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Let G be a graph. By V(G) and E(G) we denote the vertex set and the edge set
of G, respectively. The number of elements of V(G) is referred to as the order of G.
We say that vertices r and s of G are independent if they are distinct and nonadjacent. If u e V(G)9 then by degG u we denote the degree of the vertex u in G.
We say that a connected graph G of order p ^ 3 is 2-connected if for every v e V(G),
the graph G — v is connected. The terms not defined here can be found in BEHZAD
and CHARTRAND [1].

We shall say that a vertex w of a 2-connected graph G is weak if G — w is 2-con
nected. Theorem 2.10 in [l], due to A. KAUGARS, can be reformulated as follows:
Every 2-connected graph contains either a weak vertex or a vertex of degree 2. We
shall prove the following stronger result:
Theorem. Every 2-connected graph of order P _ 4 contains either a pair of
adjacent weak vertices or a pair of independent vertices of degree 2.
Proof. The case p = 4 is obvious. Assume that p — n ^ 5 and that the statement
is proved for 4 g p ^ n — 1. Let G be a 2-connected graph of order p. Assume that G
contains no pair of adjacent weak vertices. We shall consider the following two
possibilities:
(l) For every edge x — u0u1 of G, at least one of the vertices u0 and ux is adjacent
to a vertex of degree 2. Then G contains a vertex rx of degree 2 which is adjacent to
distinct vertices r 0 and r 2 . Assume that G contains no pair of independent vertices
of degree 2. Then without loss of generality we can assume that degG r 0 ^ 3. If
degG r 2 _ 3, then by r we denote the vertex r 2 ; if degG r 2 = 2, then by r we denote
the vertex adjacent to r 2 and different from rx. Obviously, degG r ^ 3. It is easily
seen that if si9 s2 e V(G) — {r0, rl9 r 2 , r}, then the vertices sx and s2 are non-adjacent.
As no vertex in the set V(G) - {r0, rl9 r 2 , r} has degree 2, G contains a vertex of
degree 1, which is a contradiction. This means that G contains a vertex sx of degree 2
such that the vertices rx and sx are independent.
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(2) There is an edge y = uu' of G such that neither u nor u' is adjacent to a vertex
of degree 2. Without loss of generality we can assume that the vertex u is not a weak
one. Thus G — u is not 2-connected and there is a vertex v such that the graph
G — M — v is disconnected. It is easily seen that there exist subgraphs Fx and F2 of G
such that V(Ft) u V(F2) = V(G), V(F,) n V(F2) = {u, t;}, 3 = ^(F,)! ^ |V(F2)|,
JE^Fi) u E(F2) = F(G), and E(FX) n F(F2) = 0. As u is adjacent to no vertex of
degree 2, |V(Fj)| = 4. Hence |V(G)| = 6.
Let z e {l, 2}. We construct a graph Gt as follows: (a) if degF. u = 1 = degF. v,
then V(Gt) = V(Ff) and £(Gf) = E(Ft) u {wv}; (b) if either degF, u > 1 or degF. v >
> 1, then V(Gt) = V(Ff) u {wf} and £(Gf) = E(Ft) u {ww,-, vwj, where wt is a vertex
different from the vertices of Ft. Clearly, Gt is 2-connected. It is easily seen that for
every vertex t e V(Pf), t is a weak vertex of Gt if and only if it is a weak vertex of G.
This means that Gt contains no pair of adjacent weak vertices. As 5 ^ |K^.| =
^ p — 1, Gf contains a pair of independent vertices of degree 2. There is a vertex
t( e V(F,) — {u, v} such that degG. f£- = 2. Obviously, degG ^ = 2. As i*! and t2 are
independent vertices of G, the proof is complete.

Fig. 1.

Fig. 2.

Remark. As follows from Fig. 1, for every integer p ^ 4, there is a 2-connected
graph of order p such that (i) it contains a pair of independent vertices of degree 2,
(ii) it contains precisely two weak vertices, and (iii) the weak vertices are independent.
As follows from Fig. 2, for every integer p ^ 6, there is a 2-connected graph of order p
such that (i) it contains a pair of adjacent weak vertices, (ii) it contains precisely two
vertices of degree 2, and (iii) the vertices of degree 2 are adjacent.

Reference
[1] M. Behzad and G. Chartrand: Introduction to the Theory of Graphs. AUyn and Bacon, Inc.,
Boston 1971.
Author's address: 116 38 Praha 1, nám. Krasnoarmějců 2 (Filosofická fakulta Karlovy univer
sity).

117

