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Some new classes of topological vector spaces

with closed graph theorems

B. Rodrigues

Abstract. In this note, we investigate non-locally-convex topological vector spaces for which
the closed graph theorem holds. In doing so, we introduce new classes of topological vector
spaces. Our study includes a direct extension of Pták duality to the non-locally-convex
situation.

Keywords: inverse seminorm, Mackey seminorm, nearly-semi-continuous, semi-barrelled,
semi-B-complete, semi-infra-(s), semi-Mackey

Classification: 46A30, 47A05

1. Introduction.

This note investigates non-locally-convex (non-LC) situations for which the Closed
Graph Theorem (CGT) holds. In doing so, we introduce new classes on non-LC
topological vector spaces (TVS’s) which complement those given by Adasch [1]–[6],
Iyahen [9], [10], Robertson [19] and Tomášek [23], [24]. Our study which includes
a direct and natural extension of Pták duality to the non-LC situation, allows for
the use of duality arguments and is different from that developed by various authors
including Adasch [1]–[6], Iyahen [9], and W. Robertson and A. Robertson [19], [20].
In Section 2, we introduce the notions of semi-continuous maps and inverse semi-
norms in order to develop a duality theory (Section 3) which we use to extend
(Theorem 7) the Pták CGT [13], [17], [20]. In Section 4, we extend the notion of
a semi-B-complete space by introducing semi-infra-(s) spaces which we show to be
maximal for the CGT for semi-barrelled domain spaces and semi-continuous maps
(Theorem 12). Here, we generalize (Theorem 11) what we call the Kōmura–Adasch–
Valdivia CGT (Theorem 10). In Section 5, we define semi-bornological spaces and
give an extension of Powell’s CGT [16], [8] and in Section 6, we examine briefly the
notion of a semi-Mackey space. Throughout this note, we use the simplifying prop-
erties of seminorms, which allow us to obviate the need of having to deal with the
more abstract concept of a quotient space. In addition to obtaining generalizations
to the non-LC situation, our approach provides alternative derivations as well as
the simplification of corresponding results (see, e.g., [3], [13], [14], [22], [27]) when
adapted to the LC case.

2. Preliminaries.

Throughout this note, E and F will be real Hausdorff TVS’s and E′(F ′) and
E∗(F ∗) will denote their respective topological and algebraic duals. T : E → F
will be a linear map which is said to have closed graph whenever the set {(x, Tx) ∈
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E ×F : x ∈ E} is closed in E ×F . We say that E, F and T has the “Closed-Graph
Property” (CGP), if T is continuous whenever it has closed graph.

We will use the following from [21; §2]: For each seminorm P on E, write E∗
P :=

{a ∈ E∗ : a ≤ P on E} and define E to be semi-B-complete, if each subspace L
in E′ is σ(E′, E)-closed whenever L∩E∗

P is σ(E′, E)-compact for every continuous
seminorm P on E. We say that E is semi-barrelled, if every lower-semi-continuous
(LSC) seminorm on E is continuous. Also, T is defined to be adequate if, for all
x ∈ E and all a ∈ E′, 〈x, T t(∆)〉 = {o} and 〈KerT, a〉 = {o} imply 〈x, a〉 = o, where
∆ := {d ∈ cl (T (E))′ : d ◦ T ∈ E′} and T td := d ◦ T (d ∈ ∆), and we say that T is
semi-open if, for each continuous seminorm P on E, the quotient seminorm, P/T ,
defined by P/T (y) := inf P (T−1y)(y ∈ T (E)), is continuous on T (E).

We recall the following definition: A family of subsets, U = (Un)(n ≥ 1), of E is
a string , if each Un is balanced and absorbing, and Un+1+Un+1 ⊂ Un for all n. If,
also, each Un is a neighbourhood of the origin, then U is said to be a topological
string . Iyahen [9], who introduced this notion of a string, and Adasch [5], [6], define
E to be ultrabarrelled whenever every closed string (i.e., one for which every Un is
closed) is a topological string.

In the LC situation, the notions of semi-B-completeness and semi-barrelledness
coincide with those of B-complete and barrelled spaces, respectively, from Pták
theory (see, e.g., [8], [11], [13], [14], [15], [17], [20], [27]). Raikov [18] gave a simi-
lar extension to the non-LC setting of the notion of B-completeness as that given
by Adasch and the concept of a non-LC barrelled TVS was first introduced by
Robertson in [19]. See also Tomášek [23]. Since semi-B-complete spaces need
not be complete [21; §2], our extension of the notion of a B-completeness to
the non-LC situation is different from that given by Adasch [4], [5], [6] where
a “B-complete” TVS is necessarily complete. Also, we note that every ultrabar-
relled [9], [19] topology is always semi-barrelled, whereas the converse need not be
true [21; §2] and that in the LC case T is adequate if and only if it is weakly singular
[13], [14], [21; §3].

3. Semi-barrelled and semi-B-complete spaces and the Pták CGT.

Definition. T is nearly-semi-continuous if, for every continuous seminorm Q on
T (E), there exists a continuous seminorm P on E such that b ◦ T ∈ E′

P whenever

b ∈ T (E)′Q and b ◦ T ∈ E′.

We note that in the case E and F are LC, T is nearly-semi-continuous if and
only if T is nearly-continuous, that is, for every neighbourhood V of the origin in F ,
cl (T−1(V )) is a neighbourhood of the origin in E [14], [21; §4].

Definition. T is semi-continuous if, for every continuous seminorm Q on T (E),
the inverse seminorm, Q/T−1, defined on E by Q/T−1 := Q ◦ T , is continuous.

In the case T is injective, T is semi-continuous if and only if T−1 is semi-open.
Any continuous map is semi-continuous and if F at least is LC, since {x ∈ E :
Q/T−1(x) < 1} = T−1{y ∈ T (E) : Q(y) < 1}, T is semi-continuous if and only if
T is continuous.
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Lemma 1 below can be found in [21; Lemma 1]; Lemma 2 appears in [4; §2], [12],
[27; 1, §4].

Lemma 1. Let P be a seminorm on E; then, b ∈ T (E∗)P/T if and only if b◦T ∈ E∗
P .

Lemma 2. Let U and V be fundamental systems of neighbourhoods of the origin in
E and (F, T ), respectively, and let TT denote the topology on F formed by taking
as its fundamental system of neighbourhoods of the origin the sets {T (U) + V :
U ∈ U , V ∈ V}. Then, if T has closed graph, TT , which is coarser than the initial
topology T , is Hausdorff and T is continuous into (F, TT ).

Lemma 3. For any seminorm Q on T (E), b ∈ T (E)∗Q if and only if b◦T ∈ E∗
Q/T−1 .

Proof: Let Q be a seminorm on T (E); then, for b ∈ T (E)∗, b ≤ Q if and only if
b ◦ T ≤ Q ◦ T := Q/T−1. �

In the sequel, we will abbreviate (F, T )′ to F ′ and take TT to be as defined in
Lemma 2 where T ◦◦

T will denote the associated LC topology of TT , that is, the
topology formed by taking, as its base of neighbourhoods of origin, the convex and
balanced TT -neighbourhoods. We recall [21; §2] that the associated LC topology is
coarser than the given topology and is barrelled, if that topology is semi-barrelled.

Lemma 4. Let T have closed graph and be nearly-semi-continuous and let Id
denote the identity map from (F, T ) onto (F, T ◦◦

T ). Then, for each continuous
seminorm Q on (F, T ), there exists a continuous seminorm R on (F, T ◦◦

T ) such that

b ∈ (F, T ◦◦
T )

′
R whenever b ∈ (F, T ◦◦

T )
′ and b ◦ Id ∈ F ′

Q.

Proof: By Lemma 2, since T ◦◦
T ⊂ TT ⊂ T , Id ◦T : E → (F, T ◦◦

T ) is continuous.
Let Q be a continuous seminorm on (F, T ) and b ∈ (F, T ◦◦

T )
′ be such that b ◦ Id ∈

F ′
Q. Then, b ◦ Id ∈ T (E)′Q|T (E) and, since Id ◦T is continuous, b ◦ Id ◦T ∈ E′.

Hence, since T is nearly-semi-continuous, there exists a continuous seminorm P

on E such that b ◦ Id ◦T ∈ E′
P and therefore b ∈ H := (Id ◦T )t(−1)(E′

P ). Here,

H is an equicontinuous subset of (F, T ◦◦
T )

′, if it is contained in the polar of some
neighbourhood of the origin in (F, T ◦◦

T ). But this is clear since, as is easily verified,
H ⊂ [(Id ◦T ){x ∈ E : P (x) ≤ 1}]◦ (where “◦” denotes the operation of polarity),
where T {x ∈ E : P (x) ≤ 1} is a convex and balanced TT -neighbourhood of the
origin. Since it is equicontinuous and (F, T ◦◦

T ) is LC, H is determined by some
continuous seminorm R on (F, T ◦◦

T ) for which we conclude that b ∈ (F, T ◦◦
T )

′
R. �

Lemma 5. Let T and Id be as in Lemma 4 and let (F, T ) be semi-B-complete.
Then, Idt(F, T ◦◦

T )
′ is σ(F ′, F )-closed in F ′.

Proof: Since (F, T ) is semi-B-complete, it suffices to show that Idt(F, T ◦◦
T )

′ ∩F ∗
Q

is σ(F ′, F )-compact for each continuous seminorm Q on (F, T ). The seminorm
S : (F, T ◦◦

T ) → R defined by S := sup{b ∈ (F, T ◦◦
T )

′ : b ◦ Id ∈ F ′
Q} is continuous

since, by Lemma 4, S ≤ R for some continuous seminorm R on (F, T ◦◦
T ). Hence,

by Lemma 1, S = sup{b ∈ (F, T ◦◦
T )

′
Q/ Id} and therefore (F, T ◦◦

T )
′
S = (F, T ◦◦

T )
′
Q/ Id,

from which we deduce that (F, T ◦◦
T )

′
Q/ Id is σ((F, T ◦◦

T )
′, (F, T ◦◦

T ))-compact. Since
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Idt(F, T ◦◦
T )

′∩F ∗
Q = {b◦ Id : b ∈ (F, T ◦◦

T )
′, b◦ Id ∈ F ′

Q} = {b◦ Id : b ∈ (F, T ◦◦
T )

′
Q/ Id},

the claim follows by the σ((F, T ◦◦
T )

′, (F, T ◦◦
T )) - σ(F ∗, F ) continuity of the map

b → b ◦ Id. �

We now give the main results of this section.

Theorem 6. Let T have closed graph and be nearly-semi-continuous and let (F, T )
be semi-B-complete. Then T is semi-continuous.

Proof: As in Lemma 4, let Id denote the identity map from (F, T ) onto (F, T ◦◦
T ).

Since Id is continuous and (F, T ◦◦
T ) is LC, it is adequate [21;§2]. Let Q be a con-

tinuous seminorm on (F, T ) and b ∈ (F, T ◦◦
T )

∗
Q◦Id−1

; then, by Lemma 3, b ◦ Id ∈

F ∗
Q(⊂ F ′). Let x ∈ F be such that 〈x, Idt(F, T ◦◦

T )
′〉 = {o}; then, since 〈Ker Id,

b ◦ Id〉 = {o} and Id is adequate, 〈x, b ◦ Id〉 = o. Since, by Lemma 5, Idt(F, T ◦◦
T )

′ is

σ(F ′, F )-closed, it follows by the separation theorem that b◦ Idt(F, T ◦◦
T )

′ and hence

b ∈ (F, T ◦◦
T )

′. From this, and since (by Hahn–Banach theorem) Q ◦ Id−1 is the

supremum of linear functionals it dominates, Q ◦ Id−1 = sup{b ∈ (F, T ◦◦
T )

′
Q◦Id−1

}.

It follows, by Lemma 3, that Q ◦ Id−1 = sup{b : b ∈ (F, T ◦◦
T )

′, b ◦ Id ∈ F ′
Q}. This

shows that Q ◦ Id−1 is continuous since now, by Lemma 4, Q ◦ Id−1 ≤ R for some
seminorm R continuous on (F, T ◦◦

T ). From the proof in Lemma 4, we know that

Id ◦T is continuous and hence, since Q/T−1 = Q ◦ T = (Q ◦ Id−1) ◦ (Id ◦T ), the
proof is complete. �

Theorem 7. Let T have closed graph, E be semi-barrelled and F be semi-B-
complete. Then, T is semi-continuous.

Proof: Any map from a semi-barrelled space is nearly-semi-continuous: Let Q be
a continuous seminorm on T (E) and choose P to be the LSC seminorm sup{b ◦ T :
b ◦ T ∈ E′, b ∈ T (E)′Q}. The result follows from Theorem 6. �

Since equicontinuous sets remain equicontinuous for finer topologies, an easy
consequence of Theorem 7 is: Let T have closed graph, E be semi-barrelled and
F be semi-B-complete. Then, T is continuous for any finer LC topology, T1, on F
such that (F, T1)

′ = F ′. We also note that Theorem 7 is valid, if either E or F is
LC, that is, if E is barrelled or F is B-complete. For the case both E and F are
LC, an easy consequence of Theorem 7 is (cf. [13], [14], [17], [20]):

Corollary 8 (Pták’s CGT). Let T have closed graph, E be barrelled and F be
B-complete. Then, T is continuous.

Remarks. The proofs given to obtain Pták’s CGT can be simplified, if we assume
the spaces—in particular, the range—to be LC. In this case, we have an alternative
and simple derivation of the Pták CGT. The standard proofs of this important
result (see, e.g., [11; 11.1.7], [22; IV, §8.4]) require the use of Collins’ theorem
[22; IV, §8.2] which states that closed subspaces of B-complete spaces remain B-
complete. Our proof (when adapted to the LC case) is also different from those
found in [11; 11.1.7], [13; §11] and [14; §34.6(7)] which use the more abstract concept
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of a quotient space and the application of the Hahn–Banach theorem to the product
space (E × F ).

4. Semi-infra-(s) spaces and the Kōmura–Adasch–Valdivia CGT.

Semi-barrelled spaces share many properties with barrelled LC spaces; in partic-
ular, Lemma 9 below shows that the (unrestricted) inductive limit topology with
respect to a family of semi-barrelled spaces is itself semi-barrelled (cf. [22; II, §7.2]).

Lemma 9. Let (E, T ) = indα(Eα, Tα, Tα : α ∈ I) be the inductive limit with
respect to the family of semi-barrelled spaces {(Eα, Tα) : α ∈ I} and maps (Tα :
α ∈ I). Then, (E, T ) is also semi-barrelled.

Proof: Let P be LSC on (E, T ); then, P ◦ Tα is LSC on (Eα, Tα)(α ∈ I) and
therefore continuous. Since T−1

α {y ∈ E : P (y) ≤ 1} = {x ∈ Eα : P ◦ Tα(x) ≤ 1},
it follows that {y ∈ E : P (y) ≤ 1} is a neighbourhood and therefore that P is
continuous. �

Example. In view of Lemma 9, the finest vector topology on any given TVS (E, T )
is always semi-barrelled.

It follows from this example that there is a coarsest semi-barrelled topology on E
of all the semi-barrelled topologies finer that T . We call this topology the associated
semi-barrelled topology of T and denote it by T t.
The notion of an “infra-(s)” space in the LC case was introduced by Adasch in [2].

We use the following equivalent characterization [14; §34.9(3)] of this notion: (E, T )
is an LC infra-(s) space if it is LC and for every LC Hausdorff topology T1 coarser
than T , T ct

1 = T ct, where T ct
1 and T

ct denote the coarsest barrelled topologies finer
than T1 and T , respectively. In extending this notion of an infra-(s) space to the
non-LC situation, Adasch [4], [6], gives the following definition: (E, T ) is infra-(s)
if, for every Hausdorff topology T1 coarser than T , T ut

1 = T ut, where T ut
1 and T ut

denote the coarsest ultrabarrelled topologies finer than T1 and T , respectively. This
leads us to the following:

Definition. (E, T ) is a semi-infra-(s) space if, for every Hausdorff topology T1
coarser than T , T t

1 = T t.

Since every ultrabarrelled topology is semi-barrelled as already noted, it is clear
from the definitions that every semi-infra-(s) space is infra-(s). This is in contrast
with the fact that semi-B-complete spaces are not necessarily B-complete in the
sense of Adasch. The notion of a semi-infra-(s) space is, however, the correct one
for our purpose of extending the CGT to where the domain is semi-barrelled (see
Theorems 11 and 12 below). Indeed, the following Example shows that we cannot
hope that the CGP holds between semi-barrelled and infra-(s) spaces.

Example. Consider the identity map from (l1/2, ‖·‖3/4) onto (l
1/2, ‖·‖1/2), where

‖ · ‖3/4 is the topology induced on l1/2 from l3/4 and ‖ · ‖1/2 is the natural topology

on l1/2 (see [19; §7], [21; §2]). From [21; §2], we know that (l1/2, ‖ · ‖3/4) is semi-

barrelled and from [6; §19] that (l1/2, ‖ · ‖1/2) is infra-(s). The identity, which has

closed graph, cannot be continuous since ‖ · ‖3/4 is strictly coarser than ‖ · ‖1/2.
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In the LC situation, Adasch [2] showed that the CGP holds, where the domain
space is assumed to be barrelled and the range to be infra-(s). This generalized the
Pták CGT in that every B-complete space is necessarily infra-(s) [2], [14; §34.9(7)]
and was significant since infra-(s) spaces need not be complete [14; §34.9(9)]. In the
LC case, the concept of an infra-(s) space is coincident with that of an “S-space”
or a “Γr-space” as given by Valdivia in [25], [26], [27; I, §6] where the results on
the CGT parallel some of those in [2]. Both authors rely on a principle given by
Kōmura [15]. We state the following here for an easy reference (see, e.g., [2; §3], [8],
[14; §34.9], [15], [25], [26], [27]).

Theorem 10 (Kōmura–Adasch–Valdivia CGT). Let F be an LC infra-(s) space.
Then, every linear map with closed graph from a barrelled space into F is continu-
ous.

In extending this result to the non-LC case, Adasch [4], [6] shows that the CGP
holds, where the domain is ultrabarrelled and the range is infra-(s). We will show
that with the domain space semi-barrelled, the CGP holds whenever the range is
semi-infra-(s) (Theorem 11) and that semi-infra-(s) spaces are maximal for the CGT
for semi-barrelled domain spaces (Theorem 12).

Theorem 11. Let (F, T ) be a semi-infra-(s) space. Then, every linear map with
closed graph from a semi-barrelled space into (F, T ) is continuous.

Proof: Let (E, T1) be semi-barrelled and T : (E, T1)→ (F, T ) have closed graph.
By Lemma 2, T is continuous into (F, TT ) where TT is Hausdorff and coarser than T .
Then, since T is continuous into (F, TT ) and (E, T1) is semi-barrelled, it is easily
shown using a standard transfinite construction as given in [14; §34(9)] that T :
(E, T t

1 )→ (F, T t
T ) is continuous. Now, since TT is Hausdorff and because (F, T ) is

semi-infra-(s), we deduce that T : (E, T1)→ (F, T ) is continuous. �

In particular, Theorem 11 is valid, if the domain was LC and/or the range is
LC since our definition of a semi-infra-(s) space includes those with an LC initial
topology. In this case, Theorem 11 gives Theorem 10. We note here that the
generalizations of the CGT to the non-LC situation given by Adasch [4], [6] do not
reduce to Theorem 10 for the LC case.

We now show that the semi-infra-(s) spaces are maximal for the CGP for semi-
barrelled domain spaces.

Theorem 12. Let (F, T ) be such that every linear map with closed graph from
a semi-barrelled space into (F, T ) is continuous. Then, (F, T ) is semi-infra-(s).

Proof: Consider the identity from (F, T1) onto (F, T ), where T1 is a Hausdorff
topology coarser than T . The identity is closed and remains closed as a map from
(F, T t

1 ) onto (F, T ) since T t
1 is finer than T1; hence, by assumption, it is continuous.

Thus, T t
1 ⊃ T , from which we conclude that T t

1 = T t and (F, T ) is semi-infra-(s).
�

Remarks. It is clear from the definition that if (F, T ) is semi-infra-(s), then (F, T1)
is semi-infra-(s) for any Hausdorff topology T1 coarser than T . From this it follows
that there exist semi-infra-(s) spaces that are not semi-B-complete.
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5. Semi-bornological spaces and the Powell CGT.

We recall [8], [14] that a TVS is bornological, if it is LC and if every bornivorous
set (i.e., one that absorbs all bounded sets) which is absolutely convex is a neigh-
bourhood of the origin. To extend this, Iyahen [9] and Adasch [1], [6] introduced the
following concept of a non-LC bornological space: E is ultrabornological whenever
every bounded linear map (i.e., one that maps bounded sets into bounded sets)
from E into any TVS is continuous. Equivalently, E is ultrabornological whenever
every bornivorous string (i.e., one for which every Un is bornivorous) is a topological
string [1], [6], [9]. (We point out here that ultrabornological TVS should not be
confused with the “ultrabornological” spaces from the LC theory [11].)

Definition. E is semi-bornological, if every bounded seminorm on E is continuous.

Equivalently, E is semi-bornological whenever every bornivorous and absolutely
convex set is a neighbourhood of the origin; here, we do not assume that E has
a neighbourhood base of the origin consisting of absolutely convex sets. It is clear,
however, that every bornological space is semi-bornological. This notion should be
compared with that of an “M -bornological” space given by Tomášek [24].

Examples. Every pseudometrizable (and hence, every locally-bounded) space is
semi-bornological; the finest linear topology on any vector space is semi-bornological.

Proposition 13. Every ultrabornological space is semi-bornological.

Proof: Let E be ultrabornological and define UP := {x ∈ E : P (x) ≤ 1}, where

P is a given bounded seminorm on E. Clearly, U := {2−(n−1) · UP }(n ≥ 1) is
a string which, since P is bounded, is also bornivorous. It follows that UP is
a neighbourhood of the origin and, therefore, that P is continuous. �

In particular, every LC ultrabornological space is semi-bornological. Examples
of bornological spaces that are not ultrabornological can be found in [6], [9]. The
following provides an example of a non-LC semi-bornological space which is not
ultrabornological and which, together with Proposition 13 above, shows that the
class of ultrabornological spaces is a proper subclass of the class of semi-bornological
spaces.

Example. Following Iyahen [10], a subset A of E is said to be semiconvex, if
A + A ⊂ λA for some λ > 0; and E is said to be a semiconvex space, if it has
a base of neighbourhoods of the origin consisting of balanced semiconvex sets. If
τ(E, E∗), T fsc and T f denote the Mackey, finest-semiconvex and finest topologies
on E, respectively, then, since τ(E, E∗) is the finest convex topology on E and

every LC topology is clearly semiconvex, τ(E, E∗) ⊂ T fsc ⊂ T f . If, however,

the (algebraic) dimension of E is uncountable, then τ(E, E∗), T fsc and T f are all,

in fact, distinct [10]. Since τ(E, E∗) and T f share the same bounded sets (since

they induce the same topology on finite-dimensional spaces), each T fsc-bornivorous
set is easily seen to be τ(E, E∗)-bornivorous; hence, since the Mackey topology is

bornological (indeed, every seminorm on E is τ(E, E∗)-continuous), each T fsc-
bornivorous and absolutely convex set is a τ(E, E∗)-neighbourhood of the origin.
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From this, it follows that (E, T fsc) is semi-bornological. (E, T fsc) is, however, not

ultrabornological since the identity from (E, T fsc) onto (E, T f ) which is clearly
bounded, cannot be continuous.

We can, in fact, give the following characterization: E is semi-bornological if and
only if every bounded linear map from E into any LC space is continuous (cf. [8],
[11], [14]). This is easily verified: Let E be semi-bornological, T be a bounded linear
map from E into any LC space F , and Q be any continuous seminorm on F . From
the identity {x ∈ E : Q ◦ T (x) < 1} = T−1{y ∈ F : Q(y) < 1}, and since Q ◦ T
is a bounded seminorm on E, it follows that T is continuous. Conversely, suppose
that every bounded linear map from E into any LC space is continuous. Let P be
a bounded seminorm on E and consider the identity from E onto (E, TP ), where TP
is the LC topology on E generated by P . The identity is easily seen to be bounded
(since P is bounded) and hence is continuous. It follows that {x ∈ E : P (x) < 1}
is open in E and P is continuous.
We can now state a generalization of Powell’s CGT [16], [8] in Theorem 14 below.

Powell employs Kōmura’s principle as used in the proof of Theorem 11. The proof of
Theorem 14 is similar to that given for this theorem and will therefore be omitted.
Here, for the given topology T on F , T x will denote the coarsest semi-bornological
topology on F finer than T . That such a topology exists, it is clear by an adaptation
of Lemma 9 for semi-bornological spaces, and since we have already noted that the
finest linear topology on any vector space is semi-bornological.

Theorem 14. Let T have closed graph, E be semi-bornological and (F, T ) be such
that T x

1 = T x for any Hausdorff topology T1 coarser than T . Then, T is continuous.

6. Semi-Mackey spaces.

We conclude this note by investigating briefly a notion of a Mackey space for the
non-LC situation, which will complement the notions of semi-barrelled and semi-
bornological spaces already given.

Definition. P is a Mackey seminorm whenever E∗
P ⊂ E′.

Definition. E is a semi-Mackey space, if every Mackey seminorm on E is contin-
uous.

We note that if E is a (Hausdorff) LC space, then P is Mackey seminorm if and
only if P is continuous with respect to the Mackey topology τ(E, E′). Hence, an
LC semi-Mackey space is a Mackey space.

Example. Every TVS with a degenerate topological dual is semi-Mackey; this
includes, for example, M, the (non-LC) space of all µ-a.e. equivalence classes of
real-valued measurable functions on [0, 1], where µ is the Lebesgue measure.

Proposition 15. Every semi-barrelled space is semi-Mackey.

Proof: By the Hahn–Banach theorem , every seminorm is the supremum of the
linear functionals it dominates, any Mackey seminorm is LSC. Hence, semi-barrelled
spaces are semi-Mackey. �
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Proposition 16. Every semi-bornological space is semi-Mackey.

Proof: By the Alaoglu–Bourbaki theorem, for P a Mackey seminorm, E∗
P is

σ(E′, E)-compact. This gives P is continuous as in the proof for the LC case
(see, e.g., [7]). �
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