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ASYMPTOTIC PROPERTIES OF SOLUTIONS OF DIFFERENTIAL 
SYSTEMS WITH DEVIATING ARGUMENTS 

EVA ŠPÁNIKOVÁ, Žilina 

(Received June 10, 1988) 

Summary. The purpose of this paper is to study the asymptotic behavior of solutions of the 
nonlinear differential system (S) which is either superlinear or sublinear and J°°P,(t) d t < oo, 
i = 1,2, ...,w — 1. 

Keywords: Nonlinear differential system with deviating arguments, superlinear nonlinear 
differential system, sublinear nonlinear differential system, oscillatory solution, nonoscillatory 
solution. 

Classification AMS: 34K25. 

INTRODUCTION 

In this paper we consider the differential system with deviating arguments 

(S) y'i(t) = Pi(t)yi+1(t), I = 1 , 2 , . . . , H - 2 ; n = 2 

yfn-l(t) - Pn-l(t)fn-l(yn(dn(t))), 

yn(t) = / * ( ' , yl(gl(0))> 
where the following conditions are assumed to be fulfilled: 
(a) Pi(t) is continuous and nonnegative on [a, oo); pt(t) ^ 0 on any infinite sub-

interval of [a, oo), J00 Pi(t) dt < oo, i = 1, 2,..., n — 1. 
(b) gt(t) is continuous on [a, co), lim gt(t) = oo, i = 1, n; gn(t) _ t for t _ a. 

f-+00 

(c) f„-i(w) is continuous on R; |f,-i(w)| _ K\u\p, for 0 < p _ 1, 0 < K - const. 
(d) f„(t, v) is continuous on [a, oo) x R and \fn(t, v)\ _ co(t, \v\) for (t, v) e [a, co) x 

x R where co(t, z) is continuous on [a, co) x [0, co) and nondecreasing in z 
for every t e [a, oo). 

System (S) is called superlinear or sublinear according to whether co(t, z)\z is 
nondecreasing or nonincreasing in z for z > 0. The purpose of this paper is to study 
the asymptotic behavior of solutions of system (S) which is either superlinear or 
sublinear. Hereafter the term "solution" will be understood to mean a solution y(t) = 
— {yi(0> J^CO' •••>yn(0} °-? (S) which exists on some half-line [T, co), T > a, and 

n 

satisfies sup { £ |y / (0 | : t _ ?'} > 0 for any T' _ T. Such a solution is said to be 
! = 1 
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oscillatory [weakly oscillatory] if each of its components [at least one component] 
has arbitrarily large zeros. A solution is said to be nonoscillatory [weakly nonoscil-
latory] if each of its components [at least one component] is eventually of constant 
sign. 

Let ik e {1 ,2 , . . . , n — 1}, k = 1, 2 , . . . , n — 1, and f, s e [a, oo]. We define: 

I0(t9 s) = J0(t, s) = 1 ; 

h(t, s; pil9 pi29..., pik) = J_ ph(x) h-i(x9 s; pil9 ph9..., pik) dx ; 

J
k(t> s; pil9 pi29...9 pik) = fl pik(x) Jk-i(t9 x; pii9 pi29..., pik_t) dx ; 

5k
0(t) = S0(t) = 1 ; 

s%f) = Jj{^>t;pk+j.l9...,pk+upk); 

55(0 =Ij(co>t'>Pk>Pk+i>--->Pk+j-i) f o r I = 1,2, . . . ,n - fc; 

g*(t) = max {#_(?), t} , ^ ( f ) = min {gL(t)91} , 

/i*(f) = sup g*(s) , /!*(*) = inf g*(s) . 
A = s ^ r s = f 

It is easy to prove that the following identities hold: 

h(t, s; pil9 pi29..., pik) = Jk(t9 s; pii9 pi2,..., pik) 

for k = 1, 2 , . . . , n — 1 . 

OSCILLATION THEOREMS 

We first prove a theorem which enables us to classify all solutions of (S) according 
to their behavior as / —• oo. 

Theorem 1. Assume that either (S) is superlinear and 

n - l 

(!) J" 11 <5i(0*(O) "it* c) df < oo for all c> 0 
1 = i 

or (S) /s sublinear and 

(2) r§M?w( ' ' cn l^*(0))d '< a ) /<»•-" c > ° ' 
J «5iUi(t)) ;= t 
/ = 1,2, . . . ,n - 1 . 

If j( t) = {>'i(t)> y^i*)' •••'>'«(')} is a solution of (S), rnen exactly one of the fol
lowing cases occurs: 
(I) lim sup |y,(r)| = 00, i = 1, 2 , . . . , n; 

r - K 

179 



(II) there exists an integer k e {1, 2 , . . . , n — 1} and a nonzero constant u.k such that 

l i m i ^ = (-1)'I"''a* f°r ' = -.2 , . . . ,fc; 
«-<*> d t_ ( ( t ) 
lim yi+k(t) 5%t) = 0 for i = 1, 2 , . . . , n - k ; 
f-+00 

(III) fhere exists a constant a„ such f/zaf 

l i m l f v T = (-1)W" f /- iW > r i' = 1 . 2 f . . . , n - l ; 

lim y„(f) = a„. 
f-*oo 

Proof. We assume that (S) is superlinear and (l) holds. Let y(t) be a solution of (S) 
defined on [T, OO). Let T ^ T be such that h*(T) ^ T and d[(T) ^ 1 for i = 1, 2 , . . . 
..., n — 1. Integrating the first (n — 1) equations of (S) from T to t and combining 
them we have 

(3.) M 0 | = __ MT)| I,-i(<> ^ Vu P., - . P,-i) + 
, '=i 

+ /,(i\ r , p 1 , | > 2 , . . . , p , | y l + 1 | ) , / = 1,2, ...,/j-2; f = T ; 

(3„_.) | y i ( 0 | :_ "t)yAT)\ Ij-i(*. T> P» P2> — P, - i ) + 

+ /,__(/, T;p_,p_,...,p„__|L__(^(<.„))|), t __ T. 

Integrating the last equation of (S) from Tto t and using (d) we obtain 

(4.) \y„(t)\ Ik \y„(T)\ + & co(s, \yi(gi(s))\) ds , tZT. 

Using (b), (c), (4„) and Taylor's theorem we get 

(5) \L-M9n(t)))\ ^M + Nfr co(s, \yi(9l(s))\) ds, tZT, 

where M = K^tf , N = Kp\yj(T)\'-1 . 

Integrating the first (n — 1) equations of (S) from Tto t and combining them (using 
(5)) we have 

(4,) \y,(t)\ g ^ \yj(T)\ /. _.(/, T; p„ pl+1,..., p,__) + 

+ M/„_.(.,T;/>,,...,_>,,__) + 

+ NI„_, + 1(t, T; p„ pl+1,..., p„-u « ( • , |y_(0_('))|)) , 

/ = l , 2 , . . . , n - 1 ; J = T. 

Suppose that lim sup |>'i(t)| = °°. Let there exist an integer i e {2, 3 , . . . , «} such 
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that lim sup |yi(*)| < °°- Then from (3i-_) we get a contradiction with the as-
f->00 

sumption. Case (I) is proved. n_l 

Suppose that lim sup |yi(f)| < °°- From (1) we get that the function Y[ <5_(0 °>(t> c) 
t-*ao j — 1 

is integrable on [T, co) for all c > 0. It is easy to prove that p_(t) y2(t) e l}\T, co) 
(from (42) we have 

J? Pi(t) M t) | dt_Y \yj(T)\ 5)_X(T) + M S^T) + 
J = 2 

+ Nj-n^"(s)a>(S,|y1(g1(5))|)ds). 
1=1 

From the first equation of (S) we obtain 

(6) y_(t) = ax - J« Pl(s) y2(s) ds , t __ T , 

where cc_ = y_(T) + J* p_(s) y2(s) ds . 

From (6) we have lim yt(t) = ax. 
t-+ao 

From (4 f+1) for i = 1, 2 , . . . , n — 1, we obtain 

<5j(t) \yi+i(t)\ g 8}(t) [ "X |>,/T)| ^ . J .^T) + MK+-U(T) + 
I = i + 1 

n - 1 

+ Í V J M - . M » I ( . ) ) | ) n ^{(5)dS] + 
J = Í + I 

+ JV \'ti co(s, \yi(gi(s))\) Y[S{(s) as, t_T. 
1=1 

Hence we see that d](t) |yi+_(t)j can be made arbitrarily small by taking t_ sufficiently 
large and then letting t increase without bound. Thus, lim d](t) yi+l(t) = 0, j = 

f-->oo 

= 1, 2 , . . . , n - 1; and we arrive at Case (II) (with k = 1) if OL_ + 0. 
n - l 

Suppose that a_ = 0. From (l) we get that the functions S\(g_(t)) f j S{(t) co(t, 1), 
n - l n - l j=2 

[15{(t) co(t, 1) and J l ^i'(t) <o(t, c <5}(0i(t))) are integrable on [T, oo) for all c> 0. 
j = i y = 2 

Choose a T. >= Tsuch that T* = h*(T.) _ T, |y1(s1(t))| _ 1 for f _ T., 

Ntfi8\(gl(s))i\5i(s)co(s,l)ds^$ 
1 = 2 

and 

!Vj?in5{(5)aJ(5)l)d5_i. 
J = l 

From (6) with regard to (42) we get 
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(7) \y_(t)\ _l 5\(t) lY\yj(T)\ d)_2(T) + M S___(T) + 
1 = 2 

+ NyT
nfidi(s)co(s,\y1(g1(s))\)ds] + 
1 = 2 

+ -V i?ns{(s) a>(s, \y_(g_(s))\) ds, t = T. 
1=i 

Putting ux(t) = sup |yi(s)| and using the decreasing nature of the right-hand side 
s__t 

of (7), we obtain 

(8) ^ g Kx + N f n ^ ) co(s, \yi(gi(s))\) ds + 
• <M0 Jr, 1=2 

+ ^ L f" Ti w <*• ki(^(s))Dds > < = T i > 
<M0Jf 1=1 

where Kj is a positive constant. 
For each t ^ 7\ we denote 

K,1 = { s e [-Ti, oo); gi(s) ^ i] , .4 J = {se [T l f oo); gx(s) > *} . 

We then have 

w l ( g l ( s ) ) ^ Ul(a) r nl 
; ; n <; sup - j - ^ for seR\ , 

<5i(gi(s)) 7V = <r = f o\(or) 

Wi(gi(s)) -̂  Mi(0 for s e At-

Using the inequality 
(9) co(s, ab) = a co(s, b), 0 < a ^ 1 , b > 0 , 

which is a consequence of the superlinearity of (S), we can derive the following 
inequality from (8): 

11.(0 "<^r $-£íK_+N sup íití I" f 5\(gi(s))'f[ 5{(s) <o(s, 1) ds + 
,(í) T.1žs<ftd1(s)LJ1R,in[r1,t) J = 2 

+ IZA í *i(*i(s)) n*í(-) <<*>!) dsl + 

+ !V^r<5Í(0[ "ffíí(-)a<a,l)d.+ 
•MOL J-Vr.tr,..)'--

+ f n w <-<-. i) dsl ^ 
J / l t 1 n [ ř , c » ) 1 - 1 J 

£Ki+ sup ^JVrál(a1(s))nV1(s)a)(s,l)ds + 
TSgsítŮ^S) JTí j = 2 
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+ ~rn^r'n^s)ft ,(s'1)ds = 
^ -.r , U,(S) , Ui(t) ^ _ , 

- í ^ i + i sup -AU + i - l i i , í k T . , 
T^ésgtO^S) d\(t) 

and consequently 

—— = K! + i sup —— , f = Tt , 
0i(0 Ti__s__f <5J(s) 

where Kx = fKx + i sup Ui(s)/<5{(s). It follows that 
Ti*^s^Ti 

lzi(0l<__(0< sup ^ < 2 x l 5 ,__r_. 
*1(0 ~ *i(0 ~r._.s.t5}(s) -

From the last inequality we have 
(10) | ;vi(0,(O)| < K* 6[(gi(t)) for * ^ T , 

where K* is a positive constant. 

The function p2(t) y3(t) is integrable on [T, oo) (because (43) with regard to (10) yields 

I? P_(0 M 0 | dt _."}_VXT)| 5?_2(T) + M 5„2_2(T) + 

+ X J? "fl *{(-) <°(s* --! S\(gi(s))) ds) , 
J = 2 

and we have 

(11) y2(t) = a2 - J- p2(s) y3(s) ds , f _ 7\ 

where a2 = y2(T) + J5? p2(s) y3(s) ds . 

Therefore, lim y2(t) = a2. 
f-*oo 

From (6) with regard to (11) we obtain 

yi(0 = - a 2 Jr pfa) dXi + Jf°° p^Xi) J* p2(x2) y3(x2) dx2 dxt . 

The last inequality implies 
lim 2_!W- _ a 

v , ~ a2 . 
f-+co 0i(*J 

From (4,) (J = i + 2, i = 1, 2,. . . , n - 2) in view of (10) we get 

«?(0 IWOI = W t "l l.vXr)l *.-?--(r) + M e2-2(r)] + 
./ = i+2 

+ N d2(t) ft co(s,K? «i(*i(*))) "ff SHS) ds + 
i = i+2 
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+ N ft c0(s, Kr S[(gi(s))) Yl5{(s) ds , f = 7\ 
1 = 2 

i = r, 2,..., n — 3 , and 

52_2(t) \yn(t)\ ^ 5U(t) \yn(T)\ + d2_2(t) ft o>(S, Kf ^ - ( s ) ) ) ds + 

+ Jr\ " W ) co(s, K? ^(^(s))) ds , r = F. 
1 = 2 

Hence we see that d2(t) |y i + 2 (0 |> i = 1, 2,..., w — 2 can be made arbitrarily small 
by taking tt sufficiently large and then letting t increase without bound. Thus, 
lim d2(t) yl+2(0 = 0, i = 1, 2,.. ., n — 2; and we arrive at Case (II) (with k = 2) 
«-+oo 

if a 2 # 0. 
Further, we suppose that there exists an integer m e {2, 3, . . . , n — 3} such that 

a i = yi(^) + Jr Pi(s) y»+i(s) ds = 0 for i = 1, 2, ..., m. We show that either Case 
(II) or Case (III) can occur. We have 

(12,) yt(t)= - tfPi(s)yi+i(s)ds; i = l , 2 , . . . , m ; t = T . 

From (1) we get that the functions 
m - 1 n—1 

^t,en<%i«))<%i(0) n «i(o. 
7 = 1 7 = m + l 
m—1 n— 1 

» ( ' ^ n % i ( ' ) ) ) n ^ ( ( ) and 
7 = 1 7 = m 

IM B - l 
W ( ^ c 11 5i(0i(O)) I I *i(0 a r e integrable on [T, oo) 

7 = 1 7 = ^ + 1 

for all c> 0. Choose a T„. such that T* = h+(Tm) = T, 

M<! 
- i - - f o r ř ^ r -

n«5i(o 
7 = 1 

m - 1 n - J 

-VÍ?M«»(-,n«{(fli(-)))*T(ť/i(s)) li á{(s)ds^i and 
7 = 1 7 = ^ + 1 

lv j?„ o,(s, ffí{(řl(S))) n á{(s) ds ̂  i . 
7 = 1 J = m 

From (12,) (i = 1, 2,. . . , m) with regard to ( 4 m + t ) we get 

| y i(0| ^ «i-i(0«7(0[ "ll.vXr)|«7-+-.-i(r) + AI^^.^T) + 
7 = m + l 

+ N f J. a*>, |^1(^1(s))|) ff <5{(s) ds] + 
7 = m + l 

+ !V «i_.(í) JГ Цs, |.v.(øi(-))|) Г Ѓ е д ds, i ž ì Г . 
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The last inequality implies 

(13) J ^ - = jf-^r m [ "Z |y/.r)| 5j_+
m

l_,(70 + M ^J . , (T) + 
n*{(t) — iW J~"+1 

y = i 

+ JVfra>(s,|>>1(g1(s))|) n «{(«)-.] + 
i = m + 1 

+ Nj r o(s, i^^s))!) nV^s) ds, t^T. 
j = m 

We now define 

„m(0 = S U p ^ M L . 5>=' nm 
1=i 

For each t _ Tm we denote 

K? = {5 e [Tm, oo); g!(s) = r} , Am
t = {se [Tm, oo); gx(s) > t) . 

Proceeding similarly as in the last case we obtain 
m 

(14) i.vi(r7iW)i^j-:n^i(0). <^T> 
j= i 

where K* is a positive constant. 
It is easy to prove that pm+1(t) ym+2(f) e I}[T9 oo) and 

(15) ym+l(0 = a - + l - JrPm+l(s)ym + 2(s)d5, t = T, 

where am+1 = ym+1(T) + J? pm+1(s) ym+2(s) ds . 

From (15) we have limyOT+1(f) = am+1. From (12,) (i = 1,2, . . . ,m) with regard 
to (15) we get '-*00 

yfa) = ( - l ) m " i + 1 <*m+iJm-i+i(<x>', t; pm9 pn_l9 ...9 pt) + 

+ (-l)m-i Jm-i+2(oD;t;pm+1ym+2iPm, . . . , / \ ) , t = T. 

Using L'Hospital's rule we have 

lim . ^ M = ( - f , + 1 a , + 1 > f = l , 2 , . . . , m . 
.-«> 0m_l+1(fJ 

From (4m + 1 + |.) (i = 1, 2 , . . . , n — m — 1) with regard to (14) we can prove that 
lim ym+1 + i(t)5^+1(t) = 0 for i = 1, 2 , . . . , n - m - 1. If am+1 # 0 then Case (II) 
*->oo 

occurs for k = m + 1. 
Suppose that a,._2 = 0. It is easy to prove that in this case (124) (for i = 1, 2 , . . . 

..., n - 2) and (14) (for m = AI - 2) hold, pn-_(t)fn-_(yn(gn(fy) e / / [T , oo) and 

(16) yw-!(0 = « „ - i - IT pn-i(s)fn-i(yn(gn(s)))ds, r = T , 
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where 

aB-i = yn-i(T) + J?PM-i(5)/n-i(j;n(gn(s)))d5. 

From (16) we have l im j^ . ^ r ) = an_!. Using (12/) (i = 1,2,. . . ,« - 2) and (16) 
we obtain f~*QC 

l i m
 g / ^ ) / x = ( - 1 ) " " l " l f l C - i > i = l , 2 , . . . , n - 2 . 

t-oo o^i.^r) 

From (4„) we have lim (51~1(f) yn(t) = 0. If a„_i =t= 0 then Case (II) occurs for k = 
= n - 1. '-00 

Suppose that an_x = 0. In this case we easily see that (12^) (for i = 1, 2 , . . . , n — 2) 
and (14) (for m = n - 1) hold, /„(*, yi(gi(0)) e l}\J, oo) and 

(17) ' yw(0 = a , - l r / ^ , y i ( g i ( # d s , | = T, 

where a, = yn(T) + ^ / . ( s , y^g^s))) ds . 

From (17) we have lim yn(t) = a„. 
r->oo 

From (12,) (/ = 1, 2 , . . . , n — 2) with regard to (16) we have 

yt(t) = ( - l ) / , - / J n _ i ( 0 0 , t\Pn-ifn-X(yn(gn% Pn-2>--->Pl+l>Pi) 

i = l,2,...,n - 1, 

and 

lim - ^ - - ( - - l ) - ^ . ^ ) , ,' = 1,2,. . . ,H-1. 
f - C O < ) , . _ , . ( * ) 

Case (III) occurs. 
Next, suppose that (S) is sublinear and (2) holds. Case (I) and Case (II) (for k = 1) 

can be proved analogously as in the case when system (S) is superlinear. Suppose 
that ax = 0. From (2) we get that functions 

nSi(s)co(s,cd\(gi(s))) and -?M-"ff Si(s)(o(s, *&.(-))) 
J-2 $l(9l(s))j = 2 

are integrable on [T, oo) for all c > 0. We shall show that yt(t) = 0(8\(t)) as t -» oo. 
Suppose the contrary. Then it is possible to select T l t l , T2j l and T 3 1 in such a way 
that 

T< T l t l < T2>1 < T3 t l , T*x = h*(Tut) = T, 

Mr?.i)l_5l(Tjtl), 

sup - * $ « sup 1^11 for , = T 2 t l , 

N & , ff *{(-) a(s, d\(gi(s)))ds<$; 
.7 = 2 
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Nf lif^nw^^ií-)))*"---* and 

Jr..,*i(fli(-)).'--
nÍl\yÁTpU(T) + MPn_2(T) + 

_ 

N P " n 3{(s) co(s, \y_(g_(s))\) ds s. i I ^ J . 
J r J"=2 4 o_(T3>i) 

j = 2 

+ 

We rewrite (7) as follows: 

(-8) ^M £ lW T ) l IU(T) + M 3„_2(T) + 
<M0 j=1 

+ N J? . ' ff _.(.) co(s, |.v.(fir.(S))|)d. + N fJ-..,"__'«{(») . 
1=2 j = 2 

•«(-, M_-i(-))|)ds + J - r"fisi(s)co(s, \y_(g_(s))\)ds, 
<>l(0Jr >=i 

t ^ T_,_ . 

Define 

, , ( 0 = sup L ^ l for _ f c T _ . . . 

Noting that the right-hand side of (18) is an increasing function of t and using the 
inequality 

(19) co(s, ab) _g a co(s, b) , !j__l, b > 0 , 

which is a consequence of the sublinearity of (S), we obtain 

(20) | s\(t) ^(o ^ N ^1(0 fr2.i " f f w "(5> *i(*i('))) ui(^(5))ds + 
1 = 2 

+ N Jr "n^(5) l^ff _(*)) C0(s, <5_(g_(s))) ds , r = F3,l . 

1=1 

For each t _̂  T_fl we denote 
£J = {se [ r l t l ; oo); g,(s) _g *} , A\ = {se [T l f l ; QO); g_(s) > *} . 

We then have 
ui(gi(5)) = Vi(t) for seRl , 

^(giC5)) VI(GI(S)) = sup [d\(c) v_((j)] for s e l f . 

From (20) we have 

* -1(f) P l(0 _. AT .1(0 17.(0 [ f "fl5{(0 ft)(s, 5[(g_(s))) ds + 
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+ 
ð 
i - f n15{(s)a,(s^}(a1(s)))dsl + 
l( tjjjj t>o[t ,oo)>= 1 J 

+ N sup [d[(s) t>!(s)] \s[(t) f T^-rr, "fl *{(-) • 
»Sf L J^, 'n[r2 , , ; f )dl(£' l (s))^ = 2 

. a<S, «}(t71(s))) ds + f — 1 — "fl <5{(s) co(s, c%.(S))) ds] g 
J.l.tn[l.»)^l(t7l(-))-'-l J 

=S «5J(0 ».(0 N I" "fl 6{(s) co(s, 8\(gt(s))) ds + 
J r . , . J = 2 

+ sup [«}(-) P.(-)]Nf" — ^ " f l ^ ^ s ^ ^ . ^ d s ^ 
»£t Jr2>1 di(j?i(s))j=i 

g i 5{(0 ».(r) + i sup [<5}(s) Pl(s)] , f ̂  T3>1 . 
s = . 

Thus we arrive at 0 < sup [S\(s) v^sj] ^ \ sup [<5}(s) ri(5)]> * = ^3,i» a contra
st.1 s = t 

diction. Further, we proceed in the same way as in the proof of the case when system 
(S) is superlinear. This completes the proof. 

We now turn to an investigation of the behavior of oscillatory solutions of 
system (S). 
Condition (G*): There exists a sequence {?„} "= i such that t„ -> cc as n -+ x and 

h*(r„) = tn for n = 1 ,2 , . . . . 

Condition (H*): There exists a sequence {?„},?= i such that ~tn -+ co as n -• x and 

h*(H(?„)) = tn for n = 1, 2 , . . . . where H(t) = inf gn(s). 
s = f 

Theorem 2. (i) Assume that (S) is superlinear, /? = 1 and conditions (1) and (H*) 
are satisfied. Then every oscillatory solution y(t) of (S) fulfils Case (I) Of Theorem 1. 

(ii) Assume that (S) is sublinear and conditions (2) and (G*) are satisfied. Then 
every oscillatory solution y(t) of (S) fulfils Case (III) Of Theorem 1 with a„ = 0. 

Proof. Let j(t) be an oscillatory solution of (S) defined on [T, X ) . Choose a T ^ z 
such that h*(T) ^ T and O*i(T) ^ 1, i = 1, 2 , . . . , n — 1. Since the solution y(t) is 
oscillatory, Case (II) and Case (III) (with ccn =t= 0) of Theorem 1 can never occur, 
so that it must fulfil Case (I) or Case (III) of Theorem 1 with a,, = 0. 

(i) Consider the case where (S) is superlinear, /? = 1 and conditions (l) and (H*) 
are satisfied. Suppose that Case (III) with a„ = 0 holds. Because (12,) (i = 1, 2 , . . . 
..., n - 2), (16) and (17) hold we obtain 

\yl(t)\=K\TPi(x1)i:iP2(x2)... 

... j r_ 2 ^ - 1 ( ^ - 1 ) J ^ _ . >̂(5, |ji(^i(5))|) d5 dxn_x ... dxx , * = T, 
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which implies 

(21) ; M 1 < K f «<,, M^.(s))|) dí , / = T. 

n«í(o JH<,) 
1=1 

Let us put 

«).«,, ̂ ИL 
П*í(») 

1 = 1 
and choose /< and /2 such that 

T< /, < /2 , [ y ) ' = 1 for / = f. and h*(if(/2)) = /, . 

1=i 

With the aid of (9) we derive from (21) the inequalities 

v(t) = K J - r ) co(s9 v(gi(s))nfl S{(gi(s))) ds = 
1=1 

= K v(h*(H(t))) tiit)
nfisi(gi(s)) co(s, 1) ds , f = t2 , 

1=i 
which implies 

<22) . ^ l u ^ f " n^xC-))^,!)^, t^t2. 
tVMIIW)) JHCO^1 

But this is a contradiction, because the right-hand side of (22) tends to zero as / -> oo, 
while the left-hand side equals 1 along a sequence diverging to infinity by condition 
(H*). 

(ii) Consider the case when (S) is sublinear and the conditions (2) and (G*) are 
satisfied. Suppose that Case (I) holds. We can select t3, t4 and t5 in the following 
manner: 

T < t3 < t4 < t5 , tt = h*(t3) = T, \yt(t*3)\ = 1 , 

sup |yi(s)| = sup \yi(s)\ for t = t4, 
f 3 * ^ s = r t4^sgt 

n - 1 N $z n sHs) °>(s> i )d 5 = i and 
1=i 

EW1«)-i(r) + M«.i(r) + 
1=i 

+ -v IT4 fi *i(s) "(s> H9i{*))\) d* = iHt5)\. 
1=i 

We define u(t) = sup |yi(s)|. 
t3*gsgt 
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Using 4 0 a n d (19) in the inequality 

| . V i ( t ) | ^ " l W T ) | « J _ I ( T ) + JlfJi_1(T) + 
1=1 

+ NJi< nf[Si(s)co(s,\y1(g1(s))\)ds + 
1=i 

+ N j ; 4 co(s, |yi(gi(5))|) n <?{(*) dS , t = t4, 
1=1 

which follows from (4X), we find 

40 = i 4 0 + N j ; 4 n «{(*) co(5, u(gi(5))) d S , t = t5 
1=i 

and hence 

(23) i u(t) ^ N j ; 4 u(gi(s))fis{(s) a+s, 1) ds _g 
1=i 

<; N u(h*(r)) f;4 n 5{(s) co(s, i) d s , * ̂  * 5 . 
1=i 

From (23) we obtain 

- ^ L < 1 for , ;> , , . 

Because of (G*) this is a contradiction. This completes the proof of Theorem 2. 

Theorem 3. Assume that 

(24) |f,(f, x)| = q(t) |x| for (t, x) 6 [a, oo) x P, where q(t) is continuous 

and nonnegative on [a, oo). Assume moreover that conditions (G*) and (H*) hOld 
and p = l.If 

(25) r § H ^ n ^ * ( 0 ) 4 0 ^ < ^ for i = l ,2, . . . ,n-l; 
J ^i(g i(0)1= i 

tltew a// solutions Of(S) are weakly nonoscillatory. 

Proof. Suppose to the contrary that there exists an oscillatory solution y(t) of (S). 
Since by (24) system (S) is both superlinear and sublinear, and since (25) is equivalent 
to (l) or (2), we can apply Theorem 2 to conclude that y(t) fulfils both Case (I) 
and Case (III) (with a„ = 0). But this is impossible, and so (S) has no oscillatory 
solutions. 
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Súhrn 

ASYMPTOTICKÉ VLASTNOSTI RIEŠENÍ D1FERENCIÁLNYCH SYSTÉMOV 
S POSUNUTÝMI ARGUMENTAMI 

EVA ŠPÁNIKOVÁ 

Cieiom článku je vyšetřovat asymptotické vlastnosti riešení nelineárneho systému diferenciál-
nych rovnic (S), ktorý je superlineárny alebo sublineárny a J00 p/t) dt < oo, / = 1, 2, ..., n — I. 

Резюме 

АСИМПТОТИЧЕСКИЕ СВОЙСТВА РЕШЕНИЙ СИСТЕМ 
ДИФФЕРЕНЦИАЛЬНЫХ УРАВНЕНИЙ С ОТКЛОНЯЮЩИМСЯ АРГУМЕНТОМ 

ЕУА §РАЫ1КОУА 

В этой статье рассматриваются асимптотические свойства решений суперлинейной или 
сублинейной нелинейной системы дифференциальных уравнений (8) и /00/?,-(/) йК эо, / = 1, 
2,.. „ л - 1. 

Лигпог'а ай&ге&а: У808 ГакиПа РЕОа8, Магха-Еп^еЬа 15, 010 01 ййпа. 
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