Archivum Mathematicum

Tulsi Dass Narang

Best approximation and strict convexity of metric spaces

Archivum Mathematicum, Vol. 17 (1981), No. 2, 87--90

Persistent URL: http://dml.cz/dmlcz/107096

Terms of use:
© Masaryk University, 1981
Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to

digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/107096
http://project.dml.cz

ARCH. MATH. 2, SCRIPTA FAC. SCI. NAT. UJEP BRUNENSIS
XVII: 87—90, 1981

BEST APPROXIMATION AND STRICT
" CONVEXITY OF METRIC SPACES

Tulsi Dass NARANG
(Received November 8, 1979)

The notion of strict convexity in metric spaces was introduced in [1] and certain
existence and uniqueness theorems on best approximation in such a space were
proved in [1] and [2]. In this note we take a stronger version of the notion of strict
convexity and characterize such metric spaces. As a result we get the unicity theorem
of best approximation ‘Every convex proximinal set in a strictly convex metric space
is chebyshev’ and its converse.

Before proceeding to our main results, we recall few definitions: :

Let (X, d) be a metric space and x, y, z € X. We say that the point z is between x
and y (writing xzy) if

d(x, z) + d(z, y) = d(x, y).

For any two points x, y of X, the set
{zeX:d(x,2) + d(z,y) = d(x, )},

i.e. the set of all those points which lie between x and y, is called the segment [x, y].

A metric space (X, d) is said to be convex [4] if for every two points x and y € X,
there exists z € X such that x # y # zand xzyi.e.if forevery x, y in X and for every
1,0 < t £ 1 there exists at least one point z such that

o dxz)=(0-10dkxy and  dzy) = tdx,y)

The space is said to be strongly convex [4] if such a z exists and is unique for each
pair x and y of X.

Thus for strongly convex metric spaces each ¢, 0 £ ¢t < 1, determines a unique
point of the segment [x, y].

A strongly convex metric space (X, d) is said to be strictly convex if for every x,y
of Xand r > 0,

d(x,p) S r, d(y,p) £ r imply d(z,p) < r unless x = y, where p is arbitrary but -
fixed point of X and z is any point in the open segment Jx, y[.
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Therefore, in a strictly convex metric space if x and y are any two points on the
boundary of a sphere then ]x, y[ lies strictly inside the sphere.

A subset K of a metric space (X, d) is said to be convex [1] if for every x, y e K,
any point between x and y is also in K i.e. for each x, y in K, the segment [x, y]
lies in K.

Let S be a subset of a metric space (X, d) and z be a point of S. Let

S, = {xe X :d(x,z) = d(x, 9},

le. S, is the set of all those points of X having z as a nearest point in S.

S is said to be proximinal if for each point x in X there is a point of S nearest
to x i.e. for each x in X there exists at least one point z € S such that x € S,. If there
is a unique such point z for each x in X then S is said to be uniquely proximinal or
Chebyshev.

In [1] and [2] the conditions under which S is uniquely proximinal have been
studied. We have the following unicity theorem of best approximation, the proof of
which is contained in Theorem 2 of [1].

Theorem 1. In a strictly convex metric space whenever a convex set is proximinal,
it is uniquely proximinal.

In order to show that the converse of the above theorem also holds, we establish
a lemma.

Lemma. For any two points x,y in a strongly convex metric space (X, d) the
Junction
& =20 :[x,y]-[0,dxy)] <R,

taking z € [x, y] to the real number d(x, z) is an isometry. }
Proof. We can assume x # y. Let ze [x, y] and 2’ € [z, y]. Then
/ d(x,y) = d(x,z) + d(z,y) =
=d(x,2) + d(z,2)) + dlz', y) 2 d(x,2) + d(z',y) 2 d(x, ).

Hence
. d(x,y) = d(x,z") + d(z’, y)
and ‘
&(z') = d(x,2) = d(x, 2) + d(z,2") = &(2) + d(z, 2")
implying
2 | 6(2") — ®(2) | = d(z, 2).

The equality (1) shows that z'e [k, y] and implies that [x, ¥] is convex, and the
equality (2) shows that & is an isometry.

Corollary. For any two points x,y in a strongly convex metric space (X, d) the
segment [ x, y] is a compact set.
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The following theorem shows that the converse of the unicity Theorem
(Theéorem 1) is also true. -

Theorem 2. Let (X, d) be a strongly convex metric space. Then the following state-
ments are equivalent:
(i) X is strictly convex.
(it) For each convex set S and distinct points x and y of S, S, N S, = 0.
(iii) Whenever a convex set is proximinal, it is uniquely proximinal.
Proof. (i) = (ii).
Let, if possible, S, N S, # @ and let ze S, N §,. This implies

d(z, x) = d(z,y) = d(z, S).

Now x, y € X and X is a convex space, therefore there exists g € X such that xgy.

ge[x,y] and S is a convex set, therefore g € S. .

Strict convexity of the space implies d(z, g) < d(z, S), which is a contradiction.

(ii) = (iii).

Let a convex set S be proximinal. Let p € X. Since S is proximinal, there exists
x € S such that pe S,. .

Let if possible, y # x be also nearest to p, then pe §,. Thus pe S, N S, x # y,
which is a contradiction.

(iii) = (i).
Let x # y, p be points of (X, d) with d(x, p) = d(y, p) = r (say). Define

f:1:=1[0,d(x,y)] >R,
as

@) = dp, 27 3).

Then f is continuous. Moreover, since [X,»] is a compact, convex subset, the
hypothesis (iii) implies that there exists no subinterval [t,,] < I, t; < 1, such
that

ft) =f(t) =min {f(t) : t; S ¢t £ 1,}.

We affirm that all interior points ¢ € ] 0, d(x, ) [satisfy
3) f(t) < maxf = f(0) = f(d(x, y)).
Let, if possible, f(¢,) = max f for some interior point. Set
m’ = min {f(t) : t < t,}, -
m” = min {f(£) 1 t = t,}.
Suppose m’ = m”. Define ‘
ty=inf {t:t < to, min {f(t): 2 S t; < 10} 2 m'},
tg=supf{t:t2 10, min{f(t): o<1, st} 2m}
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Since fis continuous it follows that

f(to) = f(tg) = min {f(t) : tg < t < 15}.

If t; < tg then [t4, 5] is the subinterval leading to a contradiction, if ¢y = tg then
I = [0, d(x, »)] is the subinterval leading to a contradiction. If m' < m", a con-
tradiction can be reached in an analogous fashion.

Since & is an isometry, (3) implies d(z, p) < r for any point z in the open segment
Jx, ¥[. Hence the space is strictly convex.
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