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5. STRONG SINGULARITIES AND STRONG DEGENERATION INSIDE @

5.1. Introductory remarks. In [1], we introduced the Sobolev weighted spaces
W*P(Q; S) and Wy?(Q; S) and used them to solve the Dirichlet problem for certain
degenerate or singularly elliptic linear equations. Let us recall that

(i) #7(2) denotes the set of all weight functions on the open set Q = R", i.e. the
set of all measurable, a.e. in Q positive and finite functions; _

(ii) M(N, k) is the set of all N-dimensional multiindices « € N§ such that |«| < k;

(iii) M is a fixed subset of M'N, k) containing § = (0,0, ..., 0) and at least one
other multiindex of the length k;

(iv) S is a collection of weight functions,

(5.1) S = {w, = w/(x), w,e #(Q), ae M}.
Assuming that, for p > 1,
(5.2) wy =D el (Q) forall aeM,

we defined the space W*?(Q; S) as the set of all measurable functions u = u(x),
x € Q, which have on Q distributional derivatives D*u with o« € M such that D*u e
e IP(Q; w,), ie.

(53) 1Dz, = Lw« u)|? wa(x) dx < oo .

Conditions (5.2) guarantee that this space is well defined and that, moreover, it is
a Banach space under the norm

(54 Jilhs = (00l

If the conditions (5.2) are violated then the above definition is meaningless, since
it is not guaranteed that a function u € I7(Q; wg) has distributional derivatives on Q
at all (see the counterexample 1.7 in [2]) and that, even if these derivatives exist,
they are regular distributions (see the counterexample 2.5 in [2]). These difficulties
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can be avoided if we assume that D*u € I7{Q; w,) n L} (2); in this case the above

definition is meaningful but it is not guaranteed that the resulting linear normed
space is complete (see the counterexample 1.12 in [2]).

5.2. A modified definition of the space W*?(Q; S). Let us assume that some of the
conditions (5.2) are violated, and let us denote, for w e #(2),

(5.5) M,(w) = {er;J - owTMETD(p)dy = oo
Qnu(x)

for every neighbourhood #(x) of x} .
As follows from examples in [2], the set

(5.6) B = M,(w,)

aeM
is the ““bad” set which causes the noncompleteness of the corresponding weighted
space W*?(Q; S).
(Let us note that, obviously, M,fw,) = 0 if w, satisfies condition (5.2).)
Let us denote

(5.7) Q,=0-3.

Since 4 is closed in Q (see Lemma 3.2 in [2]), ©, is an open set in RY and it follows
from the definition that

wy D e L SQy) .

Therefore, the space W*?{Q,; S) is meaningful and, moreover, it is a Banach space.
Therefore, we introduce the space '
Wr(Q; S)
as the space W*?(Q,; S).
Obviously, this “new” space coincides with the “old” one if conditions (5.2) are
satisfied for all x e M. '

5.3. The space W§*(Q; S) and its modification. In [1], we introduced the space
WsP(Q; S) as the closure of C3(€2) with respect to the norm (5.4), assuming that,
in addition to conditions (5.2), the following condition is fulfilled:

(5.8) wee L, (Q) forall aeM.

loc',

This last condition guarantees that
(5.9) Cy(Q) =« Whr(Q; S).

Obviously, Wg*#(2; S) is again a Banach space under the norm (5.4).

If (5.8) is violated, then inclusion (5.9) is meaningless (see, e.g., Lemma 4.4 in
[2]), and therefore ‘the space W(;""(Q; S) cannot be introduced. Then we proceed as
follows.
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We denote, for w € #7(Q),
(5.10) M(w) = {x € Q;J- w(y)dy = o
QnU(x)
for every neighbourhood #(x) of x}

(formally we obtain this set by setting p = 0 in (5.5)). Obviously My/w) = 0 if
we L, ./Q). Let us further introduce the set

loc',

(5.11) €=U My(w,) ;
acM
then % is closed in Q and w, € L} ((? — %) for every a € M.
If Q, is the set from (5.7) (i.e. 2, = @ — %) and we denote

(5.12) 2,=0-%,

then we introduce the space
We'?(R; S)
as the closure of the set

(5.13) V=A{f;f = gla, 9€C5(Q)}

with respect to the norm (5.4).

Again, Wy'P(2; S) is a Banach space: the assumption f = g|o, With g € C3(2Q,)
guarantees that V< W%?(Q;S), so that the closure is meaningful, and since
w*?(Q; S) is WP\ Q,; S) by definition (see Section 5.2), the completeness of Wg?(2; S)
as a closed set in a Banach space is guaranteed as well.

5.4. The Dirichlet problem. Having now introduced the spaces W*?(Q; S) and
WsP(2; S) without any further assumptions on the functions w, e #7(Q), we can
proceed in complete analogy with [1], Chapters 2—4. Naturally, we work with
the spaces W*2(Q; S) and W§-3(Q; S); it is only necessary to point out that we have
in mind the new spaces just introduced.

5.5. Remark. The foregoing considerations show that in fact we are considering —
in this new setting — a boundary value problem not on Q but on Q;, = Q — 4.
If w, are continuous a.e. in Q then the set 2 from (5.6) as well as the set  from (5.11)
are of measure zero (see [2], Theorem 3.3 and Lemma 4.6); in this case, we can
consider # and ¥ as parts of the boundary of the domain of definition. All will be
seen more clearly from the following examples, in which we shall work with the plane
domain = (—1,1) x (—1, 1) and with the operator

(5.14) du = — é} % (a(x) %“) + alx)u.

In this case, the natural space (in the sense of [1]) is W"*(Q; S) with S = {a, a, a} .
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We denote
(5.15) Q. ={xeQ x;, >0}, Q_={xeQ; x, <0},
F = {(xl, 0); 0 < xl < 1} .

5.6. Example (strong singularity). Let us take

52 if xeQ
5.16 = =% ! +o
(519 a(x) = alxi, x2) {|x2|-* it xeQ.

with 0 < 4 < 1in(5.14). Since a~1/®~1 = g~1(p = 2) belongs to L (<), the set #
from (5.6) is empty (i.e. 2, = Q) and the space W}(; S)is well defined and com-
plete. On the other hand, a ¢ L} (Q) and the set € is the segment I’ from (5.15).
We say that on I" a strong singularity of the coefficient a appears. In accordance
with Section 5.3, we define W, **(2; S) as the closure of C(Q — I). The weak solu-
tion of the Dirichlet problem for the operator 4 from (5.14) is a function u e
e W'3(Q; S) for which

(5.17) j a(x) I:E'i il LN uv] dx = ffv dx
Q2 Q2

0x, 0xy  0x, 0x,

for all ve C3(Q — TI). Since v vanishes in a neighbourhood of I, we can consider
the identity (5.17) on Q, = @ — T instead on Q. Further, the boundary condition
is expressed by the requirement

u — uye Wy'3(Q; S)

with a prescribed uo € W1%(Q; S) (= W'*(Q,, S), since meas I' = meas (@ — Q,) =
= 0). These facts suggest the idea that we have to prescribe a boundary condition
not only on 0%, but also on I since 62, = dQ u I'. But in fact we automatically
have “Ir = 0 (in the sense of a trace) since also u, has to have a zero trace on I'
as a consequence of the fact that the weight a(x) is of the form [dist (x, I')]* with
£ = —2 < —1 (see Section 4.3 in [1]).

Let us mention that a singularity of a(x) appears on the whole segment

(5.18) P = {(xl, 0), _1 < xl < 1} ’
but on P — T the singularity is weak.

5.7. Example (strong degeneration). Let us take

2 .
_ _)xy if xeQ,,
(5.19) a(x) = a(x,, x;) = {lex i xeQ.

with 0 < 4 < 1 in (5.14) (this function is the reciprocal of the function from (5.16)).
Here we have a strong degeneration on the segment I' (and a weak one on P — I
since the condition a~ V(™1 = g~ e L} (Q) is not fulfilled. Therefore, the space
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W12(Q; S) is in fact the space W*(Q — I'; S) and Wy**(Q; S) is the closure of the
restriction of functions from C3(Q) to @, = Q - TI.

5.8. Remark. A comparison of the last two examples shows that the behaviour
of the solutions u € W'3(Q; S) differs on I': In Example 5.6 we necessarily have
ulr = 0; in Example 5.7, we have no information and no requirement — the “‘trace
from above” (for x, — 0+) can be completely different from the “trace from below”
(for x, > 0—); and in the case of no strong singularity or degeneration the trace
exists (possibly nonzero) on I' since our space W*:3(Q; S) is imbedded into the Sobolev
space W'-1(Q) (see also Section 4.3 in [1]).

5.9. Remark. Combining the considerations from Examples 5.6 and 5.7, we can
construct examples in which strong singularities appear in one part of Q (the set %
from (5.6)) while strong degeneration appears on another part (the set € from
(5.11)). Nevertheless, both phenomena can take place on the same set, as the following
example shows.

5.10. Example (strong singularity together with strong degeneration). Let us take

e * if xeQ,,
(5.20) a(x) = a(xy, x,) = {1 £ oxeQ

in (5.14). In this case we have a~ Y/~ = =1 ¢ [} (Q) and a ¢ L} (R). The sets &

loc loc

and € coincide with the segment I" and therefore, we define W':3(Q; S) as the space
W2(Q ~T;S), Wo(2S)=Cg(e~-T).

In this case, we have a strong singularity on I" from below (i.e. if x, > 0—) and
a strong degeneration on I" from above (i.e. if x, — 0+). In view of the definition
of the space W!%(2; S), we should consider I as part of the boundary of the domain
of definition 2, = @ — ¢ = Q — T. But in this case, for u e W"?(Q; S) we auto-
matically have a zero “trace on I' from below” and no condition for a “trace from
above’. The arguments are analogous to those of Examples 5.6 and 5.7.

6. NONLINEAR EQUATIONS

6.1. Introductory remarks. In [1] and in the foregoing sections, we considered
a linear differential operator

(4u) (x) = nt,ngem( = 1) D(a,5(x) D'u)

and constructed a suitable Sobolev weighted space W*?(; S) (with p = 2) in which
the Dirichlet problem for 4 was uniquely solvable. The set S = {w, e #(Q), a € M}
was determined by the operator A4 or, more precisely, by its coefficients a,g.
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Now, we shall consider nonlinear operators of the form
(6.1) () (x) = T (~ 1) Da,(x; Sy ()
with "

(6.2) dmut = {DPu; Be M}.

We shall proceed in the reversed way: We shall assume that the spaces W*?(Q; S)
and W;'? (2; S) are given (i.e., that the set S of weight functions w, is prescribed,
a € M) and show, what operators A (i.e., what functions a,(x; £)) are suitable for
the Dirichlet problem to be solved (in a weak sense) in these spaces.

Therefore, let us assume that the set M = M(N, k) and the family S = {w, € #(Q),
a € M} are given (according to points (i)—(iii) from Section 5.1) and that W*?(Q; S)
and WEP(Q; S) with p > 1 are the corresponding weighted Sobolev spaces from
Sections 5.2 and 5.3 (i.e., the modified spaces, if conditions (5.2) and/or (5.8) are
not fulfilled). So, we have Banach spaces at our disposal, which are obviously
reflexive.

6.2. Formulation of the Dirichlet problem. Let m be the number of elements of
the set M, i.e., the number of components of the vector function §yu from (6.2).
We shall write & € R™ in the form & = {¢;, f € M}.

Consider the operator 4 from (6.1) and suppose that the functions a, = a,(x; &)
(the “coefficients” of A) satisfy the following conditions:

(i) they are defined for a.e. x € Q and for all £ € R™ and satisfy the Carathéodory
condition (see e.g. [3], or [7], Sec. 12.2);

(ii) they satisfy the (weighted) growth conditions

(6.3) la(x; Q)] = wa"(x) [9(x) + c",gw |6l7™ wp"*(x)]

where g, € I(Q) with ¢ = p[/(p — 1) and ¢, = 0 are certain functions and constants,
respectively, while w, are elements of S.
The class of all such functions @, will be denoted by

CAR (p, S) .

Further, let uy e W*?(Q; S) and fe [WE?(Q; S)]* be given. We shall say that
a function 4 = u + u, is a weak solution of the Dirichlet problem for the operator 4
(with the right hand side f and boundary data u,) if

(6.4) u=i—uye Wy S)
and
(6.5) Y | au(x; O u(x) + Op uo(x)) D* v(x) dx = (f, v)

for all ve WP(2; S) .
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6.3. Existence theorem. Let Q be an open set in RY, p > 1, M and S the sets
from Section 5.1 (iii), (iv), W*?(Q; S) and Ws?(Q; S) the corresponding Sobolev
weighted spaces. Let the coefficients a, = a,(x; &) of the differential operator A
from (6.1) satisfy the following conditions: '

(6.6) a,e CAR(p, S) ;

for a.e. xe Q and all &, ne R™ the inequalities

(6.7) 2 [a(x: &) = a(x,n)] (4 — 1) 2 0,
(6.8) agwaa(X; ¢ 2 clagﬂléA" w,{x)

hold with ¢, > 0.

Then there exists at least one weak solution i e W*P{Q;S) of the Dirichlet
problem from Section 6.2.

If the inequality in (6.7) is strict, then the solution & is uniquely determined.

6.4. Remark. The reader familiar with elements of the theory of monotone opera-
tors has certainly observed that (6.7) is the usual monotonicity condition and (6.8)
the coercivity condition except for the factor w,(x) at |&,|? on the right hand side
(we shall call (6.8) a weighted coercivity condition). Consequently, Theorem 6.3
asserts that the weighted growth condition (6.3) together with monotonicity and
weighted coercivity guarantee the existence of a weak solution. The proof follows
by standard methods of the theory of monotone operators, and conditions (6.3),
(6.7) and (6.8) can be generalized as usual (monotonicity of the main part of the
operator together with some compact imbeddings etc.). We shall give the proof of
Theorem 6.3 after presenting an example and some auxiliary results.

6.5. Example. The operator )
(4u) (x) = 3 (= 1)"! D[|D* u(x)|"~* sgn D* u(x) w,{x)]

aeM
with w, € #7(Q) is a typical representative of operators involving solutions in the
weighted space with weights w,. The functions
aa(x; é) = léalp—l sgn éa wa(x)

obviously satisfy condition (6.3) (with g, = 0, ¢, = 1), (6.7) and (6.8) (with ¢, = 1).
Analogously as in the linear case, the coefficients w, express a certain degeneration
or singularity on those parts of Q on which w, tend to zero or to infinity, respectively.

6.6. Two auxiliary assertions. It is easily seen that the mapping ®: I{Q) —
— I7(Q; @) defined by
®(u) = ug™""" (¢ e #(Q))
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is an isometric isomorphism between the spaces considered and connects weighted
and nonweighted spaces. Using this mapping one can prove the following two
assertions about continuous linear functionals on W*?(Q; S) and about Nemyckij
operators on weighted spaces I?(2; ¢), modifying in an obvious way the proof of
the correspbnding assertion for the nonweighted case (see, e.g., [5], Theorem 3.8,
or [4], Sec. 5.9, for the first assertion and [3] for the second).

(i) Let F be a functional from the dual space [W*?(Q; S)]*. Then there exists
an m-tuple

(6.9) Q= {f,eB(Q;w;"); ac M}, q=-—p—l,
p -—
such that
(6.10) (F,o) =), J‘ fo D wy/P~ 14 dx
aeM Q
and
(61 F = 00 (S D

where the infimum is taken over all m-tuples Q of the form (6.9) such that the
representation (6.10) takes place.

(ii) Let 2 = RY, meN, p > 1. Let h(x, &) be a function defined for a.e. xe Q
and all £eR™ which satisfies the Carathéodory condition. Let #(uy, ..., u,,)
be the Nemyckij operator generated by the function h, i.e.

H(ug, ..., thy) (X) = h(x;uy(x), ..., u(x)), x€Q.

Leto,wjew(Q),j=1,2,...,m.

If (uy, ..., u,) € [1I2(2; w)), then . .
ji=1
H(ug, ..., uy) €525 071 (q = —-p-1—)
q —_—

if and only if the following condition is fulfilled: There exist a function g € I)(Q)
and a constant ¢ = 0 such that for a.e. x € Q and all £ € R™ we have

61D Jisi B £ S €4(3) [03) + € 3 &1 wi)]
j=1
If condition (6.12) is fulfilled, then the Nemyckij operator 3 is a continuous
mapping from [] IZ(2; w)) into IX(Q, ¢~ Y).
j=1
6.7. Proof of Theorem 6.3. (i) Let us consider the form
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(6.13) a(u,v) =y, (x; Spm u(x)) D dx

aeM

associated with the differential operator A from (6.1), and define functions h, by the
formulae

(6.14) ho(x; &) = a,(x; &) [w(x)]127 17, aeM.

Since a, € CAR (p, S), we have that h, satisfy the Carathéodory condition and, in
view of (6.3),

(6.15) |h(x; Q)] = we'*(x) [9.x) + CaﬁZM |E|7~ wp'*(x)] -
Assertion (ii) from Section 6.6 implies — see (6.12) with ¢ = w, — that the operator
H(u) (x) = hy(x; {us(x)}sem) is a continuous Nemyckij operator from H I7(2; wp)

into I{Q; w;'). Particularly, the function fy(x) = hy(x; oy u(x)) be]ongs to
IYQ; w;') for ue WhP(Q; S).
Since

)= ¥ J' (s S u(x)) D* 0l2) whlP~ V() dx =
QaE. Q

=Y f,,,(x) D p(x) wy/P~4(x) dx

aeM

we obtain from assertion (i) of Section 6.6 that a(u, v) is (for u fixed) the value of
a continuous linear functional on W*7(Q; S). We denote this functional by Tu,
since it depends on u, and so we have

a(u,v) = (Tu,v) for u,veW"¥(Q;S).

Since u was fixed but arbitrary, we have constructed an operator

(6.16) T: Wh(Q; 8) - [WHP(Q; S)T* .
From (6.11) we have
(6.17) [Pe] < {3 1o} < sl + ulps)™

since inequality (6.15) implies that
A f s S w3 2(3) dx
éj 1903 [a(x) + e, 3 D7 ()~ wy O]l v () v
< (m + 177 {|ga])} + c2 Z [DPul? .} < ex(t + [u]?5)
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where ¢, is a fixed constant depending on the c,’s and on the I’-norms of the func-
tions g,.

(ii) According to formula (6.5), to find a solution # of the Dirichlet problem
means to find a function ue Wg?(Q;S) such that a(u + u,, v) = {f, v), ie.
{T(u + ug), vy = <{f, v for every v e Wg?(2; S). If we denote

(6.18) Tu = T(u + u,),

then obviously T is an operator from X = WeP(2; S) into its dual X*. Conse-
quently, our problem reduces to the problem of finding u € X such that {Tu, v) =
= {f, v) for every v e X, i.e. to the equation

(6.19) Tu=f on X

with a given fe X*.

Equation (6.19) will be solved by Browder’s theorem (sce, e.g., [6], Chap. 2,
Theorem 2.1, or [7], Theorem 29.5), which guarantees the existence of a solution
u € X if T is bounded, demicontinuous, monotone and coercive.

(iii) Boundedness of T follows immediately from formula (6.17).

(iv) Demicontinuity of T'is a consequence of the continuity of the Nemyckij opera-
tors #,(u) from part (i) of this proof. Indeed, if u, — u in X, then {Tu, — Tu, v) - 0
for every v € X since by Holder’s inequality we have

|<Tu,, — Tu, v)l =

5 f (153 St + Spatc) — (3 Spus + Spuio)] Do wl/o Ve dx] <
2

aeM
= Z;‘dllh“('; 5Mu" + 5Mu0) - ha(.; 5Mu + 6Mu0)”q,w¢“ ||D’”"p,w,

and the first norms in the Jast expression tend to zero for n — oo.
(v) Monotonicity of T follows from condition (6.7), where we take £ =D u(x) +
+ D*uy(x), n = D*v(x) + D* uo(x):

(6.20) (Tu—To, u—vy =Y J' [au(x; Syt + Snyttg) —

aeM
— a,(X; O + Spto)] (D*u — Dw)dx 2 0.
(vi) Coercivity of T follows from condition (6.8): If we take & = & u(x) +
+ Op Uo(x), then

(6.21) Tu,u + ug) =Y. | a,(x; Sy + Spyto) (D*u + D%up) dx =

aeM ) o

Zc Y ID“ u(x) + D ug(x)[? wy(x) dx =

aeM
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1-— "uo lk,p.s

lulles|

= cillu + uolEps 2 ea] [ulleps = Nuolepsl” = exlulfps

Further, from (6.17) we have
(6.22)  [KTu, uo)| < | Tu] . Juol,ps < sl + [u + uof,,.9)" [oflupis <
< eul1 + Julls’ + Tool5) ool = s + eolults
(note that u, is given and ¢ = p/(p — 1)). Formulae (6.21) and (6.22) yield
{Tu,u) = {Tu,u + ugy — {Tu,uy) =

p

| — "ﬂ’_”_kL-S — {es + 06"””;:.;.15 =

luli.p.s

1 — [40]lc.p.s
luller.s

2 erfu]f s

= Julz.s {

and consequently

P e ¢ }
lultss  luleos
{Tu, u)

lullp.s

- for |ul,s— o,

i.e., Tis coercive.

So, the existence of at least one solution of the Dirichlet problem is proved. Uni-
queness follows by contradiction if we assume that the inequality in (6.7) is strict:
Analogously as in (6.20), for two solutions u, u* we obtain the inequality
{Tu — Tu*, u — u*) > 0 while Tu = Tu* = f.

6.8. Concluding remarks. Analogously as in the linear case we can weaken some
of our assumptions in Theorem 6.3 provided we have more information about the
structure of the spaces considered. Let us mention two of such generalizations:

(i) If there is a subset M; = M such that ||u,,s < cof Y. [|D*u|5,,.}*/? for

: acMy

PsWa

every u € Wy'?(2; S), then we can modify condition (6.8) summing only over M,
(instead of M) on the right hand side.
(ii) If Q has finite measure, then (6.8) can be replaced by

Y a(%3€) & 2 e1 X &P wilx) — ¢z
aeM acM

with ¢; > 0, ¢, = 0.
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