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Continuity of superposition operators on wy and W

RYSZARD PLUCIENNIK

Abstract. In this note the complete characterization is given for continuity of the super-
position operator acting from the space of all sequences or all functions Cesdro strongly
summable to zero into the space l; or L1([0, 00)), respectively. Properties as well as crite-
ria for uniform continuity of such kind of operator are essentially different from analogical
ones for superposition operator acting from I; to Iy or from L;([1,00)) to L;1([1,0)).

Keywords: Space of all sequences Cesdro strongly summable to zero, space of all functions
Ceséaro strongly summable to zero, Lebesgue sequence space, Lebesgue function space,
superposition operator

Classification: 46E30, 47B38
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1. Introduction.

Let R = (—00, 00) be the set of all real numbers, N the set of all natural numbers
and S the set of all real sequences. We shall denote the n-th term of a sequence
z € S by r, and write ¢ = {z,}. By l; we denote the space of all z € S such that
Y te; lk] < 0o equipped with the norm || - ||; defined as

oo
lelli = 3 laal
k=1

for every = € l;. Further, let wy be the space of all sequences which are Ceséro
strongly summable to zero, i.e.

1 n
wo—{IES.;;lzkl—»Oasn—voo}.

It is well known (see [10], [9] and [4]) that wq is a Banach space with the norm
lelho = sup2 3 el

where 3°_ denotes a sum over the range 2" < k < 2"+! and r € Ny = {0,1,2,... }.
For convenience, denote I, = {k € N: 2" < k < 271},
Define the superposition operator F' from S into S as follows:

Fz = {f(k,zi)} for every z € S,

where the function f : N x R = R. Moreover, sometimes we shall assume additio-
nally some of the following conditions:
(1) f(k,0) =0 for every k € N;
(2) f(k,-) is continuous for every k € N;
(2) for every k € N the function f(k,+) is bounded on every bounded subset of
real numbers.
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The complete characterization of F' acting from [, into l;(p,q > 1) was given by
F. Dedagich and P.P. Zabrejko [6]. Operator F' defined on sequence Orlicz space
was considered by J. Robert [14] and 1.V. Shragin [15]. This note is a continuation
of research made by Chew Tuan Seng (see [4], [5]) and R. Pluciennik [11]. For
convenience of reading we shall present the following theorems:

Theorem 1. Let f : N x R — R satisfy (1) and (2). The superposition operator F
acts from wo to ly iff the following condition is satisfied

there ezist a = {ar} € 1) and c = {cx} € l; withap 2 0, ¢, 2> 0 and
3) n > 0 such that for r € No, k € I,., we have
| (k,u)| < ax + 2" lu,
whenever |u] < 2.

Remark 1. The above theorem was proved in this form by Chew Tuan Seng in
[4]. It remains true without assumption (1). Moreover, using in the proof of that
theorem (cf. [4]) the idea of the proof of Theorem 3 from [11], we can place
assumption (2) for weaker one (2)

We say that the superposition operator F' from Banach function space (X, || - || x)
into Banach function space (Y, || - ||y) is locally bounded at the point z € X iff
there exist constants o > 0 and 8 > 0 such that for every z € Bo(z) = {z € X :
llz — z]]lx € a} we have ||Fz — Fz|ly < B. The superposition operator is called
bounded iff sup{||Fz|ly : z € B,(0)} < co for every ¢ > 0.

Theorem 2. Suppose that the function f : N x R — R satisfies (3). Then the
operator F is locally bounded at every point z € wy iff for every k € N the function
f(k,-) is bounded on every bounded set of real numbers, i.e. f satisfies (2).

Theorem 2 was proved by R. Pluciennik [11] in the case of f satisfying (1).
Obviously, using a well-known technical trick, we can omit assumption (1).

Theorem 3. The superposition operator F is bounded operator from wy into Iy iff
for every o > O there are sequences a(p) = {ax(0)} € Iy and c(o) = {ck(0)} € I
such that for r € Ny and k € I,., the ineaquality

(4) [£(k,u)l < ar(e) + cr(0)27"|ul
holds, whenever |u| < 27p. Furthermore,

p(e) < ve(e) < |IFOli + 2u4(0)

for every o > 0, where

#s(e) = sup{||Fzlli : = € B,(0)}

and

vi(e) = inf{lla(o)lli + llc(e)lls : If(k,u)l < ar(e) + cr(e)2™"|ul, |u] < 270}.
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For the proof we refer to [11].

Results as well as proofs concerning boundedness, continuity and uniform continu-
ity of the superposition operator in function spaces differ essentially from analogical
ones in the sequence case. It is reason, why it is worth to consider the function case
W, separately. To this end let M be the space of all Lebesgue-measurable real
functions defined on [1,00) (more precisely, equivalence classes of such functions
with respect to equality almost everywhere). Define the space

T
Wo={zeM:71§ﬂo%/l |=(t)] dt = 0}

equipped with the norm
lellw = sup (277 [ fa(o)lat),
T€No A(r)

where A(r) denotes the interval [27,2r +1). L;([1,00)) denotes the space of all
integrable real functions defined on [1,00) and || - || denotes the natural norm in
Ly([1,00)). For the function case we shall assume that f: [1,00) x R — R is the
Carathéodory function, i.e. the function f(%,-) is continuous for almost all (a.a.)
t € [1,00) and f(-,u) is measurable for every u € R. The superposition operator F'
from M into M is defined by the formula

[Fz](t) = f(t,z(t)) for every z € M.

The following theorem, proved by Chew Tuan Seng (see [4]), is fundamental:

Theorem 4. The superposition operator F' maps the space Wy into the space
Ly([1,00)) iff there ezist a > 0 and ¢ = {c,} € l; such that for each r € Ny
there ezists a,(-) € L1(A(r)) with |, AP ar(t)dt < ¢, such that the inequality

(5) |f(t,w)l < ar(t) + 227" [u]

holds for a.a. t € A(r) and u € R.
Define the function a(-) : [1,00) — [0, 00)by the formula a(t) = a.(t) for t € A(r).
2. Results in sequence case.

Theorem 5. Suppose that the superposition operator F acts from wq snto l;. Then
the operator F is continuous at every point z € wy iff the function f(k,-) is contin-
uous for every k € N, i.e. f satisfies (2).

PRrROOF : For the proof of sufficiency suppose (2). By Theorem 1 there exist a
number 5 > 0 and sequences {ax} € l1, {cx} € l; of non-negative terms such that
for r € Ny and k € I, we have

|f(k,u)| < ak + €27 |u|,

531
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provided |u| € 279. Fix z = {z:} € wo. Let 7 be the smallest natural number such
that for k = 27

n
"ZX{E,LH,... }“w < bX

where X (g i41,... ) denotes the characteristic function of the set {k,k+1,...}. Then
for every = € By2(z) we have

lox (b g41,..llw = sup{2™" Y e} <

<sup(27 Y fow - aal) +aup(2 77 Y Jaul) <

r2¥
Hence |z;| < 32" and |zx| < 92" for every k € I, whenever r > 7. For fixed € > 0

we define
re = min{s > Z ar < 6 and Zc,

k=2
Since f(k,-) is continuous for every k € N, so there is a § € (0,7) such that

27 -1

> Ifkze) = fkyze)l < 3,
k=1

provided ||z — 2|y < 6, i.e. |zk — 2| < 2™ for k = 1,2,...,2™ — 1. Therefore,
using inequality (3) for r > r., we have

IFz - Fzlly = Y 1f(k, xx) = f(k, z)| <

k__
27 1
Z |f(k, k) — F(ky 22)] + Z f(k,zx)l + Z f(k,zi)| <
k=2re¢ k=2"¢
<s+2 S a3 erlo "3 (el + D]} <.
k=2re r=r,

This completes the proof of sufficiency.

Suppose conversely that the superposition operator is continuous on wy. Let
k : R = wo be the embedding defined for every u € R by the formula ix(u) =
{u;} = {ué;k}, where 6% is Kronecker’s symbol and let p; : I; — R be the projection
defined for v = {v;} € I; by the formula pg(v) = vi. Then for every k € N the
function f(k,-) factors as follows

F
ID()"——————PII

,(kv’)
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i.e. f(k,-) = pix o F o ix. Obviously, functions p; and i, are continuous for
every k € N. Consequently, the function f(k,-) is continuous for each k € N as
a composition of continuous functions. Thus the proof of the theorem is complete.

s

If the function f(k,-) is continuous on R for every k, then the superposition
operator F generated by f is continuous (Theorem 5) and locally bounded (Theorem
2). The following example shows that F' is not necessary uniformly continuous on
bounded sets.

Example 1. Consider the operator F generated by the function

f(kyu) =2""|u2~"|" for every r € Ny, k € I,.
Obviously, f(k,-) is continuous for every k € N. Moreover, f satisfies inequality
(3) with a = {ax} = {0},c¢ = {¢,} = {277} and n < 1. Hence f is continuous and

locally bounded operator from wy into ;. We shall show that F is not uniformly
continuous on bounded sets. To this end, consider two sequences

2 = {27} = {2k + xpn },
(r) = Z = {(Zk — I)X(zr)} r= 0 1

Obviously, z() and 2(") belong to  B3(0) for every r € Ny. Further,
27 = 2|, = 527 — 0 as r — oo.

On the other hand, denoting [r/2] = max{j € No : j < £}, we have

+1 r+1_ 1\ "
o -ron= [(52) - (557) ] -

r?-rtl & r (r+1)(r-1)
_ g—ri— 1)(r—
=2 g((ﬁﬂ))z >2

for r > 1. Hence F' cannot be uniformly continuous on the ball B3(0).

Theorem 6. The following three statements are equivalent:

a) F is a uniformly continuous (on bounded sets) operator from wy into ly;

b) For every positive constants ¢ and § one can find sequences of non-negative
real numbers a(o,6) = {ax(2,6)},¥e, 5) = {be(e, 8)},c(e,6) = {ck(e,8)} such that
a(e,6) € lh 5(9,5) € h,c(e,¥) € 11,"(1(9,6)"1 + l|5(2,5)||1 — 0 as § — 0 and for
r=0,1,...,k € I, the inequality

6)  1f(k,u)— f(k,v)| < ar(e, 8) + b.(,6)27"(Ju| + |v]) + €r(2,6)27 " |u — v|
holds, whenever |u| € 27, |v| € 279 and |u — v| < 276;
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c) f satisfies (2) and F i3 a bounded operator from wo into
PROOF :

a) = b). Let ws(e,6) be the modulus of continuity of the operator F
ie.

wy(e,6) = sup{[lFz ~ Fy|li : z,y € B,(0) and ||z — yllw < é}.
Fix ¢ > 0 and § > 0. Define

(e8) = sup(Y" 1f(k,z0) ~ f(kus)] : 3= 3 lenl <
% > Iyl < gand o Z lzk — yil <

By Theorem 5 the function f(k,-) is continuous for every k. Therefore, for each

r € N there are sequences of real numbers Z; and §i, k € I, (depended on g and
§) such that

&(e,6) =Y If(k, fk) ~ f(k, ),
> Z 12 < e 57 Z |9k| < o and —Z 1Ze — 9kl <

For any r € Ny we define the sequences s(")(p,6) = {sy)(g, 6)} and 2(7(p,6) =
{zﬁr)( ,6)} by the following formulae

(M, §) = Ty fork=12,...,2" (. 5) = gx fork=1,2,...,2"
wed) {0 for k > 2" % (@:9) 0 fork>2"

Obviously, s((p,6) € B,(0),2("(e,6) € B,(0) and the difference s(”(g,$)
2(" (g, 6) € B;(0) for every r € Ny. Consequently, for every n € Ny we obtain

Ec,(g,a) E[Z |f(k,22) — f(k, G0)l) =

r=0

= [|IFs(™(e,8) — F=™(e,6)lli < wy(o,6)-
Hence, we conclude that &(g, §) = {¢~(p,6)} € |, and ||&(e, §)|li < wy(e,8). Consider

9e.(k, 3) —-BUP{If(k s+1t) — f(k, )| — 2¢-(e,6)27767'|¢] : |t| < 276

and —2" -3 t< 2 s}

for r € No,k € I, and |s| < 27"p. Evidently, g, s(k,s) > O for every k¥ € N.
B_y the definition of supremum, for every ¢ > 0 there is a sequence #(p, 4, ¢, s)

y €y =
{fx(e, 6,¢,8)} (denoting shorter = {f3}) such that |f;] < 276,270 —s < &} <
2"p — s and

90s(k:9) < |f(k, s +82) - f(k,)| - 2:(0, )27 87 [fel + 5
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for k € I,,r =0,1,2,... and |s| < 2"p. Further, for every r € No a finite sequence
{m;} (depended on g,é,¢,s and r) with m; =2 <my < --- <my =21 —1 can
be found such that

ma—1 mg—1 27t
Yo=Y D El++ > I
k=27 k=mg k=m;_y
and
mi4y1—1
718 Y [ll<26 fori=1,2,...,0-1,
k=m;
and
2+l
0< Y lal<2e
k=m_,
Hence

- _ —ro—1” - [
>, 9es(ks) < D If(k, s+B) = (K, 9)| ~ 280, 6)2776 Y [el+D° o7 <

— _ r c—lar— € _ €.

< Ig,(0,6) — 22,(0,6)27 76712 1‘5("1“2,27:”'(9’6)*2,27

It follows that

oo o
“Go,lixul = Zgo,ﬁ(k1zk) < Zér(e,a) +e
k=1 r=1

for every € B,y(0), where G, is the superposition operator generated by g, .
Therefore, G, 5 is a bounded operator from wy into /; and by the definition of the
sequence &(g, §), we have

sup{[|G,s2li : = € By(0)} < wr(e, 6)-

Consequently, by Theorem 3, there are sequences of non-negative terms a(g, §) =
{ax(0,6)} € I and b(p, 6) = {bx(0,6)} € ; such that foreach k € I,,r =0,1,2,...,
the inequality

gp,é(ka 3) < ak(gy 6) + br(gv 8)2—r'8|

holds, provided |s| < 27p. Thus, by the definition of g, s(k, 3), we have
|f(k,s +t) = f(k,s)| < ar(e,8) + br(e,6)27"Is| + cr(e, 8)27"[t|

for each k € I;,r € Ny, |t] < 276, |s+t| < 27, |s| < 27¢, where ¢,(p, 8) = 67 ¢,(p, §).
Taking into account the symmetry of our considerations and putting s+t = u, s = v,
we obtain desirable inequality (6). Moreover, analysing the proof of Theorem 3
(cf.[11]), it is easy to notice that sequences a(o, ) and b 0,6) can be found such
that

lla(e, O)lli < G800l + wy(e,6) < 2wys(e,8) and ||Xe,6)|; < o™ ws(o,6).
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Consequently,
llae, &)llt + lib(e, &)ll: — 0 as & — 0,

which proves the implication a) = b).
b) = c). The continuity of f(k,-) for every k € N is obvious. For the proof of
boundedness of F fix ¢ > 0. Then, using inequality (6) with § = g, we have

“f(k’u)l - If(k,O)” < 'f(ka“) - f(k$0)| <
ak(gv 9) + [b"(99 9) + Cr(ev 9)]2—r|t|
Putting ax(e) = |f(k,0)| + ar(e, ), €r(e) = br(0, 0) + (0, 0), We obtain inequality

(4) and by Theorem 3, the operator F is bounded from wy into ;.
¢) = a). Let € and g be fixed positive constants. Define

r(e) = min{s € Ng : E ar(o) < % and Zc,(g) < Gig}’
Py’ r=s

where sequences a(g) = {ax(g)} and c(¢) = {c,(0)} are from Theorem 3. Let
z,z € B,(0). By the continuity of f(k,-) for every k € N, there exists a § € (0, 0)
such that o

27(*) 3

z;lﬂhxn—fﬂﬂﬂh<§

whenever ||z — z||,, < §. Therefore, using inequality (4) for r > r(¢), we have

zr(c)—l

IFz—Fzlli=Y_ |f(k,ze) = f(k,ze)l+ Y (If(k,za)| + 1£(k, 2e)]) <
k=1 k=2r(¢)

<z+2 Y @+ Y @27 (X lal+ Y lal) <o,

k=2r(e) r=r(e)

provided ||z — z||, < 6. This completes the proof of Theorem 6. .

The above theorem is rather surprising. It shows that in the case of continuous
f(k,-) for each k € N, the boundedness of the superposition operator F acting from
wo to [y is equivalent to the uniform continuity (on bounded sets) of this operator.
Such theorem usually is not true, when we replace another sequence space instead
wy, for instance !;. The following example shows this fact:

Exafnple 2. Let f(k,u)=usinknu for u € R and k € N. Then the superposition
operator F generated by f is continuous and bounded (on every bounded set) from
I to l;. Consider the sequences ‘

k+1

2™ = (=M} = (5= mmmﬁbwn{ xm
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Obviously, z(™ and z(™ belong to B3(0) for every n € N and
l2™ = 2|, = % — 0 asn— oo.
Nevertheless, since
|Fz(™ — F2™||, = 2

for every n € N, so F cannot be uniformly continuous on the ball B3(0)-
Let us define

w5(e, 6) = inf{||a(e, 6)ll: + 2ellb(e, 6)ll: + Sllc(e, )|l : 1£(k, u) — f(k, )| <
< a4(2,6) + be(0, )2 (ul + Io]) + cr(e, 6)2~"|u — o], Jul < 27, o] € 2%
and |u — v| < 276}
for every o > 0 and 6 > 0.
From the proof of the first implication of Theorem 6 follows immediately

Corollary 1. The functions wy(-,-) and ms(-,-) are equivalent in the sense that
™ wy(e,6) < ms(e,6) < Swy(e,6)

for all positive real numbers o and 6.
3. Results in function case.

Theorem 7. Every superposition operator F acting from Wy into Ly([1,00)) is
continuous and bounded

PROOF : The boundedness of F follows immediately from (5). It is sufficient to
prove the continuity of F. Without loss of generality it can be assumed that 0 = 0.
First, we shall show the continuity at zero of operators G.(r € No) defined by the

formula fta(®) forte (L2
[G’.-:t](t):{o N o(::lerfvist:

Obviously, G, maps Wy into L;([1,00)) for each r € Ny. Assume the contrary.
Then there exist ¥ € Ny and a sequence of functions z, € Wy(n € N) which is
convergent in norm to 0, whereas

r=0,1,2,....

(8) [IGezallL > n for every n € N,

where 7 is a positive number. Without loss of generality it can be assumed that
o0
n=1

Hereinafter, we shall construct sequences of numbers {ex},of functions {z,, } and
of sets Ax C [1,2"7)(k € N) such that the following conditions are satisfied:
() €r41 < 3en,
(b) "‘(Ak) < €k,
(c) IGrznixaullz > %'h
(d) if p(E) < 2141 for every set E C [1,2"), then ||Grzn, xEllL < 1n, where
is the Lebesgue measure.

537
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Assume that €3 = (2" — 1),za,(t) = z1(t), 41 = [1,27). In virtue of absolute
continuity of the norm of the function Grr; and of condition (8), it is easy to
verify that there exists an e, such that conditions (a), (b), (c) and (d) are satisfied.
Suppose that ex,z,, and A are already defined. Since Grzn, € L1([1,00)), so
one can find an €x4; such that condition (d) will be fulfilled. Obviously, €x41
satisfies condition (a). Further, the fact that z, — 0 in the norm implies that
the sequence z,x[1,2r) is convergent to zero in measure. Therefore, by Lemma 17.5
from [8] Gz, is convergent to zero in measure. Thus Grzn(n = 1,2,...) cannot
have equi-absolutely continuous norms because it would be convergent in norm,
i.e. continuous at zero in contradiction to assumption (8). Hence there exist a set
Ak41 C [1,27) and a function zn,,, such that u(Air+1) < k41 and

2
"G;I'.._H X A1 lz > 5'7'

In virtue of principle of mathematical induction we conclude that conditions (a),
(b), (c) and (d) are satisfied for k =1,2,....
Now, let us define a function y by the following formula

(10) y(t) = { Zay(t)  fort€ By (k=12,...)

for t ¢ U2, B,
where By = Ax\Ui2 41 4i, (k= 1,2,...). Obviously, for i # j we have B;NB; = @.

Since - -
F( U Ai) < Z €i < 2€k41,

i=k+1 i=k+1
then, by (¢) and (d) it follows that

1
(11) IGryxBullL > IGrzn. XAl = IGezmx = 4 llz > 37,
k1

for k =1,2,.... Moreover, by (9), we have

lulw = m,Z,Z JRRLNCEE
(=] (> <]

1
< - m(t)| dt < < 00,
STz [, 18 < el

=1 n=1

whence ¥y € W,. Applying the assumption of the theorem we obtain that Gry €
L1([1,00)). On the other hand, in virtue of (11), we have

1Geullz = [ £t y(#))ldt = Z / £, zu.(t))ldt—2||c:,yxa.ln-oo,

k=1
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and consequently Gry ¢ L;([1,00)). We have thus arrived to a contradiction.
Therefore G, is continuous at zero for every r € No.
Fix ¢ > 0. Now, let 7 be such a large natural number that

d € > €
a,(t)dt < - and ¢ < —,
g/;m Mt <3 ; 3a

where a,(:) and ¢, are from Theorem 4. By the continuity G at the point zero and
by mentioned Theorem 4 there exists a § € (0,1] such that

[ <] (e <]
IFalle < IFexpanle + ) /A Ot lelwa e <
r=f ¥, r=f

provided ||z|jw < 6. Hence F is continuous at zero. For the proof of continuity of
F at an arbitrary point £o € Wy. It is enough to remark that the continuity of the
operator F at the point z¢ is equivalent to the continuity of the operator

Fiz = F(zo +z) — Fzq

at zero in L1([1,00)). This completes the proof. |

The application of many principles of nonlinear analysis to the study of different
types of equations requires upper estimations for the operators which are generated
by given functions. Let for every ¢ > 0

vs(e) = inf{{lallL + llelle : If(t,u)l < ar(t) +277c,fu| for a.a. t € A(r)},

where a,(-) and ¢,(r € Np) are as in Theorem 4. Moreover, we associate with the
operator F a function py which is defined by

#5(e) = sup{||Fz]|z : |lz]lw < 0} (e>0)

and describes the growth of F' on balls centered at the origin. The next theorem
gives a two-sided estimation for the operator considered by us.

Theorem 8. The functions us and vy are equivalent in the sense that
ns(e) < vg(e) < 2py(0)-
PROOF : Fix p > 0. By definition of v5, we have immediately
IFzllz < llallz + llellll=llw

for every z € B,(0) and consequently ps(p) < v¢(e)
Since the operator F is bounded on the ball B,(0), so we can define

cr(0) = sup / If(t,z(t))|dt : 2 € W, and / |z(t)| dt < 027
A(r) A(r)

539
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for each r € Ny. Therefore, for every € > 0 there exists a function ¥e,e(*) such that

[
[ el <2 wnd clo)< [ It ue)ld+ 5
A(r) A(r)
for each r € No. Further, for every n € N the function

20 () = Ve (Ixpn,2()

belongs to B,(0). Consequently, for every n € Np

ZCr(e) < }: ( / |£(t, Yo,e(t))l dt + %) SIFZMNe +¢ < ps(o) +e.

r=0

Hence, by the arbitrariness of n € Ny and ¢ > 0, we conclude that ¢(¢) = {c,(p)} €
h and |lc(o)lli < py(e)-
Define h, : [1,00) xR — R by

ho(t,u) = max{0, | f(¢,u)| — c,(2)2™ "¢ |u[}

for t € A(r) and r € No. Fix a function z € Wy and let A} denote the set of all
points t € A(r) for which h,(t, z(t)) is positive. Now, choose m € No and v € [0,1)
such that

[, le@ldt = (m +-7)e2
At

and divide A} into subsets A, 42,..., AT+ such that
/A‘ le(t)|dt < 02" (i=1,2,...,m+1).
From the definition of c,(9) it follows that
/A‘ ft, 2@l dt <o) (=1,2,...,m+1)
and therefore, by the definition of h,, we have
/ Bt 20t < (4 Derl) = al)m +) < rle)

Lemma 17.2 from (8] ensures that there exists a sequence yx(-), lyx(t)] € k such
that

ho(t, y(t)) = Sup. ho(t,u).
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We put
sup h,(t,u) = lnn h,(t, yi(t)) fort e A(r)
a, 0(,}) = { |u|<oo
otherwise ,
r=0,1,.... Hence, by Fatou Theorem, we have

/ anelt) dt < sup / hyt,ye(8) dt < crlo), (r =0,1,...),
() A

ie ap(-) =2, arq(-) € Li([1,00)). Thus, by the definition of h,, we conclude

If(tw) < arot) + cr(@)277e7 u| (r=0,1,...),
for a.a. t € A(r) and for u € R. Consequently,

ve(e) < laellz + % Y cr(@)e <2 crle) < 2u5(0)-
r=0 r=0

It completes the proof. »

By Theorem 7 the operator F is always continuous. On the other hand, F is not
necessary uniformly continuous on bounded sets. The following example shows this
fact:

Example 3. Let f(t,u) = x[1,2)(t)u sinu. Choose a sequence of subsets D,, C [1,2)
such that u(Dy,) = (47n)~!. Consider the functions

zn(t) = (4n +1)Zx0,(t), nEN,

Yn(t) = (4n - 1)ng,,(t), n€N.

Obviously, ||za|lw < 1 and ||yn|lw < 1 for every n € N. Moreover, ||z, — yn|lw =
& — 0 as n — co. The superposition operator F' generated by f maps the space
W, into the space Ly([1,00)), because inequality (5) is satisfied with a,(t) = 0 for
every r € No,a = 1 and {¢,} = {1,0,0,...}. By Theorem 7 the operator F is

continuous on the whole space Wy. Nevertheless, since
|Fzs — FynllL = [47nx, ()l =1,
so F' cannot be uniformly continuous on the ball B;(0).

Theorem 9. The superposition operator F is uniformly continuous (on bounded
sets) from Wy into Ly([1,00)) iff for every positive constants p and 6 one can find
sequences of non-negative terms b(p,8) = {b.(g,6)} € li,c(,6) = {cr(0,6)} € I
and @ non-negative function a, 5(-) € Ly([1,00)), such that
(a) llagsxamll < ebr(e,6) for every r € No,
(b) llb(e, &)ll: — 0 as 6 — 0 for every fized o,
(c) the inequality
If(t,u) = f(2,0)] < ags(t) + b2 6)27"(u] + |v]) + cr(0, )27 |u — v]
holds for a.a. t € A(r) and u,v €R.

Since the proof of necessity of Theorem 9 is analogous to the proof of implication
a) = b) from Theorem 6, so we shall omit it. The proof of sufficiency is obvious.
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