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1. DEFINITIONS AND NOTATION

A function ¢(x) is said to be n-times monotonic (or monotonic of order n) on an
interval I if

(1.1) (=) ePx)20, i=0,1,2,...,n, xel.

For such a function we write ¢(x) € M,(I) or ¢(x) e M,(a, b) provided I is an open

interval (a, b). If the strict inequality holds in (1.1) we write ¢(x) € M, (I) or ¢(x) €

€ M¥*(a, b). We say that ¢(x) is completely monotonic on [ if (1.1) holds for n = oo.
A sequence {1}, denoted simply by {u} is said to be n-times monotonic if

(1.2) (=) 4 20, i=0,1,2,..,n; k=0,1,2,....

Here Apy, = pv1 — i A = A(4m), etc. For such a sequence we write {1} € M,
If the strict inequality holds in (1.2) we write {;,} € M. {4} is called completely
monotonic if (1.2) holds for n = co.

As usual, ¢(x) € C,(I) means that ¢(x) has (on I) continuous derivatives including
the n-th order.

D, ¢(x) denotes the first derivative do(x)/dx and
D% ¢(x) denotes the n-th derivative d"¢(x)/dx.

As usual we write [a, b) to denote the interval {x| a < x < b}.

2. PRELIMINARY REMARKS

Consider an equation

(2.1) o)y ()] +/(x)y =0, g(x)>0

with f(x) and g(x) continuous for a < x < co. The change of variable
*  du

(22) &= J.,, m ¥(x) >0, Y(x)e Cy(a, o),
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where the integral is assumed to be convergent for x € (a, ©0) and divergent for
x = oo, transforms (2.1) into

(2.3) 3; + @(¢)n =0, ¢e(0, )

where

n(&) = % and (&) = [(g') + W] ¥’ (see [S] p. 597).
In our further investigation we shall need [1], Theorem 2.1:
Let y(x), z(x) be solutions of (2.1) on (a, c), where

(2.4) 0 < lim {[(g¥') + f¥] ¥3g} <

X =00

for some function y(x), ¥(x) € C,(a, ), and suppose that z(x) has consecutive zeros
at x,, x,, ... on [a, ). Suppose also that g(x) y*(x), D,[¢(£)] and W(x) are positive
and belong to the class M,(a, o) for some n = 0. Then, for fixed 1 > —1,

) U e mrmaha) o

Let y(x), z(x) be solutions of (2.1). Let f(x) > 0. Then gy’, gz’ (see [2] p. 354)
are solutions of

(26) ° (% u')’ + iu =

3. REMARK TO [3], THEOREM 6.1

In this section we are gofng to prove that [3], Theorem 6.1 is a corollary of [1],
Theorem 2.1 applied to the equation (2.6).
Consider the differential equation

(2.1) YV +f(x)y=0, f(x)>0

which is a differential equation (2.1) with g(x) = 1. Let y(x), z(x) be solution of (2.1').
Then y'(x), z'(x) dre solutions of

(2.6) (l u') +u=0.
f
If [1] Theorem 2.1 is applied to (2.6’), we obtain

Corollary 3.1. Let y(x), z(x) be solutions of (2.1') on (a, ), where
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e <t (7) 7=

for some function Y(x) > 0, Y(x) € C,(a, ) and suppose that z'(x) has consecutive
zeros at Xy, X, ... on [a, ). Suppose also that

et (VIR by

7 T\ 17
and W(x) are positive and belong to M,(a, ©) for some n = 0. Then, for fixed
A>—1,

' e f Y( ) } *
2.5 d M;, k=0,1,2,.
25) U )y | €
Now let us choose ¥(x) = [f(x)]°, c € (— o0, ) in Corollary 3.1. Then we have
(1) )
and

(32 09 =clc = SE*THS2x) + LS 1) + LT
If ¢ = 4, then
- 1109 _3/7%(x)
?(8) = f(x) + 2 1(x) 4f2(x)
This transformation was considered by J. Vosmansky in [4].
Now let 4c — 1 = 0 in (3.2). Hence ¢ = }. Then we get

1 f”(x) 7 f’z(x) 1 -1/4 2 -3/4
o@) =1+ 3 LCL TS0 g Lppegae pseop-ony,
A (T IR 72 A I
which is the mapping considered in [3], Theorem 6.1. The assumptions of [3],
Theorem 6.1 follow from the known properties of monotonic functions.
Finally, let 4c — 1 = 1/m, where me [1, o). Then¢ = (m + 1)/4mand 2c — 1 =
= (—2m + 2)/4m and we get

(3.3) o(&) = m + 1( Tm + 1) [f(x)]¢ 3+ Dim £2(x) +

4m

x (—2m+l)/mfu(x) + [f(x)]l/m .
Let f(x) = x™. Then (2.4') holds and

o) =x - 2

16 xm+1
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Hence D,[¢(¢)] € M (0, o) and (3.1) holds for m = 1. We have obtained the fol-
lowing result:

Corollary 3.2. Let y(x), z(x) be solutions of
(3.4) y' + x"y =0, xe(0, )

where m e [1, ). Suppose that z'(x) has consecutive zeros at xg, X, ... on [0, ).
Let W(x) be positive and belong to M (0, ). Then, for fixed 2 > —1,

X'k +1 ’ A
(3.5) {J' () xem- 2 | ) dx}eM;, k=0,1,2,....

x(m+ 1)/4

Xk

Remark 3.1. Choose W(x) = xl(m+Di=2m=2V4in (35) If (m + 1)4 — 2m —
— 2 < 0 then we can write (3.5) in the form

x'k +
(3.5) {J. l|y’(x)\‘ dx}e MY, k=0,1,2,....

If 2 =0 we get
{Ax}eMy, k=0,1,2,....

Remark 3.2. Corollary 3.2 can be applied to the generalized Airy equation
V' + Byx*72y =0, 0<x<

for f = 3 which is an extension of 1 < f < 3 considered e.g. in [2]

Remark 3.3. Passing to the limit for m — o in (3.3) we obtain the mapping
considered in [3], Theorem 6.1.
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