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HAMILTONIAN LINES IN THE SQUARE
OF GRAPHS

I. HAMILTONIAN CIRCUITS IN THE SQUARE OF CACTI

STANISLAV RIiHA
(Received July 5, 1985)

Abstract. A graph is a cactus if each edge of G is in at most one cycle of G. Necessary and
sufficient condition for the existence of the Hamiltonian circuit in the square of a cactus is given
in this paper.
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In this paper we use the terminology and notation of Harary [2]. Now, we
define some special notions.

Let G be any graph. For nonnegative integer i, ¥V,(G) is the set of all vertices
of the degree i in G. If H is a subgraph of G, then we define the graph G—H as
follows: V(G —H) = V(G) — V(G — E(H)), E(G— H) = E(G) — E(H). A vertex u
of G is free provided it is not a cut vertex. A block B of G is free provided at least
| V(B)| — 1 its vertices are free in G (in the block cut vertex-tree of a graph G
the end-vertices agree with all free blocks of G). Otherwise B is an inner block.
We say that the subgraphs G,, G, of G touch each other in a vertex v (in G) if
V(G,) n V(G,) = {v}. A vertex z of G is of type X in G provided it is a cut vertex
in which no two inner blocks touch each other in G. The set of all blocks and inner
blocks of G is denoted by BL® and BLS respectively, the set of all blocks of G
containing a common vertex w is denoted by BLS(w). For BL < BL®, we define
BLS(BL, w) = BL®(w) — BL. If a vertex w is of type X, then BL®(BLS, w) # 9.
We say that a subgraph H of G is a BL-subgraph of G if and only if BL" = BLS.

Let v be a vertex of G. Then a v-fragment of G is any maximal connected sub-
graph of G in which v is not a cut vertex. If H is a BL-subgraph of G and v is a vertex
of H, then an H, v-fragment of G is any v-fragment of G edge disjoint with H.
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Let y = yo, ..., ym and x = x;, ..., x, be sequences of some vertices of G.
We use the following notation and terminology: F(y) = yo, L) = Ym, V(¥) =
= {¥o, .-.s Ym}. ! and (), (x) indicates the sequence y,,, ..., yo and yo, ..., ¥m>
Xy, ..., X, Tespectively. We say that y is a section in x if there are sequences a and ¢
like that x = (a), (), (¢) (either a or ¢ or both may be the empty sequences).
If yo = yn, then a rotation of y is any sequence of the form y;, ¥is1s --os Vms
V1s .5 Yis wherei€ {0, 1, ..., m — 1}. A transform of y is any rotation of y or y ™.

A connected graph G = (V, E) is a cactus if and only if for each edge e € E(G)
there is at most one subgraph H of G which is a cycle (i.e. a regular connected

- graph of degree 2) such that e € E(H). Then, in a cactus G, every block is either
a cycle or a bridge. If C is a block of G, then the statement C = ¢, ..., ¢, indicates
the following: V(C) = {c,, ..., ¢,}, ¢; is adjacent to ¢;,, in G for each ie {1, ...,
n — 1} (hence c, is adjacent to ¢, in G, too).

Let v be a vertex of any graph G. We say that G is short (with respect to v)
if there is a Hamiltonian path p in G> — v such that F(p) and L(p) are both adjacent
to v in G. We say that G is long (with respect to v) if G is not short (with respect
to v) but there is a Hamiltonian path ¢ in G?> — v such that F(q) is adjacent to v
in G and the vertices L(g) and v have a distance 2 in G. If G is neither short nor
long (with respect to v), it is unusable (with respect to v).

The following theorem was proved in [3].

Theorem. Let G be a cactus with a block C = c,, ..., c,. Then G? is Hamiltonian
if and only if

(1) no C, c;-fragment of G is unusable for each i€ {1, ..., n},

(2) no more than two C, c,fragments of G are long for each i€ {1, ..., n},

(3) if two distinct C, ci-fragments and two distinct C, ci-fragments of G are long,
then each nontrivial c;, c;-walk in G includes a vertex whose degree in G is 2 (¢, and c;
may be the same vertex).

The condition given in this paper consists in describing the whole class of the
»prohibited” graphs, i.e. such graphs a cactus G must not include as its BL-sub-
graph, in the case, its square is Hamiltonian. The condition is the generahzatlon
of the condition given in [5] for triangular cacti.

The concepts established in the following four definitions are fundamental for
a description of our results.

Definition 1. Let G be a cactus and x a vertex of G. A C-generating sequence
of G from the vertex x is any sequence of the cacti G(1), ..., G(f) = G arising in the
JSollowing manner.

1.G1) = U . A. The set BLS(x) is caIIed the ﬁrst growth and we say that

A€BLO(x)
it is of the type (n), where n = | BL%(x) |. The vertex x is a root.
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HAMILTONIAN LINES IN THE SQUARE OF GRAPHS. I.

2. Suppose, we have constructed a cactus G@i — 1) and B = by, ..., b, is an
arbitrary free block from G(i — 1) such that the vertex b, is either a cut vertex
of G(i — 1) or b, = x and at least one of the vertices b, ... ; b,_,isa cut vertex

r—1 . .

of G. Then G(i) = G(i — 1)U U A and the set U BL®(B, b)) is called
Jj=1 AeBLS(B, by) j=1

an i-th growth. We add to the i-th growth an ordering sequence (my, ..., m,_1),

where m;=| BL°(B, b)) | for eachje {1, ...,r — 1} and we say that thez th growth
starts from the block B and is of type (m, y eees Mp_ 1) R

If there is no block B of the mentioned properttes then evidently G(i — 1) =
and the construction of a C-generating sequence stops. :

Definition 2. Let G be a cactus, G(1), ..., G({) = G be any C-generating sequence
of G from a vertex x. Suppose, the i-th growth of this sequence starts from a block
B = by, ..., b,, where either b, = x or b, is a cut vertex of G(i — 1) and it is of type
(my, ...,m,_,). We say that the i-th growth is of .

1. The first sort if m; = 1 for each je {1, ...,r — 1} and all blocks of the i-th
growth are free in G.

2. The second sort if either

2a. m; = 0 and there is an index se {2, ....,r — 1} such that m; =2, m; =0
for each je{2,...,s — 1} and m; = 1 for eachje{s+ 1, ...,r—1}, or
2b.m,_y =0 and there is an zndeY se{l,...,r — 2} such that my =2, m; =0

Jor each je{s+1,...,r — 1} and m; =1 for each je{l,...,s — 1},
and all blocks of the i-th growth are free in G with the exception of the set of blocks
BLS(B, b,) which are the inner ones in G.

Notes. It immediately follows from the preceeding definitions:

1. The cacti G(1), ..., G(?) are the BL-subgraphs of G.

2. If x is a cut vertex of G, then | BI®| = ¢t — 1. Conversely, if | BL®| = ¢
and G(1), ..., G(?) is any C-generatmg sequence of G from any cut vertex of G,
thent =1t~ 1.

3. The growth of the type (1) can never be of the second sort.

Definition 3. 4 cactus G is a C-diad if there are a vertex x and a C-generating
sequence G(1), ..., G(t) of G from the vertex x such that

1. ¢t > 1 and the first growth is of type (1).

2. An i-th growth is either of the first or the second sort for each i€ {2, .. ‘t}
The vertex x is called a root of G and the block G(l) is caIIed a root bIock of G.
Ift =2 we say that a C-diad G is prime.

Deﬁmtlon 4 ‘A cactus G is called a 3-C-diad if there are the BL-subgraphs G1 s G 2y
G; of G such that
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L G1 » G2, G5 are the mutually edge disjoint C-diads with a common root x,

2. U G, =G.
=1
The vertex x is called a root of the 3-C-diad G.

Notes.

1. A 3-C-diad G can be also descrxbed in the following. There is a C-generating
sequence G(1), ..., G(f) of G from a vertex x such that the first growth is of the
type (3), every block of the first growth is the inner one of G and every further
growth is either of the first or the second sort.

2. There are more roots in a 3-C-diad G. All roots of the 3-C-diad in the fig. 1

are indicated.

fig. 1

Theorem 1. Let G be a cactus with at least three vertices such that

1. No 3-C-diad is included in G as a BL-subgraph.

2. All vertices of every inner block of G are the cut vertices. If Z = {z;,je J}
is the set of all vertices of type X in G and, for each je J, A; = ay,, ..., a;, > z;
is an arbitrary block of BLY(BL®, z;), then there is a Hamiltonian circuit h in G*

having the following properties.
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a) For each j€ J, there is a transform of h of the form

(x,-), Aj1s eees aj,,”, 2j, (J’j)-

b) For every sequence a,, ..., a,, of mutually different free vertices of G in which a,
is adjacent to a,, for each te {1, ..., m — 1} there is a transform of h of the form
(%), @y vy A, ).

Proof. If | BL° | = 0, then G is either a cycle and theorem holds or there is
just a single vertex z of type X in G that is the common vertex of all blocks of G,
i.e. BL® = BL®(z) = BL%(9,z). Let A,,..., 4,, A, = a,,, ..., a,,,, z for each
re{l, ..., s}, be all blocks of G. Then even for two arbitrary blocks of BLY(#, z),
say 4;and 4; (i < j), there is a Hamiltonian circuit h in G, h = z, (W), W4 1), .-
wes W), W1), ooy Wiz )y Wik q), ooy (Wj—y), (W), z where w, = a,,, ..., q,, for
each re {1, ..., s}, which complies with a) and b), too.

Suppose | BL°| = n = 1 and the theorem holds for every cactus with less
then n inner blocks. As G is not a cycle, there is a vertex v of G which is of type X.
Let G(1), ..., G(n + 1) be a C-generating sequence of G from the vertex v. Assume
that (n + 1)-st growth starts from a block C = ¢, ..., ¢, z, where z is a cut vertex
of G, and is of type (my, ..., m). Then m; = 1 for each je {1, ..., k} and z is
of type X in G(n). If z is not of type X in G(n), there are two inner blocks in G(n)
that touch each other in the vertex z. As all vertices of every inner block are the
cut vertices of G, these two blocks together with B are the root blocks of three

edge disjoint prime C-diad with common root z, that are the BL-subgraphs of G,
which is not the case.

Now, for each ie{l,...,k}, let C;; =cfy, ..., cl ,,, c; where je{l,...,m},
be all blocks that touch the block C in a vertex ¢;. As BL® n BL°(C,c;) =#
for each ie {1, ..., k}, all vertices c,, ..., ¢ are of type X in G. Let us differentiate
two cases.

(1) n = 2. Then z # v and z is not of type X in G. Let zy, ..., z,, ¢4, ..., ¢,
be all vertices of type X in G, 4, = a,,, ..., a,,,,z, be an arbitrary block of
BLS(BL®, z,) for each s€ {1, ..., p} and C, ,, be an arbitrary block of BL®(BILS, c;)
for each ie{l, ..., k}. Then z,, ..., z,, z are all vertices of type X in G(n). As
| BI°™ | < n and a cactus G(n) fulfils all assumptions of the theorem, then for
the same choice of the blocks 4, of BLS™(BLS™, z) (= BL®(BLS, z,)) for each
se {1, ..., p} like in G and for the choice C from BLS™(BLS™, z) thete is, assumed
by the induction, a Hamiltonian circuit h in G(n)?* having properties a) and b).
Especially, there is a transform of A of the form z, (w), ¢y ---5 Cx, 2 (Obviously
gy, .5 A, 2, IS @ section either in w or in w™?, for each s€ {1, ..., p}). Let us
denote w;; =cly, ...,cl,,,, for each ie{l,...,k}, je{l,...,m}. Then h =z,
(wll)’ sees (wl,n-l)a (wl,r1+1)’ cee (wl,ml)’ (Wl,rl)’ Cis ooy (wkl)’ tee (wk."k“l)’
Wioret 1) -oos Wi m)s Wr,n)s €os (W™ 1), z is a Hamiltonian circuit in G2, Next, it
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immediately follows from the induction assumption and from the form of the
extending of & on h that h has both properties a) and b).

(2) n = 1. Then z = v and z is the only vertex of type X in G(1). As | BLG“’ | =
= 0, the theorem (part a)) holds in G(1) for a choice of two blocks of BLS")(@, z).
In the same way like in (1) we can extend a Hamiltonian circuit from G(1)? on G?
so that the theorem holds.

Theorem 2. Let G be a cactus with at least three vertices which includes no 3-C-diad
asits BL-sybgraph and let Z = {z;, je J} be the set of all vertices of type X in G.
Now, if A; = ajy, ..., a;,,,,z; is an arbitrary block from BLY(BL®, z}), for each
j€ J, then there is a Hamiltonian circuit h in G* having properties a) and b) from
Theorem 1.

Proof.If| BL®| = 1, then Gis a cycle and the theorem holds. Suppose, | BL® | =
=n 2= 2 and the theorem holds for every cactus with less then n blocks. If all
vertices of every inner block of G are the cut vertices, the theorem follows from
Theorem 1. Otherwise, there is an inner block with at least .one free vertex in G.
Let us consider the following possibilities (1) and (2) (we shall prove later that
there are no other possibilities).

* (1) There is an inner block B = b,, ..., b, b of G, where b is a cut vertex, that
| BL° ~n BLS(B,b)| £ 1 and at least one of the vertices b, and b, is free in G.
Let us say b, is such vertex.

(2) There is an inner block B = b,, ..., b, b, where b is a cut vertex such that
| BL® n BL®(B, b) | = 2 and both vertices b, and b, are free in G.

Let G, be the component of G — B containing a vertex b. The cacti G, and G,,
are definéd in the following way: G, = G, U B, G, = G — G,. Then | BL®' | < n,
| BL®* | < n and both G, and G, correspond to the assumptions of the theorem.
Let us denote Z, Z,, Z, the sets of all vertices of type X in G, G,, G, respectively.
Then Z, nZ, =8, Z< Z, U Z, and for each ze Z either BLS(BIS, z) =
€ BLSY(BL®', z) (if ze G,) or BLYBILS, z) = BL*(BL®, z) (if ze G,). Let C,
be a chosen block of BLG(BLG 2) for each z € Z. Now, let us choose a block C! of

BLS®'(BL®, z) for each z e Z, and C? of BL*(BL®*, z) for each z € Z, so that we
put C! = C, or C? =C,ifzeZ

(1) Next, we put C! = B if b¢ Z (in this case b is always of type X in_G,).
Now, there are Hamiltonian circuits h} and h? in G? and G? respectively, if induc-
tion is assumed, following theorem. Then there are especially a transform of h}
of theform b, ..., b,, b, (w,), b, and a transform of h? of the form (w,), b, b, , (w3).
Then h;, = (w,), b, (w,), b;, (W) is a Hamiltonian circuit in G2.

If be Z, then | BIS | = 0 and the theorem (part a)) holds for a choice of two
blocks of BLS!(9, b), concietely C, and B (according to the proof of Theorem 1).
Also in this case there is a Hamiltonian circuit h} in G? such that some transform
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of it is of the form b, ..., by, b, (W), by. Then hy = (wy), b, (w)), by, (wy) is
“a Hamiltonian circuit in G2 :

(2) There are Hamiltonian circuits h} and h% in G? and G2 respectively, if induc-
tion is assumed, following theorem. There are especially a transform of h} of the
form by, ..., b, (x)), b, and a transform of h2 of the form (x,), by, b, by, (x3).
Hence h, = (x5), by, (x4), by, (x3) is a Hamiltonian circuit in G2.

As in both cases (1) and (2) every path of the free vertices of G is a path of the
free vertices either in G; or G,, then under the induction assumption and from
the form of the connection of the circuits h}, h? and h}, h2 it follows that the
Hamiltonian circuits h, and h, prove the validity of the theorem 2.

If neither (1) nor (2) occurs, then for every cut vertex a of every inner block A
of G there holds either | BL°(4, @) n BL® | £ 1 and the vertices which are adjacent
to the vertex a in A are both the cut vertices in G or | BL%(4, @) n BL°| = 2 and
at least one of the vertices which are adjacent to the vertex a in A4 is a cut vertex
in G. As there is at least one inner block D, containing a free vertex in G (otherwise
Theotem 1 holds) so for at least one cut vertex d of D, it holds | BLS(D,,d) n
N BI®| = 2. Hence, in G there are three different inner blocks D, D,, D, having
the common vertex d. Let us consider the block D, = d,, ..., d;, d. At least one
from the vertices d;, and d, is a cut vertex in G (possibility (2) does not occur).
Let d, be a cut vertex. If all vertices d,, ..., d; are cut vertices, the block D, is
a root block of a prime C-diad which is a BL-subgraph of G. If one of the vertices
d,, ..., dy is free in G, there is an index j € {2, ..., k — 1} such that | BL%(D,, d) n
N BLI°| 2 2 and the vertices d, are the cut vertices for each ie {1, ...,j - 1}.'
The blocks from BLY(D,, d) n BIS and the ones D,, D, can be discussed in the
same way like D;. From the definition of a C-diad it follows immediatelly that all
blocks D,, D,, D; are the root blocks of three mutually edge disjoint C-diads
with the common vertex d, which are the BL-subgraphs of G. Hence G includes
a 3-C-diad as its BL-subgraph. It is not possible, therefore either (1) or (2) must
occur.

Suppose v is a cut vertex of a graph G and suppose a Hamiltonian circuit in G
iS Xy,€1,X,,€5, 00r Xney, €noq, X, With vertices x,, ..., x,, edges ey, ..., e,
and v = x, = x,. If we erase such edges from h which are not incident with v
and which join a vertex of one v-fragment to a vertex of a different v-fragment,
we obtain paths py , ..., Ps in G* which are disjoint sections of h with the following
properties. :

1. s 2 2. ‘ o

2.-Both vertices F(py), L(P:) are adjacent to the vertex v in G for each ie
€{2,..,5s - 1}.

3. Both vertices F(ps), L(p,) are adjacent to the vertex v in G.

4, U V(p) = V(G)

i=1
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Suppose r,, ..., r, are all of the sections p,, ..., p, in a particular v-fragment F
of G and suppose p, and p, are not among ry, ..., r,. Then there are edges in G*
by which the sections ry, ..., r, can be joined together into a single path py in G*
which includes all of the vertices of F except v and both vertices x = F(pf), y =
= L(py) are adjacent in G to v (x = y will occur if F has just two vertices). If p,
is one of the sections r,, ..., ; and p, is not or p, is one of r, ..., r, and p, is not
we can procéed similarly. In these two cases, the resulting path py includes all
of the vertices of F and F(pr) = v and L(py) are adjacent in G to v or L(pg) = v
and F(pg) are adjacent in G to v. Finally, if p, and p, are both among 7y, ..., 1,
we can join p, and p, in the otder p,, p, at the vertex v and then join the remaining
sections in 7y, ..., r, by edges of G* as before. We obtain a path pr in G* which
includes all of the vertices of F and both vertices F(pr), L(pg) are adjacent in G
to v. Now, these paths can be joined together end to end by edges from G? (except
that if each of two paths have v on one of its ends, the two paths of this sort are
joined at v). The result is a Hamiltonian circuit in G*> which passes through all
of the vertices other then v in each v-fragment before going on the next v-fragment.
Hence, if k is any Hamiltonian circuit in G2, there is a Hamiltonian circuit / in G
and there is an ordering F,, ..., F, of all v-fragments of G such that some transform
of l is of the form v, (w,), ..., (W), (W,4,), v, where V(w,) < V(F;) for each ie
e{l,...,t} and V(w,,,) < V(F,) if V(w,,,) # 9. We call such a circuit / a simpli-
fication of k at v.

The notion of a simplification of a Hamiltonian circuit was used for the first
time in [1] and in [4] it was used, too. In this paper it is used in a proof of the
following theorem which enables to prove the necessity of the condition from
Theorem 2.

Theorem 3. Letr G be a cactus with at least three vertices which includes no
3-C-diad as its BL-subgraph and let b be a free vertex in G. Then the following
assertions are equivalent.

(1) There is a Hamiltonian circuit h in G* some transform of which is of the
form (x), a, b, c, (y), where the vertices a and c are both adjacent to b in G.

(2) There is no C-diad with a root b which is a BL-subgraph of G. .

Proof. (2) = (1). If | BL?| = 1, i.e. G is a cycle, there is nothing to prove.
Suppose | BL®| = n > 1 and the implication holds for every cactus with less
then n blocks. Let B = b, ..., by; b be a block of G containing a free vertex b.
If both b; and b, b, # b, (otherwise b is a root of a prime C-diad), are free,
then (1) follows from Theorem 2. Suppose b, is a cut vertex of G and G,, ..., G,
are all the B, b,-fragments.

aym=1Ifk=2ie. Bisa tnangle b, is a free vertex and b, is of type X
in G. Then (1) follows from Theorem 2. If k > 2, a cactus G,, is defined as follows: -
V(Gy) = V(G) — V(Gy), E(Gy) = (E(G) — (E(G,) v {bby, byb;-1})) v {bbi-,}.
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In G, no BL-subgraph can be a C-diad with a root b. As | BL°* | < n, there exists .
a Hamiltonian circuit h, in G} under the induction assumption such that some
transform of h, is of the form (x), b,_,, b, by, (y). A vertex b, is of type X in
Gy = G; U B and according to Theorem 2 there is a Hamiltonian circuit hy
in G2, such that some transform of h,, is of the form b, b, by, ..., by_1, (2), b;.
Then h = (x), by_,, (2), by, b, b,, (¥) is a Hamiltonian circuit m G2 such that (1)
holds.

b) m > 2. There is at least one index i€ {1, ..., m} such that:no C-diad which
is a BL-subgraph of G; has a root in b,. Suppose i = m. Let as define a cactus
G =G - G,. As | BL¢| <.n, | BL°"| < n there are (according to the induction
assumption) Hamiltonian circuits /& and h,, in G and G2 respectively such that
some transform of them are Jf the form b,, b, b,, (x), b, and b, (), b, respectively
and where both F(y) and L(y) are adjacent to b, in G,, (F(y) = L(y) if G,, includes
just two vertices). Let k be a simplification of / at b,. Then there is an ordering
(s ..es im—y) Of the set {1, ..., m — 1} such that some transform of k is of the
form b, b, by, (W), Wy), ..., Wp-1), (W), b, where V(w;) = V(G,,J) for each
je{l,...,m — 1} and the vertices from ¥(w) and V(#) belong to the b;-fragment
which includes the block B. As the vertices L(b,, (w)) and F(w,) are adjacent to b,
in G and hence in G, too, b, b, by, (W), (), (Wy), ... s Wm—1), (W), by is a Hamiltonian
circuit in G that holds (1).

()= (2). If | BL®| = 1, then (2) holds. Suppose (2) holds for every cactus
with less then n blocks, n > 1, and there is a cactus G such that | BL® | = n,
a block B = b,, ..., b;, b in G with a free vertex b, a Hamiltonian circuit h in G>
such that some transform of it is of the form g, b, ¢, (W), a, where both a and ¢
are adjacent to b in G (then k£ = 2 and we can suppose a == b,, c= b) and
a C-diad with a root b, which is a BL-subgraph of G.

For each ie {1, ..., k}, if b; is a cut vertex let G; be the union of all the
B, bifragments.

Suppose b, is a cut vertex. If by, (), b, is of the form b, (wy), (x), (wd), (), b1 ,
where V(w}) € V(Gy),8 # V(w}) € V(G), V(x) # 8, V(x) " V(G,) =B, F((), by) ¢
¢ V(G)), the vertices L(x) # b, F((), b;) # b are different and both are adjacent
to b, in G — G,. As b, is adjacent in G — G, just to b'and b, _,, it is not possible
and by, (w),b; must be of the form (w), (Wi-1), b;, where V(w,) = V(G)),
V(#-1) 0 V(Gy) = 9 and F(w,) = by, F(M-1), by) = by

Suppose all vertices b,, ..., b, are cut vertices. In the same way it can be succes-
sively proved that b,, (w), b, is of the form (wy), ..., (w,), (W), b, , where V(w) =
= V(G)) for each i € {2, ..., k} and F((w,), b;) = by. Then necessarily V(#,) = #
and b, is free in G. From this it follows that no prime C-diad can posses b as its
root and at least one vertex from {b, ..., b;} is free in G. Therefore, according
to the definition of a C-diad there is an mdex ie{l,..., k} such that just two
B, b-fragments include some C-diad with a root b, as its BL-subgraph and b;is a cut

.
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vertex for each je {i + 1, ..., k} or je {1, ...,i — 1}. Suppose the first possibility
occurs. In the same way as earlier there can be successively proved that by, (w), by
is of the form (wy), ..., (w)), (W,_,), by, where V(w;) = V(G;) and F(w;) = b; for
each je{i + 1, ..., k} and the vertices L(w;) and F(w;,_,) = b;_, are adjacent
to b, in G. Then k; = (w,), b, is a Hamiltonian circuit in GZ. Suppose k; is a simpli-
* fication of k; at b, and G, ..., G! are all the b fragments of G; (these are just
all B, bi-fragments of G). Then there is such ordering (iy, ..., ) of the set
{1, ..., r} that a transform of k; is of the form b;, (d,), ..., (d,), (d,+,), b;, where
V(d)) = V(G,) for each je {l,...,r} and ¥V(d,,,) = V(G,) if V(d,.,) # 0. As
L(w)) is adjacent to b, in G, then for at least r — 1 indices s€ {1, ..., r}, both
vertices F(d,) and L(d,) are adjacent to b; in G; . Hence there is an index ¢ such
that b, is a root of a C-diad which is a BL-subgraph of G;,, (d,), b;, F(d,) is
a Hamiltonian circuit in G2 and the vertices F(d,) and L(d,) are adjacent to b,
in G;,. But this is not possible under the induction assumption as | BL®* | < n.
Therefore (1) implies (2).

Theorem 4. Let G be a cactus with at least three vertices. Then G* is Hamiltonian
if and only if G includes no 3-C-diad as its BL-subgraph.

Proof. Suppose h is a Hamiltonian circuit in G?> and G includes some 3-C-diad
as its BL-subgraph. Suppose b is a root of the 3-C-diad and k is a simplification
of h at b. Then there is an ordering G,, ..., G, of all b-fragments such that a trans-
form of k is of the form b, (d,), ..., (d,), (d,+,), b, where n = 3, V(d) < V(G)
for each ie {1, ..., n}, ¥V(d,.,) < V(G,) if V(d,.,) # 0. As at least three b-frag-
ments include some C-diads with a root b as their BL-subgraphs and at least for
n — 2 indices t € {1, ..., n} both vertices F(d,) and L(d,) are adjacent to b in G,,
there is an index ¢ € {1, ..., n} such that b is a root of a C-diad which is a BL-sub-
graph of G,, (d,), b, F(d)) is a Hamiltonian circuit in G? and the. vertices L(d,)
and F(d) are adjacent to b in G,. This is not possible according to Theorem 3.
Hence no 3-C-diad can be includes in G as a BL-subgraph.

The converse implication was proved by Theorem 2.

Suppose G is any graph, b is a vertex of G and k is a positive integer. We define
a graph G(k, b) in the following way: V(G(k, b)) = {V(G) — {b}} x{1, ..., k} u
U {b}, {xy} € E(G(k, b)) if and only if either x = (u,7), y = (v,j), i =j, u is
adjacent to v in G or x = (u, i), y = b and u is adjacent to b in G (G(k, b) is con-
structed from k copies of G by connecting at b).

Corollary 1. Let G be a cactus with at least three vertices which includes no
' 3-C-diad as its. BL-subgraph and let B = b,, ..., b,, b be an arbitrary cycle such
that V(G) n V(B) = {b}. Then

1. G is short with respect to b if and only if no b-fragment of G includes a C-diad
with a root b as its BL-subgraph. : ‘
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2. G is long with respect to b if and only if G L B includes no 3-C-diad as its

BL-subgraph and just one b-fragment of G includes a C-diad w:th a root b as its
BL-subgraph.

Proof. 1. Suppose G is short with respect to b and at least one b-fragment of
G includes a C-diad with a root b as its BL-subgraph. Then G(3, b) includes
a 3-C-diad as its BL-subgraph and there is a Hamiltonian Cll‘Clllt in G(3, b)2.
This is not possnble according to Theorem 4.

The converse 1mphcatlon immediately follows from Theorem 3.

2. Suppose G is long with respect to b and p is a Hamiltonian path in G* — b
such that F(p) is adjacent to b in G and the vertices L(p) and b have the distance 2
in G. Then b, (p~ %), b, , ..., b,, b is a Hamiltonian circuit in (G u B)? and according
to Theorem 4, G U B includes no 3-C-diad as its BL-subgraph. Suppose just k
of all b-fragments of G include a C-diad with a root b. If kK = 0, G is short with
respect to b. If k = 2, G(2, b) includes a 3-C-diad as its BL-subgraph and there
is a Hamiltonian circuit in G(2, b)2. It is not possible, hence k = 1.

Conversely. Suppose G, ..., G, are all b-fragments of G and suppose just
a cactus G, includes a C-diad with a root b as its BL-subgraph. As G, U B includes
no 3-C-diad as its BL-subgraph and b is of type X in G, U B, theie is (according
to Theorem 2) a Hamiltonian circuit in (G, U B)? a transform of which is of the
form b,, ..., b, b, (w), b, , where L(w) is adjacent to b in G; and the vertices F(w)
and b have in G, the distance 2 (a consequence of Theorem 3). Hence G, is long
with respect to b and because G,, ..., G;_y are short with respect to b, G is long
with respect to b. ‘

Corollary 2. Let G be a cactus with at least three vertices and let B = b, ..., b;, b
be an arbitrary cycle such that V(B) n V(G) = {b}. Then G is unusable with respect
to b if and only if either G or G U B includes a 3-C-diad as its BL-subgraph or at
least two b-fragments of G include a C-diad with a root b as its BL-subgraph.

Proof. Follows immediately from Corollary 1

Theorem 5. Let G be a cactus and let B = by, ..., b, be a block in G such that
all vertices of its are the cut vertices. For eachie {l, ..., k}, let the cacti Gf and G,
be defined in the following way: G} is the union of all B, b-fragments of G and G; =

o 5
=G/uBu U  A. Then G includes a 3-C-diad as its BL-subgraph if and
j=1 AeBLG(B,bj) .
only if there is an index te {1, ..., k} such that G, includes a 3-C-diad as its BL
BL-subgraph. ' : ’ '

Proof. Suppose G includes a 3-C-diad as its BL-subgraph and suppose there is
an index t € {1, ..., k} such that either G; U B includes a 3-C-diad as its BL-sub-
graph or at least two B, b,-fragments of G include a C-diad with a root b as its
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k : ’ :
~ BL-subgraph. As Bu U U 4 includes a prime C-diad with a root b,

j=1 AeBLG(B,bj)
J*e

as its BL-subgraph, G, must include a 3-C-diad as its BL-subgraph. If there is no
such index, then, according to Corollary 1, for each i€ {1, ..., k} there is in
(G})? — b, a Hamiltonian path p; such that F(p;) is adjacent to b; in G} and the
vertices L(p,) and b; have the distance at most 2. Then b, (py), bys .. (Pi-1)s
bx-1, (Py), by is a Hamiltonian circuit in G2. This is not possible, hence an index ¢
exists.

" The converse implication is obvious.
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