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ON SOLUTIONS OF THE LAGERSTROM
EQUATION

BOZO VRDOLJAK
(Received November 7, 1985)

Abstract. The paper deals with the behaviour of certain classes of Cauchy’s solutions of the
Lagerstrom equation. It considers the behaviour of solutions in the neighbourhood of an arbitrary
or integral curve on a finite or infinite interval. It presents the respective sufficient conditions which
grant certain behaviour of some classes of Cauchy’s solutions. The results obtained refer also the
approximation and asymptotic behaviour of solutions.
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In this paper we shall consider the Lagerstrom equation of the form
" 2 ’ ’
)] y +(—t——+y)y =0 = d/dt)

on interval I = (a, b), where —0 S g<b<0or0<a<bx +oo.

The Lagerstrom equation, in different forms, has been considered by many
authors. The papers [1—4], as well as many others, deal with the behaviour and
approximation of the solution which satisfies the boundary conditions y(e) = 0,

yloo) =1 (or y(0) = C = 0), where ¢ > 0 is small..

Let I' = {(y, ©): y = ¥(9), tel}, ¥ € C*}(I), be an arbitrary or mtegral curve
of (1) and let .

c={n0:ly —y@)| S e, tel}

be its neighbourhood. This paper deals with the behaviour of solutions of equa-
tion (1) with respect to set 0. There is a particularly interesting case when function ¢
is sufficiently small and tends to 0 as ¢ — oo.

We are going to use functions «, §, 5 o, g eC‘(I), @ #0,380>0o0nl and
functions
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B. VRDOLJAK

f=-t-2 gy gs—{—[ﬂ'+ﬂ’+ﬁ(%+y)]

and notations y, = y(2,), Yo = ¥'(tg), 09 = a(ty), ..., to € L.
Depending on the form of the Cauchy’s conditions the study will be carried
out in three parts. :

1. Let us first consider the solutions of equation (1) which satisfy the initial
conditions

2 [ Yo = Yol S o [0 = Boyo — %o@o | S | %o | do, thel

Theorem 1. Let I' be an arbitrary curve.
(i) If there exist functions o, B, 6, ¢ and @ such that

3 | fo+gy—¢'|+1gle<d -5

4) lep + By —¥'| +|ald <o — Be

on o, then all solutions y(f) of problem (1)—(2) satisfy condition

) |94 = ¥ | < e(t)  for every 1€ (to, b).
(i) If

(©) | fo+g¥—o¢' | +1gle<fo-¢,

) lag + By —¥'| +|x|6 < Bo—¢

on o, then at least one solution of the problem (1)—(2) satisfies condition (S5).

(iii) In view of conditions (3) and (7) or (4) and (6) problem (1)—(2) has one-
parameter class of solutions which satisfy condition (5).

Proof. Let us introduce the substitute

(®) Yy =al)x+ D)y,

where x = x(f) is a new unknown function. Equation (1) is transformed into
a system of equations

©) X =f0,0x+80, Dy, ¥ =alt)x+ By,

where functions / and g have already been defined.
Let 2 = R?*x I and

o, ={x,y,0)eQ:|x - ¢(1)‘| <o, ly —v@®| < e®} ‘
-X, ={(x,y,)eClo,: x; = (—1)'[x — ¢()] — () =0},
Yt = {(x’ s t)GCl(Dl: i = (—' 1)i [y - lp(t)] - Q(t) = 0}’ i = 1’ 2.

Let v = (x'(¢), ¥'(#), 1) be a tangential vector for the integral curve (x(f), y(?), f)
- of system (9) on dw,.
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ON SOLUTIONS OF THE LAGERSTROM EQUATION

Let us consider the scalar products

n,, = (grad x;, 1), n,, = (grad y;, 1), i=1,2
on dw,. We have

T, =(=1)'Ux+gn) - (=D'¢' =& =(=1)(fo+g¢ — ¢) +
+(=-D'gy—¥)+ f6 - ¢,
ny, = (=1 (ax+By) = (=D'Y — ¢ =(=1)' (@@ + Y — ¥) +
+ (=D a(x — ¢) + fo - ¢'.
(i) In view of (3) and (4) we have
. S|fo+gy—-o|+lgle+fo-9<0,
m, Slapg+BYy —yY' | +|ald+Pe—¢ <0, i=12

Accordingly, dw, is a set of points of strict entrance of integral curves of system (9)

with respect to sets w; and Q. Hence, all solutions of system (9) which satisfy
initial conditions

| Xo — @0 | < 0o, 1Yo — Vol = o
satisfy also conditions

| x() — e <80, |y —¥()]| <e® forevery 1€ (t, b).

. . 1 . ' e
Since, in view of (8), xo — @ = N o — BoYo — %oPo), then all solutions of
0

problem (1) —(2) satisfy condition (5).
(ii) In view of (6) and (7) we have

.= —|fot+gh—0|—-lgle+f6 -8 >0,
7[’,‘_._>_-—|a¢+ﬂ|ll_$’|—|a|6+ﬁQ—Q'>0, i=1’2'

Accordingly, dw, is a set of points of strict exit of integral curves of system (9)
with respect to sets w, and Q. Hence, according to T. WaZevski’s retraction
method ([5—7]), system (9) has at least one solution belonging to set w, for
every ¢ € I. Consequently, problem (1) —(2) has at least one solution which satisfies
condition (5).

(iii) Inthis case X = X, U X, is a set of points of strict entrance,and Y =Y, u Yz'
is a set of points of strict exit (or reverse) of integral curves of system (9)
with respect to sets w, and Q. Hence, according to the retraction method, system (9)
has one-parameter class of solutions which belong to set o, for every ¢ € I. Accord-
ingly, problem (1)—(2) has one-parameter class of solutions which satisfy condi-
tion (5).

For especially selected functions «, 8, and ¢ we can obtain very interesting
results.
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Corollaryl(ﬂa'%— Y#0,6=1¢=0, a>0) i) If
+

(10) Ti-l¢+(—2t— )] 1+ l0)<—-+~I/ q+——+—2— on a,

11 i’ L/’:_ * I,
(11 v T on
then all solutions y(t) of (1) which satisfy the initial conditions
12 [ Yo — Vol < 0o, ya—ll/l:lyo' Sag, toel

(V]
also satisfy condition (5).
@) If
" e Yy 2
(13) —||[’ +( +}’)llll(1 T>< v V-0 2 T ona,‘
e _VY o«
14 — < = - I’
14 e~ v "o ™

then at least one solution of problem (1)—(12) satisfies condition (5).
(iii) In view of conditions (10) and (14) or (11) and (13) problem (1)—(12) has
one-parameter class of solutions which satisfy condition (5).
Corollary 2 (8=0,6=1,0 =0, a > 0). (i) If
v e-L -2 yi<g-a oy,

then all solutions y(f) of (1) which satisfy the initial conditions

@13 [Yo — Yol < 0o, [yo ! £ o, toel
satisfy also condmon (5.
G 1If
V<—e-X-2 Wi<-¢-a onl

then at least one solution bf problem (1)—(15) satisfies condition (5).
(iii) If , :
o« 2

Vre-2-Z, Wi<-¢-a

or
o 2

v<-e-%-%,  Wi<e-a
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ON SOLUTIONS OF THE LAGERSTROM EQUATION

on I, then problem (1)—(15) has one-parameter class of solutions which satisfy )
condition (5).

Example 1. (i) All solutions y(f) of (1) which satisfy initial conditions

.
1y6) —(L—e)[Se  |y@|See s, O<es—
)

satisfy also condition

y(t) — (1 - —8:‘—> <

(ii) Equation (1) has one-parameter class of solutions which satisfy the initial
conditions :

8(2 - %) for every te (g, o).

1)

Y@OIS1+s  [Y@ISee™ 0<ess
and condition
. y@®) — (1 - —i—) < i(—l-tie—)— for every te (e, ).
Corollary 3 (ﬁ 0,0=0 0= 'I; ) Let y(t) be an arbitrary solution of
equation (1). (i) If
W l o o 2 ¢
ll/ >—+9 'Q— ? { ’ z- >a>0 on I,

then all solutions y(?) of equation (1) with initial conditions

(16) |%o ~¥ol S0, |76 = ¥ | S dogo, fo€l
satisfy also condition (5).
(/4 B
L4 o o 2 ¢
v > 5 +Q_—Q——7_T’ —< —~-a<0
or
ll// 1yl ¢ o 2 ¢
< 2T s = L1
v -0 . " % g >a >.0

on I, then problem (1)—(16) has one-parameter class of solutions satisfying condi-
tion (5).

v ‘ )
Example 2. Let A, T,r,39¢ R, r >0, 4, T > 9 > Oandasﬂz—. (i) Let
2
e=ret®™ I =[-w,-9], L=[9T]
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The statement (i) of Corollary 3 is valid for every solution
w(t)> A+r+~—|¢ | on I and I,.

The statement (ii) of Corollary 3 is valid for every solution
2
¥(r) < —A—r—%ww on 1, and I,.
(ii) Let’
e=re 4D, 1 =[-T,-9], L=[8 x).

The statement (ii) of Corollary 3 is valid for every solution

2
q/l(t)>A+r+—‘;—5]|/1’| on I, and I,.

Coronary4(a-m,p— 1,,559, =ty + "' ¢).Lez.p(t)be
an arbitrary solution of (1) and let I < (0, ). If
v2e, @ >It¥'le or Y20

’

o >2%+|tY'le or %|t¢’|+a—7@q—<u]/so

on I, then all solutions y(t) of (1) with initial conditions

[0 — Yol = 005 | 2o — ¥o) + Yo — Yol = @0, toel
satisfy also condition (5). This statement is valid also when I < (— 0, 0) if function

. . ’ - '
also satisfies condition %— > --::L on I

Example 3. Let (/) = C = 0, C € R. The statement of Corollary 4 is valid
on the interval I = (0, T} (T > 0 is an arbitrarily large number) when
= ._L...___ O<r< 1
C=ETyi-¢ =7
2 Let us consider now the solutions of equation (1) satisfying the initial condmon

1
(17) I,Vo—'pol""—ao'l‘l}’o"ﬂo)’o—ao‘PMéQo» toe L

Theorem 2. Let I" be an arbitrary curve.
(i) Let there exist functions a, B, ¢ and. ¢ such that

’
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ON SOLU'\IIONS OF THE LAGERSTROM EQUATION

U=(f-Bl+lg—ale+lfo+gy—o@ |+lap+pYy—y' | <o —(al+ fe
or
U< -B+lghe

on a, then all solutions of problem (1)—(17) satisfy condition (5)
Gi) 1f |
' U<—a'+(f—|¢l)a or U<-—o'+(ﬂ—lgl)a
on o, then problem (1)—(17) has at least one solution satisfying condition (5).
Proof. In this case equation (1) is also transformed info system (9) by a substitute
(8). Let 2 = R*x1,
o, ={x, 0| x- o) +1y - l#(t)l < (9},
Py = {(x, 3,0 eClay: p;= (=1)'[x + y — 0()) — ¥()] — o1t) = 0},
Qi ={xy0eClo:g=(-1)'[x—y— o) +y¥(®)] —e) =0}, i=12
Let 7 be a tangential vector on the integral curves of system (9) on dw, . Let us consi-
der the scalar products '
= (grad p,, 1), n,, = (grad ¢,, 1), i=1,2.
We have v
=(-D)'(x+egy+tax+py—¢ —¥) -7,
,,*(—1)‘(fx+gy—ax—ﬂy—¢ +¥) - e
Thls can be written also as

”p."(—l)'[(-f+ﬂ+g—¢)(}’ V) + (o + 8y — ¢) + (ae + By - 11")]+

+(f+a)e-¢

or ~ _ :

m,=(D'[(-B-g+a)(x— o)+ (fo +g¥ — @)+ (2o + Y — ¥)] +
+@E@+Phe—-¢

and :

,=D[(f-B+g-a) —¥)+ (fo + g¥ — ¢’)—(a<p+IN/ llt’)]+
+(f—-a)e—-¢

or . i

t,=(-D)'[(f-B+eg—-—a)(x—9)+ (fo+g¥ —¢)— (ap+ Yy —¥)] -
~-@E-Pe-2c

Now it is sufficient to note that we have in case (i) #,, < 0, n,, < 0 on 0wy,
and in case (i) n,, > 0, 7,, > 0.0n dw, (i = 1, 2). '

If we take that for functions o and g we have a = —%— ,9€R, 0<8< 1,B =0
-t

it can be, shown that the following corollaries are valid.
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Corollary 5 (for ¢ = 0). Let I' be an arbitrary curve and let

2.,
(18) |)’o“ll/o|+-‘*90—|}’o|§¢?o, el

W If
' , 28
v2o IV¥i<e —ae
or '
"o 9 ]
|y I+(I¢l +e+—ty)e<e
on I, then all solutions of problem (1) —(18) satisfy condition (5).
i) If
' ,_ 29
vs-o |¥I<—-e--50¢
‘ t
or.
9 ‘
Y| +(|»//| +Q+t—2)e< -¢
on I, then at least one solution of problem (1)—(18) satisfies coadition (5).
2
Corollary 6 (for Q= -tg—!ll') . Let Y(t) be an arbitrary solution of (1) and let
Y@ = o(9). For 3 > 0 (3 € R) and function g such that

LN A iy onl
all solutions y(t) of (1) which satisfy the initial condition

. 5
IJ’o"'I’o|+—9()—|)’o'¢o|§Qo, toel
satisfy also condition (5).
Example 4. Let () = O = r > 0, C, r € R. Corollary 6 is valid for
-3
e=re ! on I = (0, ).

3. Let us consider also solutions of equation (1) with the initial condition

1, '
a19) . . o — '/’0)2 + ';2—(}’0 — BoYo — %®0)* < 03, el
0
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ON SOLUTIONS OF THE LAGERSTROM EQUATION

Theorem 3. Let I” be an arbitrary curve.
(i) If there exist functions a, B, @ and g such that

20 H=glg+ale+|fo+gh—o'|+ o+ Y-y <e - b
f-850
or

@ H<o —fo, B-SS0

on o, then all solutions of problem (1)—(19) satisfy condition (5).
(i) If

(22) H< -9 +f2, f—-B20 .
“or '
(23) H< - +fo, B-f20

on o, then problem (1)—(19) has at least one solution satisfying condition (5).
Proof. In this case equation (1) is also transformed into system (9). Let 2 =
= R*x 1 and

Wy = {(x, v, 1)e: k=

(=00 | 0= W) _ 1}.
() e (1)

Let 7 be a tangential vector for integral curves of system (9) on dw;. Let us consider

the scalar product n = (—;— grad k, t) . We have

x_ __1
n=(fx+gy) qu) +(ax+ﬁy)yazw

—é[(x — 9o’ +(x— )+ — )V + (v - ¥l =
=(f~%)x’+(g+a)XY+<ﬁ——%—)Y2+

+[Up+ g0 — 0D X + @+ Bp — W) V]

where

(i) We have
né(f —fi—)xz+—21—|g+a|(xz+ Y’)+<B_—,—€Q—>Y2+,
+—[lfo+gh—o'l+log+py—yil=m.
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In viev} of (20) it is valid
a=(ﬁ—-%—+%lg+a|)(){’+Y2)+(f—-ﬁ)X2+
+ T[S0 +g¥ =o' | +lap + Bb = W'l] =
=p-Lt Llg+al+U-HX -

1 , '
+—Q—[If¢+g¢—<pl+la¢+ﬂ¢l—w 11<0,
and in view of (21) we have

n=<f——%'—+—;—|g+a|>(xz+Y’)+(p—f}¥2+

+=[1fo+ gb = 0| + lap + ¥ = ¥'1] =
=Ly Ligrair@-nrs
+[fo+eb =o'l +lap + py —y'l] <0.
. {ii) We have
n%(f—%—)X’—%lg+al(X’+Y2)1+(ﬁ\—\—%'—>Y2-
~—lfo+eb =o'l +lap+pp—¥'l1=n

In view of (22) it is valid
. .
n=p-L —Sigtal+(-HX -
: e . :
1 ' '
—;[If<o+gw—¢ | +leg + By —y'|] >0,

and in view of (23) we have

’ 1 .
n=f == glgtal +B - Ny? -

1 ' Y
— gl fe+gb =o'l +lap+py—y']]>0.
Accordingly, in case (i) dw; is a set of points of strict entrance, and in case (ii) dw,
is a set of points of strict exit of integral curves of system (9) with respect to sets w;

and Q. This conclusion grants the validity of Theorem 3.
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ON SOLUTIONS OF THE LAGERSTROM EQUATION
For B = 0 the following corollaries can be proved.

Corollary 7 (for @ = 0). Let I be an arbitrary curve, a(f) > 0 on I and let
@4 O =¥ + O Seh  foc

@ If |
. IWI<d -y

or

’

o 2 , , o 2 o
VS -e—-— -7 Ill'l<o-+(~ll e+ —+— 7)0

on 1, then all solutions of problem (1) —(24) satisfy condition (5).
i) If
Yy

A

o 2 , , 1
—e———3» Wi<-d —oe
or )

¥

v

of 2 , , o 2 o
e—— -7 |W|<-0—(W’+Q+?+T+T)Q

on 1, then problem (1) —(24) has at least one solution satisfying condition (5).

Example 5. Let ,
y=n-—rde", n=>r(l +9), 93>0, n,r9€R
The statement (i) of Corollary 7 is valid on I = (8, ) for

erl—i aE—'—g—-.
t)’ 4¢*

Corollary 8 <for Q= —Vi-) . Let (1) be an arbitrary solution of (1) and a(f) > 0

o
onl. If

« 2 o _a |y
20— — - = .2
vze " T a>2+ -
or . .
A ¢ o« 2  a a2 /
22 _ <z <€ = ——
a te e o t+2<w" e o t

on 1, then all solutions y(?) of (1) with the initial condition
| ' '
Go— ¥ +— (%~ V' S @5, toel
2 .
satisfy also condition (5)- '
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Example 6. The statement of Corollary 8 is valid for every solution
l/I(t) g r— % >

Ilv'@®| A4 on I, =(-0,0 and I, =(0,T), r,A,TeR,r, A, T > 0, with
functions

= peA DT a=1.

(44

Remark. The obtained results directly refer to the approximation and asymptotic

behaviour of solutions when function ¢ is sufficiently small and tends to 0 as

* t = o0. The obtained results can also be used for the analysis of solutions of equa-
tion (1) with respect to its stability.
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