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Summary. It is well-known that a variety is permutable if and only if the free algebra with
three generators is permutable. The paper contains characterizations of varieties whose free
algebras with two generators are permutable.
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Denote by Con A the congruence lattice of an algebra A. A is called permutable
if .® = & .0 for each two congruences 0, ® € Con A. A variety ¥ is permutable
if each A € ¥~ has this property. The permutability is very important because

(i) for any 6, ® € Con A, the relational product 6 . ¢ is a congruence on A4 if and

onlyif 0.& =& .0,
(i) if A is permutable, the lattice operation of join in Con A4 has the simplest
form, namely 6 v & = 0. ®.
Especially, (ii) enables us to give simple characterizations of some important proper-
ties of permutable algebras and varieties.

Denote by F ,f(xl, ..., X,) the free algebra of a variety ¥~ with n free generators

Xy, ... X, A. 1. Mal’cev [4] gave a simple characterization of permutable varieties:

Mal’cev Theorem. For a variety ¥, the following conditions are equivalent:

(1) ¥ is permutable;

(2) Fy(x, y, z) is permutable;

(3) there exists a ternary term t(x, y, z) such that ((x, y, y) = x and t(x, x, y) = y.

The ternary term t(x, ¥, z) from (3) is called the Mal’cev term. Using Mal’cev
Theorem, one can easily show that every variety of groups, quasigroups or Boolean
algebras is permutable, i.e. it has permutable Fy(x, y,z). On the other hand, no
nontrivial lattice variety has this property. Since lattices play an important role in
algebraic investigations, we have a natural problem: How to characterize varieties
of algebras having permutable algebras with two generators (but not necessarily
ones with three generators). The aim of this paper is to give some properties and
examples of such varieties.
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Theorem 1. Let ¥~ be u variety. The following conditions are equivalent:
(1) Each A€ with two generators is permutable.
(2) For every three binary terms r, s, q there exists a binury term p such that for
each A€ ¥ and every x, y of A we have:
if s(x,y) = q(x,y) then r(x,y) = p(x, y) and
if (x,y) = q(x.y) then s(x.y) = p(x. y).
Proof. (1) = (2): Let a, b, ¢ € Fy(x, y). Then
{a,cyeb(a, b).0(b,c),
thus (1) implies {a.c) € (b, ¢). 0(a. b). Since a, b, c € Fy(x, y), there exist binary
terms r,s, g such that a = r(x, y), b = g(x, y), ¢ = s(x, y). By the last relation.
there must exist a binary term p(x, y) € Fy(x, y) with

<r(x, ¥), p(x, ¥)> € 0(q(x. y), s(x, ¥)) ,

<p(x, ¥)s s(x, ¥)> € 0(r(x, y), alx, y)) »
whence (2) follows.

(2) :(1): Let A € ¥ have two generators, say x, y, and let 0, ® € Con 4 and
a,ce A. Suppose {a,cy>ef.®. Then {a,bd>ef and <b,c)e ® for some be A
and there exist binary terms r, s, g such that a = r(x, y), b = q(x, y). ¢ = s(x, y). By
(2), there exists a binary term p(x, y) satisfying

Ca, p(x, y)y = <r(x, y), p(x, y)> € 0(a(x, y), s(x, y)) = 0(b, ¢) = @,
<p(x, y). > = <p(x, ), s(x, y)> € 0(r(x, y). q(x, 7)) = O(a, b) = & ;
thus {a, ¢) € @ . 0, which proves the permutability of 4. [
Example 1. Every variety ¥° of lattices has permutable members with two
generators.

Evidently, the only binary terms in ¥~ are x, y,x v y, x A y. Without loss of
generality suppose

r(x,y)=x, q(x,y)=xvy, s(x,y)=xnAy.

Then we can put p(x, y) = y, which yields the implications:

if s(x,y)=gq(x,y), i.e. x Ay=xvy, then x =y which gives

r(x,y) = p(x, y);
if r(x,y) =4q(x,y), ie. x=xvy, then y <x which gives
s(x,y)=x A y=y=rpy).
The proof for any other choice of terms 7,5, g € {x, y,x v y, x A y} is analogous.
Example 2. A nontrivial variety of semilattices has no permutable members with

two generators.
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Chosc ¢.g. #(x,y) = x, s(x,y) =y, g(x,y) = x v y and suppose there exists
(x, y) satisfying (2) of Theorem 1. Then

if s(x,y)=gq(x.y), te. y=xvy, then x <y which gives
r(x,y) = p(x,y), ie. x=p(x,y);

if r(x,y)=gq(x,y). ie. x=xvy, then y <x which gives
s(x, ») = p(x. ). ie. y=p(x ).

This implies p ¢ {x. y. x v y}. but x, y. x v y are the only binary terms in the join
semilattice.

The condition (2) of Theorem 1 is in the form of an implication which is not a suit-
able form for some applications. We will proceed to finding a more suitable sufficient
condition which can be also necessary in some important cases.

Theorem 2. Let a variety ¥~ satisfy the following condition:
(%) for every binary terms r, q, s there exist 4-ary terms w, u such that
H(x, y) = w(q(x. y). s(x. y), x, y)
S(x. 3) = wla(x. ). r(x. ) %, )
w(s(x, y), a(x. y). x. y) = u(r(x, y). q(x, y), x, y) .
Then each A € ¥ with two generators is permutable.
Proof. Let A€ ¥ have two generators x, y, let 6, ® € Con A and suppose

{a,by €0 . for some a, b of A. Then a = r(x, y) and b = s(x, y) for some binary
terms r, s and there exists ¢ = g(x, y) € A with

<r(x,p),a(x, y)> €@ and  (g(x,y).s(x.y)> e .
Put d = w(s(x, ), q(x, y). x, y). Then d € 4 and, by (*), we obtain

a, dy = {r(x, y). w(s(x, y), a(x, »), x, y)> =
= (w(q(x, y), s(x. ¥}, x, p), w(s(x, p), a(x, ) x, > € @,
{d, by = (w(s(x. p). q(x. y), x, y). s(x, y)> =
= Cu(r(x, y), q(x. y). x, y), u(q(x, y), r(x, y), x, y)> €6,
thus {a,bd>ed.0. O
Example 3. Let ¥~ be a variety of rectangular bands, i.e. a variety of semigroups
satisfying x2 = x and yxy = x. Then each 4 € V with two generators is permutable.
It is evident that ¥~ has only four binary terms, namely x, y, xy, yx. Suppose e.g.
r(x, y) = xy, s(S. ») = yx, q(x, y) = x. Then for w(a, b, x, y) = ay, u(a, b, x, y) =
= ya we have
W(Q(X, )’), S(X, y): X, }’) =Xy = r(x9 }’) P
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u(g(x, y), (%, y), %, y) = yx = s(x,y),
w(s(x, ), q(x, y), x, y) = yx.y = y = y . xy = u(r(x, ), q(x, y), x, y) -
The assertion canbe shown analogously for another choice of

r.s,qe{x,y,xy,yx}, eg for r(x,y)=x, s(x,y)=y, q(x,y)=xy
we have w(a, b, y) = ax, wu(a,b,x,y) = ya,
for r(x,y)=x, s(x,y)=xy, q(x,y)=y wehave
w(a, b,x,y) = bx, u(a,b,x,y) = ba,
for r(x,y)=yx, s(x,y)=x, q(x,y)=xy wehave
w(a, b,x,y) = yax, u(a,b,x,y) =ax, etc.

Let us introduce the following concepts. By a tolerance on an algebra A we mean
a reflexive and symmetrical binary relation on A which is compatible with all
operations of A4, i.e., it is a subalgebra of A x A. Clearly, every congruence on A
is a tolerance on A but not vice versa, see e.g. [2], [5]. The set of all tolerances on A
forms a complete lattice with respect to set inclusion, see [2]. Thus for any elements
a, b of A there exists a tolerance T(a, b) which is the least tolerance containing the
pair {a, b). An algebra A is tolerance trivial if each tolerance on A is a congruence.
A variety ¥ is tolerance trivial if each A € ¥” has this property. By [1], ¥ is tolerance
trivial if and only if ¥~ is permutable. An algebra A is principal tolerance trivial
if each tolerance of the form T(a, b) is a congruence on 4, i.e., if T(a, b) = 6(a, b)
for each a, b of A. Some characterizations of principal tolerance trivial algebras
are in [1].

Lemma. Every distributive lattice is principal tolerance trivial (but not tolerance
trivial in the general case).
For the proof, see e.g. [1] or [3].

Theorem 3. Let ¥~ be a variety in which Fy(x, y) is principal tolerance trivial.
The following conditions are equivalent:
(1) each A € ¥ with two generators is permutable;
(2) 7 satisfies (%) of Theorem 2.

Proof. By Theorem 2, it remains only to prove (1) = (2). Let nx, y), s(x, ),
g(x, y) be binary terms in ¥". Clearly
<r(x: ,V), Q(X, y)> € 0(r(x, y)’ Q(x, y)) = 01 s
<a(x, ), s(x, y)> € 0(a(x, y) s(x, y)) = 65,

ie. <(r(x,y),s(x,y)> €0, .0, in ConFy(x,y). Since Fy(x,y) is permutable, we
have <r(x, y), s(x, )> € 0, . 0,,.i.c. there exists an element p € Fy(x, y) such that

{r(x, y), p) € 0(a(x, y), 5(x, y)) and <p,s(x, y)> € 8(r(x, y), a(x, y)) .
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Since Fy(x, y) is principal tolerance trivial, by Theorem 13 in [2] there exist binary
algebraic functions @, ¥ over Fy(x, y) such that

r(x, y) = o(a(x, y), s(x, ) ,
p = o(s(x, y), a(x, ) -

p = ¥(r(x, 7). a(x, y)}
s(x, ») = ¥la(x, y), r(x. y)) -
Since Fy(x, y) has only two free generators x, y, there exist 4-ary terms w, u such that
¢(a, b) = w(a, b, x,y) and Y(a,b) = u(a, b, x,y),

whence (2) is evident.

and

Example 4. Let ¥" be a variety of lattices. The free algebra Fy(x, y) is a four
element lattice, hence it is distributive. By Lemma, Fy(x, y) is principal tolerance
trivial. Since X, y, x V y, x A y are the only binary terms in ¥, suppose (without
loss of generality) e.g.

Mx,p)=xnay, s(x,y)=xvy, gy =x.

Then for w(a, b,x,y) =a A y, u(a, b, x,y) = a v y we obtain

w(g(x, y), s(x, ). x,¥y) = q(x, ) Ay =x A y =r(x, y),

u(g(x, y), r(x, Y x, y) = a(x,y) vy =x v y = s(x,y),

wis(x, ), a(x, y), %, y) =s(x, ) Ay=(xvy)ay=y,

u(r(x, y), qa(x, y), x,y) =r(x,y)) vy=(x Ay)vy=y.
The proof for any other choice of r, s, g is analogous.

Example 5. Evidently, in every permutable variety ¥~, algebras with two genera-
tors are also permutable. Moreover, ¥ is tolerance trivial (see [1]) and hence Fy(x, y)
is tolerance trivial, thus also principal tolerance trivial. Hence ¥" must satisfy (2)
of Theorem 3. Let #(x, y, z) be a Mal’cev term of #". For given r(x, y), s(x, y), 4(x, )
P w(a, b, x, y) = u(a, b, x, y) = 1(r(x, y), b, s(x, y)) .

Evidently, we obtain
w(a(x, 7). s(x, ) % 9) = €, 3), x, 3),s(x,9) = 1(x,3).
w(g(x, ¥), r(x, ¥), x, y) = 1(r(x, y), r(x, y), s(x, )) = s(x, ) »
w(s(x, ¥), 4(x, ¥), x, ) = 1r(x, y), a(x, y), x, y) = u(r(x, y), a(x, y), %, y) .

Remark 1. Following Example 5, we can ask if a suitable condition for permu-
" tability of two generated algebras in ¥” can be formulated in the form similar to
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that of Example 5. We show that it is impossible: suppose ¥” is a variety with per-
mutable algebras with two generators and suppose there exists a ternary term t(x, y, z)
such that

t(a(x, y), b(x, ), b(x, y)) = a(x, y),

t(a(x. y), a(x, y), b(x, y)) = b(x, y).
Let ¥ be a variety of lattices which is non-trivial. Put a(x, y) = x A y, b(x, y) =
= x v y. Since a(x. y) £ b(x, y) and the lattice terms are monotone, we obtain

b(x, y) = t(a(x, y), a(x. ), b(x, ¥)) < t(a(x, y), b(x, y), b(x, y)) = a(x, y)
which implies x = y, i.e. ¥ is trivial, which is a contradiction.
On the other hand. if ¥ is a variety of lattices, for every binary term ¢(x, y) there
exists a ternary term f(x, y. z) such that

1(x. q(x, ), a(x, y)) = x,

t(a(x. v) a(x. y). ) = ¥
Explicitly.

for g(x,y)=x Ay wehave t(a,b,c)=av bve,
for g(x.y)=x vy wehave f(a,b,c)=a AbAc,
for q(x,y)=x we have t{a, b, c) = c,
for q(x,y) =y we have t(a,b,c)=a.

We can find a similar condition which holds also in other varieties with permutable
2-generated algebras:

Corollary. Let ¥~ be a variety in which Fy(x, y) is principal tolerance trivial
and permutable. For each binary term q(x, y) there exist 4-ary terms p, t such that

X

p(x, v. v, a(x, y)),
t(x. x, y, q(x, y)) ,
p(x. a(x, y), y. y) = t(x, a(x, y), y, x) .

t—

Proof. If we put r(x, y) = x, s(x, y) = y and
p(x,a,p,b) =wb,a,x,y), tx,a,y, b)=ub, a x,y) in(2)

of Theorem 3, we obtain Corollary. []

Example 6. If ¥" is a variety of lattices and g(x, y) = x v y, then p(a, b, ¢, d) =
=a And. t(a.b.c,d) =a A c. Evidently, we obtain

p(x, v, y.q(x.y) = (x v y) A x = x,
(xxy.q(xp) =(xvy)ay=y,

p(x.q(x, y), y, ) = x A y =1(x, q(x, y), y, x).
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Similarly, for g(x, y) = x A y the terms p,t are dual. For q(x, y) = x we have
pla,b,c,d)=d, t(a,b,c,d)=c, for g(x,y)=y we have p(a,b,c,d)=a,
fa,b,c,d) = d.

Remark 2. Analogously we can investigate varieties in which algebras with one
generator are permutable. Clearly every idempotent variety ¥ has this property
since a one generated algebra is a one element algebra (hence the variety of all
semilattices has this property). The varieties of BCK-algebras or of implication
algebras have this property as well since their algebras with one generator have only
two clements. In general, such varieties can be characterized by conditions similar
to those given above, only the binary terms are substituted by unary ones.
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Souhrn

POZNAMKA O PERMUTABILITE VE VARIETACH

IvaN CHAIDA

Je znamo, Ze varieta je permutabilni, pravé kdyZ ma tuto vlastnost volna algebra s tfemi
generatory. V praci jsou charakterizovany variety, v nichZ jsou permutabilni volné algebry
s dvéma generatory.

Pe3zwome

3AMEYAHUE O ITEPECTAHOBOYHOCTU KOHI'PY3HIIUN
B MHOI'OOBPA3USX AJITEBP

IvaN CHAIJDA

H3BecTHO, 4TO MHOrooSpa3ue MMeeT NePeCTAaHOBOYHLIE KOHTPYEHIMH TOTAAa U TOJNBLKO TOTZAA,
KOT/a 3TO CBONCTBO UMeET CBOOOAHAA anredpa ¢ TpeMbs o6pasyromumu. B pabote xapakrepu3upo-
BaHbI MHOTO0O0Opa3us, B KOTOPHIX CBOOOAHBIE anreGps! C ABYMBS 06pa3yrOIIUMK HMEIOT IIEPECTaHO-
BOYHEBIE KOHTPY3HLIAH,

Author’s address: Tfida Lidovych milici 22, 750 00 P¥erov.
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