Archivum Mathematicum

Ivan Kolar
Connections in 2-fibered manifolds

Archivum Mathematicum, Vol. 17 (1981), No. 1, 23--30

Persistent URL: http://dml.cz/dmlcz/107087

Terms of use:
© Masaryk University, 1981
Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to

digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/107087
http://project.dml.cz

ARCH. MATH. 1, SCRIPTA FAC. SCI. NAT. UJEP BRUNENSIS .
XVII: 23—30, 1981

CONNECTIONS IN 2-FIBERED MANIFOLDS

IVAN KOLAR, Brno
(Received January 1, 1980)

Given an arbitrary fibered manifold p: Y — X, a connection on Y means any
section I': Y — J'Y (= the first jet prolongation of Y), [5], [9]. To underline this
general point of view, we shall sometimes say that I' is a generalized connection.
In local fiber coordinates x‘, y? on Y, the equations of I" are

(1 I =dy? = F(x, y)dx'

with arbitrary smooth functions FP. At first sight, this approach seems to be too
general to get any deeper result. However, our recent research suggests that the theory
of generalized connection can be as rich as the classical theory of principal or linear
connections.

The basic tool in the theory of generalized connections is the vertical prolongation
VI of I'. This is a connection on the vertical tangent-bundle V'Y of Y considered as
a fibered manifold over X. A natural generalization leads to the concept of a projec-
table connection on a 2-fibered manifold. We treat some basic operations with such
connections and apply the results to the generalized connections on Y. Another
important example of a 2-fibered manifold is the first jet prolongation J'Y of ¥ — X.
We define the torsion of a projectable connection on J'Y and give its interpretation
in terms of the alternation tensor of a special pair of non-holonomic 2-jets. Finally,
we study a connection J!(I', A) on J'Y determined by a generalized connection I'
on Y and a linear connection A on TX.—Our consideration is in the category C*.

1. A 2-fibered manifold is a quintuple U 2,y 2, X, where qg:U—»Yandp: Y- X
are fibered manifolds, [6]. Hence r = p 0 g: U — X is also a fibered manifold. In the
sequel, J'U will always mean the first jet prolongation of r: U — X. Let J'q: J'U —»
— J'Y be the induced map jlo ~ ji(gs). A connection Z: U - J'U will be called
projectable, if there exists a (unique) connection I': ¥ — J'Y satisfying ' o ¢ =
= J'q o . In fiber coordinates x*, y?, u* on U —» Y — X, the equations of X are

(2) = {dyl’ = Ff(x9 J’) dxia
"~ |du® = Fi(x, y, u)dx".

In this paper, we shall study projectable connections only.
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If UL>Y is a vector bundle, US> Y 2> Xor U-1> X is said to be a semi-vector
bundle. Then J'U —» J'Y > X is also a semi-vector bundle. Given a projectable
connection £: U— J'UoverI': Y — J'Y, we have a map ¥ | U, of vector space U,
into vector space (J! U)r) for every ye Y. If all these maps are linear, then X is
called a semi-linear connection. In linear coordinates u* the equations of X are

3) = {dy P = Fi(x, y)dx',
du® = Fj(x, y) uf dx’.
(The second row is linear in «°% that is why X is said to be semi-linear.)
The simpliest example of a semi-linear connection is the vertical prolongation VI

of a connectionI": Y — J'Y. Given a vector field £ on X, & = £i(x) _aa—. ,denoteby I'¢
X

the I-lift of &,

0
ay?

@) ré= ¢'<x)5‘1—i + FIx, ) £(x)

Using flows, [6], we prolong I'¢ into a vector field VI'¢ on VY,

~

‘ 9 oF?
©) yre=g-2 4 pre 4 9 b
ox' ¢ oy? 0yt &

0
P’
where n? = dy” are the induced coordinates on VY. As there are no derivatives of &
in (5), this formula describes lifting with respect to a unique connection VT on
VY - X,
dy? = Fi(x, y) dx',
6 = 4 ;
© vr dny? = OFF n?dx’.
oy?

(Another construction of VT is given in [1].)

Let W— Y — X be another semi-vector bundle and IT a semi-linear connection
on Wover I,

P — FP i
(7) II = {dy). Flfxs }’) dx”, i
dw” = G,i(x, y) w dx'.
The tensor product U® W over Y is a semi-vector bundle U® W — Y - X.

Similarly to the classical case, see e.g. [3], one defines the tensor product X ® 1.
This is a semi-linear connection on U ® W over I' with the following equations

dy? = FI(x, y) dx',

8 IQI = .
® {du'"1 = (F30™ + Gjp™) dx',

where v** are the induced coordinates on U ® W.
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Consider now a 2-fibered manifold U - Y — X with connection (2) and a map f:
Z - X, x' = f(z). On the induced 2-fibered manifold f*U — f*Y — Z, we get an
induced connection f*X over f*I, [7],

8y = P, 9) L az,
® S*r= oza i
du’ = F}'(f(z), Y, u) ‘5‘7 dz.
» z

A more interesting situation is if we have another fibered manifold s: W — Z and
a fibered manifold morphism F: W — Y over f: Z — X. The induced fibered manifold
F*U — Wis 2-fibered over Z. Let 4: W — J'W be a connection F-related with I', [7],

(10) 4 = dw* = G}(z, w) dz"
Then we construct an induced connection F*(Z, 4) on F*U as follows. Let (w, u) €
€ F*U, X(u) = jla, A(w) = jlo, so that I'(qu) = jlse and sections s and ¢ satisfy
so o f = F o g. Hence (o(t), 6(f(t))), t € Z, is a section of F*U and we set F*(Z, 4)
(w, u) = j(o(®), o(f (1))). In coordinates,

dw* = G (z,w)dz®,
a of*
du® = Fi(/(2), gz, W), u) 2~
0z
where x! = fi(z), y? = gP(z, w) is the coordinate expression of F. Thus, F*(Z, 4) is
a projectable connection over 4. Obviously, if 2 is semi-linear, then F*(Z, 4) is
also semi-linear.

(11) F¥Z,4) =

dz?,

2. Given a section o: X = Y, y? = ¢?(x), the absolute differential V,o(x) of o
with respect to connection (1) at x € X is the projection of the tangent map T,o
into V,Y in the direction I'(y), y = o(x). The coordinate expression of Vro: X —
- VY® T*X is

P
(12) Vio=nP = %1‘ — F¥(x, o(x)).

Let s: Z — X be another fibered manifold with a connection 4,
13) 4 = 2 = G(x, 2) dx!,

and ¢: Y- Z, 2° = ¢%x, y), a base-preserving morphism. We have I'(y) = j,:.‘a
for a local section o of Y and ¢ o o is a local section of Z, y € Y. The absolute differ-
ential of @ o ¢ with respect to 4 at x will be denoted by rV,¢(y). Hence [V, 0:
Y- VZQ® T*X,
(14) Ao =0=22 1 9 pr_ Gix, o(x, ).

ox oy
By (14), we deduce
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Proposition 1. [V, 0 = 0 iff vector fields ' and AE are @-related for any vector
field & on X,
To express (14) in a more concise form, we recall that every function : ¥ - R

determines the formal differential Dy: J'Y —» T*X, Dy = (_61 + i'I—l—yi’) dx’,

oxt  oy?
. : 1 : . al/l a p
where yP are the induced coordinates on J'Y, [4]. The function Dy : = P + T yi
x" y

is called the i-th formal derivative of . Given I': Y — J'Y, the composition D :=
:=Dy)orl,

o oy
15 Dry = = + ——FF
9 ¥ ox' oy

will be said to be the i-th derivative of ¥ with respect to I'. We can now rewrite (14) as
(16) rVap = {* = Dri9® — Gi(x, 9).

Consider a semi-vector bundle U —» ¥ - X with a semi-linear connection (3)
and a section

0: Y > U AT*X, u* = ¢f (%, y)dx" A ... Adx™

We shall show that ¢ determines a section d;p: ¥ —» U® A **!T*X (in the classical
case of a linear connection on a vector bundle this concept is due to Koszul). The
shortest way how to define d;p is as follows. Take an auxiliary linear symmetric
connection A on TX that determines a connection A *A* on A *T*X. Then £ ® A *A*
is a semi-linear connection on U ® A *T*X and we can construct ;Vyg,xpe@: Y —
- V(U® A*T*X) @ T*X. Applying antisymmetrization and natural identifications,
we obtain a section dyp: ¥ —» U® A **'T*X that does not depend on the choice
of A. In coordinates,
a”n d;p = u® = (Do}, i, — Fapl o) dx' Adx™ A Adx™,

We are going to use this operation in the theory of generalized connections. We
recall, [5], that the curvature of I is a section ,: ¥ - VY ® A *T*X,
(18) Qr = n? = (Dr;FF) dx* Adx) =: QF dx' A dx/.
Using the vertical prolongation VI, we can construct d,;Q: Y= VY ® A *TX*.
By direct evaluation, we deduce

Proposition 2. (Bianchi identity.) It holds
(19) : dyrgr = 0.

Since J'Y — Yis an affine bundle associated with ¥'Y ® T*X, two connections (1)
and 4,

26




(20) 4 = dy? = G¥(x, y) dx’,

—_—
determine a section I'A: Y —» VY ® T*X,
.__) t
@1 I'd = n? = (G — F)dx'.

—
The exterior differential »(I', 4) := dyI'4: Y- VY ® A 2T*X will be called the
mixed curvature of the ordered pair (I', 4). In coordinates,

(22) L, 4)=n"= [(Dr,Gf’ — DpF? - aF — (G" Ff)] dx’'A dx'.

Taking into account x(4,I') = d;, Azﬁ"), we verify directly the following relation
(23) ([, 4) — »(4,T) = 2Qp — 2Q,.
The connections I' = I'y and 4 = I'; determine a pencil I, = ¢tI'y + (1 — t) [y,
t € R. We find easily

Proposition 3. The curvature Q, of I', is
(24 Q = Qo — t(lo, I'y) + t*[x([y, T'y) — Qo + 2,].

In particular, all connections of a pencil are integrable if any three connections of
the pencil are integrable.

3. Consider a projectable connection £ over I' on 2-fibered manifold J'Y —
L L4
P — FP U
(25) z = {dy Fl(x9 y) dx ’
dy! = Fli(x, y, y) dx/,

where y denotes the collection yP. There is a canonical morphism y: TJ'Y —» VY
(called the structure 1-form in [2]),

(26) Y =P = dy? — yPdx’.

Combining this morphism with lifting with respect to I', we get a section (|/1, I):
J'Y = B*VY ® T*X,

@7 : W, ) = n° = (FI(x, y) — y)) dx"

By (11), we derive from VI and X an induced connection f*(VT, Z) on f*VY,

dy”® = Fi(x, y) dx',

P _ FP( . J
(28) g, ) = {7 = Fifx » ) dx,

P
dy? = —————ZF: n?dx'.
y
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We define the torsion tX of Z by
(29) ‘t}: = da‘(yr,z)(lll, F)Z .’l],—b ﬁ*VY@ A 2I‘*Xo

In coordinates,

P
30) == [Dr,ij + Ff — oF
ay?

To find an interpretation of X, we first introduce a general concept related with
non-holonomic 2-jets. Given two manifolds M, N, there are two natural projections
Py, P2 of the space of all non-holonomic 2-jets J*(M, N) into J'(M, N), namely
71(jz0) = a(x) and py(jlo) = ji(Bo). Let A, Be JX(M, N), satisfy

(€2)) D14 = p,B, p:A =p,B.

In coordinates, let A = (af, b, a,.”j) and B = (b}, af, bf)). By direct evaluation, we
deduce that
(32) afin + by

are coordinates of a tensor, which will be denoted by ¢(4,B)e T,N® A*Tx M
and called the alterpation tensor of 4 and B. In particular, if A4 is a semi-holonomic
2-jet and B any holonomic 2-jet over the same first order jet, then g(4, B) coincides
with the difference tensor of A.

In our situation, I': Y —» J'Y is prolonged into J'I': J'Y — J?¥. (This is not
a connection, as JI' is a section of p, and not of p,.) However, X and J'I" satisfy (31)
at every point, so that we obtain a map o(Z, J'I): J'Y - f*VY ® A 3T*X. By (30)
and (32), we deduce

Proposition 4. It holds

(F§— y‘})] dx' A dx/.

(33) : 2 = —2*Q + o(Z, J'I).
4. Using flows, we prolong vector field (4) into a vector field J'I'é on J'Y, [8],
A Jj
(34) JIF55F§+|:(D:F§’)5’+—ag.—(Ff—,Vf)]*a“-
ox' ay?

This formula represents a map of the fiber product J'Y @ J'TX into TJ'Y. Consider
further a linear connection A: TX —» J'TX,

(35) A = dE = Ti(x) & dx*.

If we compose A with (34), we obtain a mapping J'Y @ TX — TJ'Y. This islifting
with respect to a connection J'(I', A) on J'Y called the prolongation of I' with
respect to A. In coordinates,

dy? = F¥(x, y) dx',

(36) JNI, A) = { . )
dy! = [D,F} + I'j(Ff — yp)]dx’.
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We now describe another construction of J'(I', A). Let T! be the functor of first
order n-dimensional velocities, » = dim X. Hence p: Y — X is prolonged into T)'p:
T!Y - T!X. According to [5], I' determines a connection T:T" on the latter fibered
manifold,

dy? = Fl(x, y) dx',

37 Tr = oF® 0 F?
7 dn? =( bl i)d"j + Fjdg,
y

where C{_ , n? are the induced coordinates on T} Y. The elements of T} X being n-tuples
of tangent vectors on X, denote by 7' X the subspace of linearly independent n-tuples.
Obviously, A induces the following connection on TFX

(38) dgk = rigdx.

Let T!Y be the restriction of T!Y over T.!X. The composition of (37) and (38) is
a connection IT on T!Y — X, whose equations are (1), (38) and

» v
(39) dy? = (d‘ Zi," + 7! Zi; + FIr {‘,Eﬁ) dx’.

There is a canonical projection A: T'Y — J'Y transforming a vector n-tuple into its
linear span, 1 = y? = n&! with E/E% = 5. Denote by A the conjugate connection
(40) A = d& = Ty(x) &/ dx*.

By direct evaluation, we deduce

Proposition 5. IT is A-projectable and J'(T', A) is the underlying connection on J'Y,
ie. J(I,A)oh=Joll.
By (30), we find the following coordinate formula for the torsion of J(I', A)

41) tJYL, A) = 0P = [-2QF, + T(F — yD]dx' A dx'.

To interpret (41) geometrically, we recall that the classical torsion ¢4 of A is a map-
ping t4: X > TX ® A 2T*X, & = I';; dx* A dx/. Consider further (¥, I): J'Y -
- B*VY ® T*X and construct tensor contraction {({, ), tA)>: J'Y —» B*VY ®
® A 2T*X. By (27) and (41), we deduce

Proposition 6. It is
42) ([, A) = =28*Qr — (Y, 1), t4).

In particular, J'(I', A) is without torsion iff I' is integrable and A is symmetric.
To determine the curvature 21, 4): J'Y = V(J'Y) @ A >T*X, we first recall an
exact sequence

(43) 0- VYR T*X » Vity b vy o,
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see e.g. [4]. The classical curvature 5 of A can be considered as a map X - TX ®
® T*X ® A 2T*X. Applying tensor contraction, we obtain ((y, '), 2;): J'Y -
- B*VY ® T*X ® A2T*X. By (43), the values of (Y, I'), @) liein VJ'Y @ A 2T*X.
Hence

(44 JAQr 1= Qyur,a — <@, 1), 22>

is a well-defined map J'Y —» VJ'Y ® A 2T*X with the following coordinate expres-
sion

n’ = Qf; dx’ A dx/,
45 nf = (DQF + I'yQf + I;,Q0) dx' A dx’.

(We shall give a direct construction of JiQ, in a next paper.) In particular, (44)
and (45) imply that J'(I', A) is integrable iff both I and A are integrable.
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