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ON THE CONNECTIONS NATURALLY INDUCED
ON THE SECOND ORDER FRAME BUNDLE
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Abstract. All natural operators transforming every linear connection into a connection on the
semi-holonomic second order frame bundle form a 9-parameter family. Some geometric pro-
perties of these operators are deduced. There is a unique natural operator transforming every
symmetric linear connection into a connection without torsion on the holonomie second order
frame bundle.

Key words. Linear connection, connections on the second order frame bundle, natural
operators.

Let H'M be the first order frame bundle (i.e. the bundle of all linear frames)
of a manifold M and H?>M or H>M be the second order frame bundle or the semi-
holonomic second order frame bundle, respectively. Further, let QH'M, QH*M
and QH?M denote the corresponding bundles of connections. For every manifold M,
consider an operator A,, transforming every linear connection I'': M - QH'M
into a connection A4,I" : M - QH?M on the semi-holonomic second order frame
bundle. Such a family of operators 4 = {4} is said to be a natural operator, if
every commutative diagram on the left is transformed into a commutative diagram
on the right

o'y Qi s _
OH'M > CI'N OH* M OH*N
r A 4,T A,A
. ! !
M = N M > N

for every local diffeomorphism f: M — N. In other words, if a connection I' is
transported into a connection 4 by a local diffeomorphism, then AT is transpo: ted
into A4 by the same local diffeomorphism. The first author deduced analytically,
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under the assumption that one considers finite order operators only, [1], that all
natural operators transforming every linear connection on M into a connection
on H?M form the following 9-parameter family

() ;h=tr}k+(1—t)rijs
Thy=al%, + bl + ¢Thj, + dLiy ; + elf; , +
+flh,+(t—c—e—d+) T lm+ (1~ f—t—o)IIh+
+(c+e—a) plm+oalmln+(c+d+e—1+t+ B Ih+
+(l—e—t =P inlli+(@+ f — BTl + Briull; +
+(t—a—-b—d+ )i lh+(—c =) inli +(b+d—t —y) Tl +
+ vr:;llrl':'jv
with constant coeficients satisfyinga+b+c+d+ e+ f=1.

"The basic purpose of the present paper is to study some geometric properties
of the above operators. We first show that two basic operators of (1) can be de-
termined by two original constructions related with arbitrary fibred manifolds.
Our Proposition 4 describes in a direct geometric way a simple system of indepen-
dent generators of (1). Then we discuss the most interesting classes of linear con-
nections such that the values of some of those generators coincide or the induced
family of connections on H?M degenerates in a specific way. These problems lead
frequently to some special properties of the curvatures of the connections in
question. In the last section we deduce that there is a unique natural operator trans-
forming every symetric linear connection into a connection without torsion on
H?>M.

Our considerations are in the category C*.

1. The first author deduced, [1], that (1) can be constructed in a simple way
from two basic operators. We now describe another constructions of both operators
in a more general situation. We recall that a generalized connection on an arbitrary
fibred manifold ¥ - M means any smooth section I' : Y —» J1Y (= the first jet
prolongation of Y). If Y is a principal bundle and I is right-invariant, we have
a connection in the classical sense. If we want to distinguish the latter connection
from an arbitrary generalized connection, we shall say that it is a principal connec-
tion. We first explain two geometric constructions of a generalized connection
on the fibred manifold J'Y — M from a generalized connection I" on Y and a linear
connection A on M.

If x' are some local coordinates on' M, y? are some additional local fibre co-
ordinates on Y and y? are the induced local coordinates on J!Y, then the equations
of a generalized connection I" on Y are

Q) : yP=F!(x,y")  §j,...=1,...,dim M,
psq,...=1,..,dim ¥—dim M.
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NATURALLY INDUCED CONNECTIONS

The linear connection 4 on M can be interpreted as a map A : TM — J*TM with
the following coordinate expression

(€)) &) = A (x) 85 x = (x),

where £ = dx’ are the additional coordinates on TM. It is well-known that J1Y —
— Y is an affine bundle with the associated vector bundle VY ® T*M, where VY
means the vertical tangent bundle of Y. Section I' : ¥ — J'Y determines a point
at each affine space, which identifies these spaces with the corresponding vector
spaces. Hence I' induces an identification I : J1Y =~ VY ® T*M. Construct the
vertical prolongation VI : VY — VJ'Y of the map I' and use the canonical
identification VJ'Y ~ JVY. This gives a generalized connection ¥ T : VY —
— JIVY on VY - M, see also [3]. The coordinate expression of T is (2) and

OF{(x, y)
4 qP = Y e
( ) ayq

where n? = dy” are the additional coordinates on VY. Further, A induces by
duality a linear morphism A* : T*M — JT*M. Since (4) is linear in n?, we can
define the tensor product ¥ T' ® A*, [3], which is a generalized connection on
VY ® T*M. Then I, transforms ¥ ' ® A* into a connection p(I', A) on J1Y - M
with the coordinate expression (2) and

OF?
oy 01 = FD = A0 = D+ T+ 2
On the other hand, consider the lifting mapy : Y @ TM — TY of I" and construct
its first jet prolongation Jly : J1Y @ J1TM — J'TY. If we add the linear connec-
tion A:TM — J'TM and a natural map u:J'TY - TJ'Y introduced by
Mangiarotti and Modugno, [6], we obtain po Jly o (id@ 4) : 'Y D TM -
— TJ'Y. This map is linear in TM, so that it is a lifting map of a generalized
connection g(I', A) on J'Y. (This connection was constructed in [3] in another
way by the second author, who is grateful to Marco Modugno for suggesting this
shorter procedure.) The coordinate expression of g(P, A) is (2) and

OFf = OFY

,_..—T +

dx oyt
Let A denote the linear connection conjugate to A. If we compare (5) and (6)

with the curvature form of generalized connection I, [3], we deduce. -

’

OFf . OFf

(OF yh = yi+ AG(FE — yD).

Proposition 1. It holds p(I', A) = q(I', A) if and only if T is integrable.

Every local coordinates x’ on M are canonically extended into local coordinates
x', x} on H'M and into local coordinates x’, x}, x}, on H2M, det x} # 0, the sub-
bundle H2M < H?M being characterized by x}, = x};. The equations of a connec-
tion I' on H'M are
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©) dx} = y(x) x}dx*,

where I‘}, differ by sign and by the order of subscripts from the classical Christoffel’s
- of I' (i.e. the Christoffel symbols of I as defined e.g. in [4] are —I} ;- The equations
of a connection on A 241 are

) dxj = Ip(x) xjdx*,
dxjp = (Fima(%) Xjx5 + Ti(X) xj3) dX",
and such a connection is reducible to H*M < H>M iff I'y, = I'yy, [1].

There is a canonical identification JHXM =~ H2M over the identity of HM,
[5], the coordinate expression of which is xj, = x} ,x;, where x} , are the induced
jet coordinates on J'HM. If we take Y = H'M, then a direct evaluation shows
that p(I', A) is a principal connection on H2M ~ J*H'M if and only if I' = A.
This gives a natural operator p of (1), p(I') = p(I', I'), with the following coordinate
expression
) T =T}, T =Ty + T'mIf + Tiliy — Tl

where I‘j,‘, ; are the induced coordinates on JQH* M. (This operator was constructed
in another way in [2].) In the same situation, one finds easily that g(I', 4) is
a principal connection on H2M if and only if I' = A. This gives another natural
operator g of (1), g¢(I') = q(I', I'), with the following coordinate expression

(10) r'k_rlh’ r,iikl=rj'l,k+r;mrl'¢"l'

This operator was constructed in another way by Oproiu, [7].
- By Proposition 1, we obtain immediately.

Proposition 2. It holds pI' = qI' iff I is integrable.
The second author deduced in the case of an arbitrary fibered manifold, [3],

that q(I', A) is an integrable connection iff both I and A are integrable. This
implies

Proposition 3. gI' is integrable iff I is integrable.

2. The canonical involution of semi-holonpmic 2-jets, [8], determines an
involutive automorphism H*M - H?M, (x', x}, xj) = (', x;, x;). This map is
extended into an involutive automorphism i : QH?M - QH?*M, whose coordinate
effect consists in the exchange of the first two subscripts in I', u- Denote by p or ¢

the operators I' — pI" or I' - gI", respectively. Further, write T = L F + ——F

for the classical symmetrization of linear connection I' and define sI‘ = pX and
SI' = qX. Hence we have 12 natural operators p,q,p, §, s, S, ip, iq, ip, ig, is, i§
transforming any linear connection into a connection on the semi-holonomic
second order frame bundle.
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NATURALLY INDUCED CONNECTIONS

Lemma 1. It holds s = —i—(p + ip + p +ip).

Proo f. This follows easily from (9).
Applying i to the relation of Lemma 1, we obtain s = is.

Proposition 4. The operators p, q, p, 4, 3, ip, iq, ip, i, i5 generate affinely the
9-parameter family (1).

Proof. The family affinely generated by our operators is @,p + ... + @0i§
10

with Y a, = 1. Using direct evaluation one verifies that the latter family is equi-
i=1
valent to (1), QED.
Let S denote the torsion tensor of a linear connection T, i.e. Sj = I'jy —I'y;.
Proposition 5. It holds pI' = ipI' iff V.S = 0.
Proof. This follows directly from (9).
We recall that the coordinate expression of the curvature tensor Q(I') of I is

ory,  ary
x| oxt
Lemma 2. It holds igI' = t(pI') + (1 —t) qI' with te R iff tRyy + B}, =0,

where R « IS the curvature tensor of the conjugate connection T
Proof By (9) and (10) we have

or: m orj, m
(12) ﬁ"'rlicm = (ax ~ Ty )

X
x

Comparing with (11) we prove our assertion.
For t = 0 Lemma 2 implies

(l 1) _iikl =

+ Toplfy — To Ll

Proposition 6. It holds igI’ = qI" iff T is integrable.
3.If I' is a symmetric linear connection, then I' = [ = £.and Proposition 5§
implies pI" = ipI', so that all connections naturally induced on H?*M by I' are

affinely generated by prI', qI' and igl’, i.e. they form the followmg two-parameter
family

(13) Apl' + Bql' + (1 — A — B) igrl’, A, BeR.
Moreover, if I is also integrable, then pI" = gqI" by Proposition 2 and qI" = igl" by
Proposition 6. Taking into account Proposition 3, we prove.

Proposition 7. An integrablé symmetric linear connection determines naturally
a unique connection on H>M, which is also integrable.

Conversely, if all connections of (13) coincide, we have pI' = gI', which implies
by Proposition 2 that I' is integrable.
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It remains to discuss under what conditions (13) is a one-parameter family.
In this case pI' # qI' and igI' = tpI' + (1 —t) qI', t € R. By Lemma 2 the latter
condition is equivalent to gR},‘, + Ri; = 0. This gives.

Proposition 8. Connections (13) form a one-parameter family iff tRiy, + Ri; = 0.

4. Consider an arbitrary linear connection I'. In (1) there is an 8-parameter
family of connections over every linear connection tI' + (1 —¢)I', te R. If all
connections of each of these families coincide, we shall say that the prolongation
of I' is unique in the pencil sense.

Lemma 3. (Generalized Bianchi identity.) It holds
(14) R;kl + Riu + R:jk + ij + Riu + R:jk = —Sn;Su — ankslnj‘ — SpuSTi-
Proof consists in direct evaluation.

Proposition 9, The prolongation of T is unique in the pencil sense iff all connections
i + (1 —t)T','t € R, are integrable.

Proof. In general, all connections of a pencil are integrable if three connections
of the pencil are integrable, [3]. If the prolongation fo I’ is unique in the
pencil sense, it holds pI' = qI', pI' = gI' and sI' = 3, which implies
QI =0, N =0 and Q) = 0. Thus, all connections tI' + (1 — )" are
integrable. Conversely, let QI = (I) = Q(X) = 0. Then Proposition 2 gives
pI' = gI', pI" = @I, so that ipI' = iqll', ipI" = igl'. Further, Proposition 6 implies
ql' = iql', gI' = igl', sI' = isT". Hence the family of connections naturally induced

by I' is reduced to qu + ugql’ + o5, A+ p + ¢ = 1. Setting t = 4 + % , the

latter family can be rewritten as
(15) gl + (1 — )T + 5 (Sw;SE),

where (S,‘,,,S,’:}) is a tensor field on M with the indicated coordinate expression.
_ In general, denoting by R}, the curvature tensor of I, we deduce by direct evalua-
tion

1 1 ni 1 i Qm i
(16) ‘ —2-Rfm + 5 Ry — Riy = Z‘(‘Smk W+ SmSky)-

Since all I', I and I are integrable, (16) implies SZ,Sy; + Sk, Sj = 0 and Lemma 3
gives S%;Sp = 0. Then our assertion follows from (15), QED.

By (15), if the assumptions of Proposition 9 are satisfied, then the induced pencil
of connections is
an tqr + (1 — 1) qr.

5. If I' is integrable, we have pI' = I, ipI" = iql', gI" = igI" by Propositions 2
and 6, so that the induced connections form a 6-parameter family. If I is also
integrable, we obtain similarly pI" = gI', ipI" = igl', qI' = iql’. In this case the
induced connections form a 3-parameter family
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(18) alqr + azqr + aajr + a4i§F, al + (12 + a3 + a4 = l-

We shall discuss under what conditions this family degenerates. If §I' is an affine
combination of gI' and gI’, then gI' = igl" and gI' = igl’ implies isI" = sI', which
is the case of Proposition 9. If §I" # isI" and (18) degenerates, the fact that the
underlying connections I', [ and T of qI', gI" and 5I" are different implies '
(19 isSI' =tqI' + ugl’ + (1 —t —w) sl, t,ueR.

Then the underlying linear connections satisfy ¥ = I" + ul’ + —t—uZ,
which gives u = t. Thus,

(20) isI’ = tqI"’ + tqI" + (1 — 2t) ST.
Applying i to (20), we obtain
(¥3)) S = tqI’ + tqI' + (1 — 2t) isr.

Since ¢I', gI' and I are affinely independent, (20) and (21) imply #2 —¢ = 0.
For ¢t = 0 we obtain the case §I" = is'. For t = 1 we have isI" = qI' + qI" — 3I.
Reformulating this expression, we prove

Proposition 10. If both I' and T are integrable and Q) # 0, then the_induced
connections form a 3-parameter family (18). This family degenerates into a two-
parameter family iff

(22) %(ql" + gl = -;-(sr + isI)

6. Consider the canonical R* @ 1} — valued form @ on H?M, n = dim M,
[11], where 1} is the Lie algebra of L! = Gl(n, R). The coordinate expression of &

is, [10],
: Eo @it
(23) 0' = &dx
0} = zidx} — Zixh @, dx",
where &) means the inverse matrix to x}. The torsion form of a connection on H*M

is defined as the covariant differential of ©® with respect to the connection, [11].
One finds easily that the torsion form of a connection (8) vanishes iff it holds

(24) r_ilk=[‘ticja F}kl—rfnkr,:!;:r;lk_rvinlrﬁ'
We determine all natural operators transforming every linear connection into

a connection without torsion on H>M. We deduce by (1) and (24) ¢t = —;—- ,a=2>,

c=ed=f,a=cand f = -} + p. This is a 3-parameter family. Assume further

that I' is symmetric. One finds easily that connections (13) are without torsion iff
A = B or I is integrable. The second case was discussed in Proposition 7. Now
we can add to Proposition 7 that the unique connection naturally induced on
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H*M is without torsion and is reducible to H*M. On the other hand, a non-

, integrable symmetric linear connection determines naturally a one-parameter
family

(25) Apl' + Aqll' + (1 — 24) igl’
of connections without torsion on H2M. One verifies directly that (25) is reducible

to H*M iff A = % This proves

Proposition 11. There is a unique natural operator trahsforming every symmetric
linear connection into a connection without torsion on H>M. Its coordinate expression
is _

1 2

1
GF(JH)‘*'

(26) _;k = F}u r}kl 3 rvin(jrk)l 3 Flm jko

where the round bracket means symmetrization.
We remark that this operator was constructed in another way by Rybnikov, [9].
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