 

PROOF : Let (X ,P ,Q) be hereditarily pairwise normal. Suppose An Qc\B = 
B n Pel A = 0. Put Mi = X - PclA, M2 = X - QclB and M = Mx U M2. 
Clearly, M n P c l A n ( J c l £ = 0. By assumption, there is a P-open set U\ and a Q-
open set Vx such that M n ^ n V ! = 0, M n P c l A C MnVi and MnQcXB C MnUx. 
Putting U = Ut n Mi and V = Vx n M2 we obtain B e l l , ACVandc7nV = 0, 
as required. Conversely, let Y C X and suppose that A is a P \ Y closed subset of 
Y and B is a disjoint Q \ Y closed subset of Y. Then, A n Q c l B = B n P c l A = 0. 
By assumption, there is a P-open set U and a disjoint Q-open set V such that 
A c V n Y a n d B c C l n Y . Hence, ( F , P | F ,Q | Y) is pairwise normal. • 

The following proposition is an analogue of M. Katetov's theorem on the special 
properties of spaces with a hereditarily normal product. Because of the two to-* 
pologies that are involved and the weak separation of the spaces we want to consider, 
we require the following concepts: 
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Definition. Let (X,P,Q) be a bitopological space and A C X. We say that 
x € limA if A n Pcl{x} = 0 and x € QclA. Similarly, x € MmA if A n Qcl{x} = 0 
and x € Pel A. 

Observe that if (K, P, Q) is pairwise Hausdorff, the limA consists of all Q-limit 
points of A and limA consists of all P-limit points of A. 

Proposition 3 . Let (X, P, Q) and (F, 5, T) be two bitopological spaces such that 
(X x K,P x S,Q x T) is hereditarily pairwise normal. Then 

(i) If',there is a countable subset A C X with non-empty limA, then every T-
closed subset of Y is a countable intersection of S-opcn sets and 

(ii) If there is a countable subset B C X with non-empty limB then every S-
closed subset of Y is a countable intersection of T-open sets. 

PROOF : We shall only prove (i). Let A be a countable set {xn : n € N} with 
x € limA. If A is a finite set with distinct points a-,,...,a*, then x € Qcl{aj}, for 
some j , 1 < j < fc, so that aj € Pcl{x} , contradicting our assumption on x. Thus 
A is infinite and we shall assume xn ^ xm whenever n ^ m. Let F be a T-closed 
subset of Y. Observe that ~ 

(Q x T)cl(A x F)n{x} x (X - F) = (Qc lA x T c l F ) n {x} x (X - F) = 0 

since F is T-closed and 

(P x 5)cl({x} x (X - F)) n A x F = (Pcl{x} x 5c l (X - F)) n A x F = 0 

since A n Pcl{x} = 0. It follows that there is a P x 5-open set U and a disjoint 
Q x T-open set V such that A x F C U and {x} x (X - F ) C V. For each 
n 6 N and each y € F, there is a P-open nei^ibourhood of x n , V(xn ,y) and 
an 5-open neighbourhood of y, Wn(y), such that V(xn,y) x Wn(y) C U. Let 

Wn = U{Wn(y) :y€Y}. Clearly, F C f l ^ n . Suppose there is z in ()Wn- F. 
n=.l ns-1 

Since (x, z) € {x} x (X - F ) C V and V is Q x T-open, there is a Q-open set U\ and 
T-open set V% such that (x,*) 6 U\ x V\ C V. By assumption on x, there is j € N 

oo 

such that x,- € l l * i f l A Since z € f) Wm we have z € Wy, so there is y € F such 
nasi 

that z 6 Wj(y); but then, (xhz) 6 V(*,,y)x Wj(y) C U and (x,,*) € Cli x V! C V, 
oo 

this impossible. Thus F = n W„» as required. • 
n = l 

In the presence of a form of compactness and some separation, spaces for which 
every sequence has an empty' lim and Mffl are necessarily finite. 

Proposit ion 4. Suppose every countable set A in (X, P, Q) has BmA = limA = 0. 
I/ 

(i) (K, P, Q) w patrmse Hausdorff and pairwise compact or 
(ii) (X, P, 0 ) is tseparated and ^compact 
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then X is a finite set. 

PROOF : Suppose that (K, P, Q) is a pairwise Hausdorff pairwise compact space. 
Then both P and Q are T\ topologies and the assumption is equivalent to the 
requirement that every sequence is both P-closed and Q-closed. If X were infinite 
and T denotes the cocountable topology on X, then T C P and T C Q, hence T is 
compact which is impossible. 

We now assume that P V Q is a compact topology such that (K, P, Q) is 2sep-
arated. If X were infinite, then there is a countable set A = {xn : n 6 N} 
where xn ^ xm if n ~̂ m. By P V Q-compactness, there is x which is a P V Q-
cluster point of A. By assumption, x £ limA and x ^ limA. Now x ^ limA 
is equivalent to A n Pcl{x} ?- 0 or x $ QclA , hence x ^ limA. if and only 
if A n Pcl{x} f- 0, since x is P V Q-cluster point of A. We show that the 
sequence {xn : n € N} is eventually in Pcl{x}. If not, then there are only 
*n(i)>---,Sn(*) in A n Pcl{x} (with n(j) < n(j + 1), 1 < j < k - 1). By the 
2separation property, since every P-neighbourhood of xn(j) contains x, there is a 

P-neighbourhood Vj of x which does not contain xnyy Hence V = f] Vj is a 
;=-

P-neighbourhood of x which does not contain #n(j), 1 < j < k. But then x € limB, 
where B = {xm : m > n(k)}, contradicting our assumption. Thus, the sequence 
{xn : n G N} is eventually in Pcl{x}. Similarly, it is eventually in Qcl{x}, hence 
eventually in Pcl{x} 0 Q cl{x} = (P V Q) cl{x} = {x}, which is impossible. • 

5. G^-diagonal theorems. The following theorems are analogues of Sneider's 
theorem that a Hausdorff compact space is metrizable if and only if it has a G j -
diagonal. In [9] it is proved that every pairwise Hausdorff pairwise (countably) com­
pact space (X, P, Q) such that (K, P) and (K, Q) both have G$-diagonals is quasi-
metrizable. Theorem 1 that follows provides another generalization of Sneider's 
theorem for pairwise Hausdorff pairwise compact spaces. It is interesting that by 
relaxing the pairwise Hausdorff condition and strengthening pairwise compactness 
another generalization of Sneider's theorem is obtained for pairwise regular 2sep-
arated 2compact spaces. As observed earlier the two classes spaces are essentially 
different. 

Let (X,P , (?) be a bitopological space and let A C X x X. We say that A is a 
oo 

P x Q-Gs if A = f] Gn where each Gn is a P x Q-open set. Similarly we define 
n=sl 

the notion of a Q x P-Gs> 

Proposition 5. Let (K, P, Q) be pairwise Hausdorff space such that A is a P x Q-
Gg. If (X,P) is a Hausdorff space and every Q-closed proper subset of X is P-
compact, then P is second countable. 

oo 
PROOF : Suppose A = f| Gn where each Gn is P x Q-open. For each x € X there 

n*l 
exists a sequence {Un(x) : n € N} of P-open neighbourhoods of x and a sequence 
{Vn(#) : n € N} of Q-open neighbourhoods of x such that Un(x) x Vn(x) C Gn 

for all n € N. It follows from the proof of [3, theorem 12] that there also exists, 
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for each x € X, a sequence {Wn(x) : n € N} of Q-open neighbourhoods of x such 
that PclWnC Vn for all n e N. Note that, for each x € X and n € N, the subset 
X — Wn(x) is P*compact because it is a Q-closed proper subset. Fix x. Since 
(X,P ) is a Hausdorff space we deduce that Q C P [3, theorem 11] and, hence,the 
subspace ( A n , P | An) is a Hausdorff compact space that has a G&-diagonal where 
An = X — Wn(x). By Snelder's theorem P \ An is second countable for all n € N. 
Therefore P | (X — PclWn(x)) is also second countable for all n € N. Take a 
point in X , y / x. Then there is a k G N such that x € X — PclWfe(y). Since 
P | (X — P cl Wk(y)) is second countable we deduce that P is second countable. • 

Theorem 1. A pairwise Hausdorff pairwise compact space (X, P, Q) is quasi-
meirizable if and only if A is a P x Q-G$. 

PROOF : Let (X, P, Q) be a pairwise Hausdorff pairwise compact space such that 
oo 

A = p| Gn where each Gn is P x Q-open. For each x £ X there exist a sequence 
n-=l 

{C/n(a;) : n € N} of P-open neighbourhoods of x and a sequence {Wn(x) : n € N} 
of Q-open neighbourhoods of x satisfying Un(x) x Pel Wn(x) C Gn for all n € N. 
Fix x. Put An = X — Wn(x), then ( A n , P | A n ,Q \ An) is a pairwise Hausdorff 
pairwise compact space that An is P-compact.s Hence, P \ An C Q \ An [3, 
theorem 10]. Consequently, (AnyQ \ An) is a Hausdorff space and, by proposition 
5, Q | An is second countable. In a similar way to proposition 5 we deduce that 
Q is second countable. Since every pairwise Hausdorff pairwise compact space is 
pairwise regular [3, theorem 12], the above argument also shows, interchanging the 
roles of P and Q, that P is second countable. Therefore the quasi-metrizalibity of 
(X, P, Q) foUows from a weU known theorem of Kelly [7, theorem 2.8]. We omit the 
easy proof of the converse. • 

Remark, In [1] J. Chaber proved that every count ably compact space with a G$-
diagonal is compact. Chaber's theorem suggests the following open question: Is each 
pairwise Hausdorff pairwise countably compact space (X, P, Q) with A a P x Q-Gs 
quasi-metrizable?. By using [9, lemma 4 b)] and a slight modification of its proof 
one can see that a pairwise Hausdorff pairwise countably compact space (X, P, Q), 
such that A is a P x Q-G$y is pairwise compact if P and Q are first countable. 
Therefore, the above question has an affirmative answer whenever P and Q are first 
countable. The authors are grateful to H. P. Kunzi for comments and observation 
related to this question. 

Since every pairwise regular pairwise compact space is pairwise normal [3, theo­
rem 13], it foUows that every pairwise regular 2compact space (X, P, Q) is pairwise 
normal Modifying a construction of P. Samuel [12] (see also [4] and [10] for the 
quasi-prcorimity case) it can be shown that (X, P, Q) is quasi-uniformizable, in the 
sense that there is a quasi-uniformity U on X such that P = T(U) and Q = T ( u _ 1 ) , 
explicitly, a subbasis for U consists of aU sets [P, H] = X x X — F x IT, where F 
is P-ckwed and H is a disjoint Q-closed set. Because P = T(U) and Q = T(U~~l), 
it foUows that every U in U is Q x P-neighbourhood of A and pairwise regularity 
impUes that every such U is a Q x P-neighbourhood of (P x Q) cl A . In fact, every 
pairwise regular 2compact space admits a unique compatible quasi-uniformity [10], 
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its entourages are precisely all Q x P-neighbourhoods of A. 

Theorem 2. A pairwise regular 2compact space (X,P,Q) w quasi-pseudometri-
zable if and only if (P xQ)clAis aQx P-G*. 

PROOF : If (X, P, Q) is any bitopological space that admits a compatible quasi-
oo 

pseudometric d, then (P x Q)clA = f] Gn, where Gn = {(x,y) : d(xyy) < 1/n} 
n = l 

is Q x P-open for aU n € N. Conversely, assume there is a countable family 
oo 

{Gn : n e N} of Q x P-open sets such that (P x Q)cl A = f| Gn. We now show 
n-sl 

that the unique compatible quasi-uniformity U has a countable base, so that there 
is a quasi-pseudometric d compatible with u, hence P = T(d) and Q = T^"1). 
Fix n. For each pair x, y € X with y < x (hence (x, y) € (P x Q) cl A), there is 
a Q-open set W(x) and a P-open set V(y) such that W(x) x V(y) C Pel W(x) x 
Q cl V(y) = (PxQ) cl(W(x) x V(y)) C Gn, by pairwise regularity of (K,P, Q). Now 
(X x K, (P V Q) x (P V Q)) is compact, so there are finitely many pairs (XJIVJ), 
1 < j < mn, such that (P x Q)clA C U{W(XJ) x V(y,) : j = l , . . . ,m n } = H'n. 
Define Hn = Cl{H'k : k = l , . . . ,n} and observe that each Hn is P x Q-open 
and (P x Q)clHn C Gn. Moreover, (P x Q)clA = f\ (P x Q)clHn. Let U 

n = l 

be the (unique) compatible quasi-uniformity on (K,P, Q) and let U € U. We 
show that there is n such that Hn C Cl. We may assume that U is a Q X P-
open set; observe that Cl will necessarily contain (P x Q) cl A. If Hn £ Cl, then 

(Px(?)clIfnnKxK-Cl ^ 0foraUn G N,hence, f\ ((PxQ)clHnnXxX-U) ±<b 
n-l 

oo 

and therefore ( () (P x Q)clHn) H X x X - U ^ 0, which is impossible since 
n = l 

oo 

f| (P x Q) cl Hn = (P x Q) cl A C C/. Thus, W has a countable base as required. • 
n = l 

Corollary. A regular compact space (K, T) is pseudometrizable if and only if (T x 
T)clA is aG6. 

If the space (K, P, Q) is 2separated we have the foUowing "diagonal theorem" 
whose proof we shaU omit. 

Theorem 3. A pairwise regular ^separated ^compact space (K,P, Q) is quasi-
pseudometrizable if and only if A = (P x Q) cl A fl (Q x P) cl A and (P x (?) cl A 
is aQx P-G$ and (Q x P)cl A is a P x Q-G$. 

6. Hereditary pairwise normality and quasi-(pseudo)metrization. 

Theorem 4. A pairwise Hausdorff pairwise compact space (K,P,<J) is quasi-
metrizable if and only if the space (X x X x K, P x Q x P,Q x P x Q) is hereditarily 
pairwise normal. 

PROOF : Assume (X x X x K, P x Q x P, Q x P x Q) is hereditarily pairwise 
normal. If X is a finite set, then P and Q are the discrete topology on X, hence 
X is (quasi-)metrizable. We assume X is an infinite set. Then, from propositions 
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3 and 4, it foUows that every Q x P-closed subset of X x X is a P x Q-Gs ov 
every P x Q-cbsed subset of X x X is a Q x P-G*. Since (K, P, Q) is pairwise 
Hausdorff we deduce that A is P x Q-cbsed and Q x P-cbsed. Therefore, (X, P, Q) 
is quasi-metrizable by theorem 1. The converse follows from the well known fact 
that the space (X x X x K, P x Q x P, Q x P x Q) is quasi-metrizable whenever 
(K, P, Q) is quasi-metrizable. • 

Theorem 5. A pairwise regular ^separated ^compact space (K, P, Q) admits a sep­
arating quasi-pseudomctric if and only if the space ( K x K x K , P x Q x P , Q x P x Q ) 
is hereditarily pairwise normal. 

PROOF : If X is finite, then (K, P, Q) has a compatible quasi-uniformity (the 
unique one) with a countable base and the conclusion follows. If X is an infinite 
set, then propositions 3 and 4 show that (X x X, Q x P, P x Q) satisfies that 
(Q x P) cl A is a P x Q-G6 or (P x Q) cl A is a Q x P-C?«. In either case (K, P, Q) 
is quasi-pseudometrizable. Moreover, if x ^ y, then there is V a P-open set and 
W a disjoint Q-open set such that x £ V and y £ W or x £ W and y £ V. We 
then have d(x, y) > 0 or d(y,x) > 0, as required. The converse follows similarly to 
theorem 4. • 

The following examples show that it is essential to consider hereditary pairwise 
normality with respect to a "mixed product" bitopology in the preceding theorems. 

Example 3 . Consider the bitopobgical space (R, P, Q), where R denotes the set 
of aU real numbers, P is the cofinite topology on R and Q is the discrete topology 
on R. Then, (R, P, Q) is not quasi-metrizable although it is pairwise Hausdorff and 
pairwise compact. Thus, (R x R x R,P x Q x P,Q x P x Q) is not hereditarily 
pairwise normal. However, (R x R x R, P x P x P, Q x Q x Q) is hereditarily pairwise 
normal since Q x Q x Q is the discrete topology. 

Example 4. Let the bitopobgical space (ft ' ,P ,Q), where ft' is the space of all 
ordinals smaller or equal to the first uncountable ordinal ft, P has a base of P-open 
sets of the form [0,a), where a £ ft, together with ft', and Q has a base of Q-open 
sets of the form (a, ft], where a 6 ft, together with ft'. It is not difficult to verify 
that (ft' x ft' x ft', P x P x P, Q x Q x Q) is hereditarily pairwise normal, however 
the pairwise regular 2separated 2compact space (ft ' ,P ,Q) is not quasi-pseudome­
trizable. 

7. The metrizability of compact ordered spaces. In [8] L. Nachbin consid­
ered ordered topological spaces. The class of compact ordered spaces (K ,T , <) is 
speciaUy important for many applications. In view of the fact that the categories 
of compact ordered spaces and pairwise regular 2separated 2compact spaces are 
isomorphic (see e.g. [11]) it is possible to obtain metrization theorems for compact 
ordered topological spaces analogues to the Gs and hereditary normality theorems 
above. We describe the correspondence that provides the equivalence of the cate­
gories and state the relevant results. 

Given (K, P, Q), a pairwise regular 2separated 2compact space, let T = P V Q 
and let < be the partial order given by x < y -4-=--J> y £ Pcl{x}. Then 

(i) x < x, 
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(ii) x <y and y < x ==> x = y, 
(iii) x < y and y < z ===> x < z; 

moreover, [<] is Q x P-closed, hence T x T-closed and T is a HausdorfF compact 

topology. 

Given (K, T, <), T a HausdorfF compact topology and < a partial order (satisfying 
(i), (ii), (iii) above) with a closed graph, let P consist of all T-open and <-decreasing 
sets and Q consist of all T-open and <-increasing sets. Then, (K, P, Q) is a pairwise 
regular 2separated 2compact space. 

Finally, starting with (K ,P ,Q) , determining ( K , T , < ) and the associated bito­

pological space, one obtains (K ,P , Q); similarly, starting with (K ,T , <) , determin­

ing (K, P, Q) and the associated ordered topological space one obtains (X, T, <) . 

Theorem 6. Let (K ,T , <) be a compact ordered space. Then (K ,T ) is metrizable 

if and only if the graph of < is a P x Q-Gs. 

Theorem 7. Let (X,T, <) be a compact ordered space. Then (K ,T ) is metrizable 
if and only if (X x X x K, T x T x T, < x <~ 1 x <) is hereditarily normally ordered. 

Remark. The example of (Q',T, <), where T is the usual topology on 0' and < 
is the usual order, shows that < x <""* x < cannot be replaced by < x < x <, in 
the preceding theorem. 
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