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GENERALIZED INTERPRETABILITY IN TERMS OF MODELS
(NOTE TO A PAPER OF R. MONTAGUE)

PeETR HAJEK, Praha
(Received November 5, 1965)

In [2], MONTAGUE considers three relations between two sets of sentences &, ¥,
namely:

(1) all members of ¥ are derivable from &;
(2) the theory axiomatized by ¥ is interpretable in the theory axiomatized by ®;

(3) the theory axiomatized ¥ is relatively interpretable in the theory axiomatized
by &.

He gives semantic definitions of the relations (2) and (3), and proves that these new
definitions are equivalent to the original syntactic definitions, which he states to have
an accidental character.

The function f from the definition of (relative) interpretability, which associates to
every standard atomic formula of the language of ¥ (and to a new unary predicate)
a formula of the language of @, can be called either an interpretation (of ¥ in @) or
a syntactic model (of ¥ in @), [1]. If a syntactic model of ¥ in @ is given, i.e. actually
constructed, then the relative consistency of ¥ with respect to @ is (effectively)
demonstrated. The need of effectivity (consequently, the need of finite metamathe-
matics without set-theoretical means) seems to be adequate, if we (as mathematical
logicians) inquire, what can the matematicians do (prove, decide) and what cannot
they do? I believe that, in this case, the syntactic definitions of the relations (1)—(3)
are not entirely accidental, and indeed that they are the only possible ones. The
metamathematical framework sketched by Montague seems to correspond to another
question of the logician, namely, what are relations between the languages of the
matematicians and of the external “world”’? In this case, indeed, semantic definitions
of the relations (1)—(3) are more interesting than the syntactic ones.

In order to answer the first metamathematical question in particular cases, a gene-
ralized notion of interpretability, the so-called notion of a parametrical syntactic
model (see below), was used (see e.g. [4]) and explicitely formulated (in [1]). We
also have the fourth (actually used) relation between two systems of sentences:
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(4) The theory axiomatized by ¥ has a parametrical syntactic model in the theory
axiomatized by @ (one may say that the former theory is parametrically inter-
pretable in the latter one).

A semantic definition of this relation can be found, and proved to be equivalent to
the syntactic definition by modifying the proof from [2]. This is carried out in the
present paper.

The framework sketched in [2] will be employed here. The only difference is that
we consider the logical calculus without preferred equality predicate (and, con-
sequently, without operation symbols and constants). Obviously, it is possible that
a theory contain an equality predicate; the condition for a predicate to be an equality
predicate in a theory are well-known. Then logical operations and constants can be
introduced as (metamathematical) abbreviations. This conceptions enables us to
interpret the predicate declared to be the equality predicate not necessarily as the
equality predicate of the theory in which it is interpreted (cf. footnote 17) in [3]).
This fact can at least simplify constructions of syntactic models (see e.g. [ 5]). However,
it seems that the modification of our consideration so as to apply to the metamathe-
matics given in [2] does not present any problems.

Definition 1. A triple 9, x, f is called a parametrical translation_ of a language I'y
into a language I', with n parameters, n a positive integer, iff (i) 9 is a formula of .I',
such that the free variables of $ are among v,, vs, ..., v, (n variables);

(i) x is a formula of I', such that the free variables of x are among vy, vy, v3, ...,
veu Ugy—q (n + 1 variables);

(ii1) fis a function whose domain is the set of all standard atomic formulas ¢ of I';;
for every such formula P(v,, ..., v,), f(¢) is a formula such that its free variables are
among vy, v, ..., Uzu—1, Vo» V25 - -, U2, (and none of these variables are bound in f(¢)).

Definition 2. Let t = (9, x, f> be a parametrical translation of I'; into I', (with n
parameters). With every formula ¢ of I'y one associates a formula ¢, of I', in the
following way:

(a) if o is atomic, say P(tky --., 0y), and f(P(vo, ..., 0,)) is Y(vy, 03, «.es Vay_ 1, Vo
Dy eeny vzq), then @, is l//(vl, U35 o0 V2p— 15 Uaggs Vagys v os vqu);

(b) if is o1 A @, (or @1 vV @, or 710, etc.) then ¢, is ((01), A (‘Pz)r (01' (‘Pl)t v
v (@2)i> or 71(@y), respectively);

(c) if @ is Av or Vo, then o, is AC2(X(V20 V15 - s Van—1) = ¥e) of Vau(x(vars
Ugs+e0s Uapmq) A V) Tespectively.

Definition 3. (i) Let ¢, I';, I', be as in Definition 2, let I, be the language of
a theory @, ¢ a formula of I',. Then ¢ is said to hold in the translation ¢ iff the formula

Ay oo V20 1(3(vy, -0y 2,—1) = @,) belongs to @.
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(ii) Under the same assumption, let I'; be the language of a theory ¥ axiomatized
by a set of formulas ¥,. The translation ¢ is said to be a parametrical syntactic mode}
of ¥ in & iff the formula

(1) V04, eees Dane 1901, «vos Vage1) A AUy «ees V20— 1[3(0s «vos V2g—1) =
- VUOX(UO’ Ugs ooy Uzn-l)]

belongs to ¢ and, for every Y € ¥y, ¥ holds in ¢.
If ¥, = {{} is one-element-set (and y be closed), then the conjunction of (1) with
the formula

Avl’ LR vZn—l[‘g(Ul’ LRRE UZn—l) e ‘Pt]
is denoted by Mod,. (Mod, is a closed formula of the language I',.)

Definition 4. Let @, ¥ be theories. Then Y is said to be parametrically interpretable
in @ iff, for some positive integer n, there is a parametrical syntactic model with n
parameters of ¥ in .

Lemma. Let & be a theory, ¥ a theory axiomatized by ¥,, t a parametrical
syntactic model of ¥ in ®. Then, for every Y € ¥, y holds in t. Further more, if &
is consistent, then ¥ is also consistent. (See [1].)

Definition 5. A set F is called a family of semantic models (of a theory @, with »n
parameters) iff F is a function such that the domain of F is a non-empty n-ary
relation and the range of F consists of some semantic models of ®. Write F(y) =
= (A,, 9, for every y in the domain of F.

With the family of models F one associates a triple {Pg, Q, gr» in the following
manner: (i) Py is the domain of F;

(i) QF is the (n + 1)-ary relation such that {x,,..., x,> € Qf if and only if
(X5 +-+s Xp—1) € Ppand x, € A(xo,...,xn-l);

(iii) g is a function, the domain of gy constists of all standard atomic formulas
of the language of & and, for every k-ary ¢ in the domain of g, gF(qo) is the
(n + k)-ary relation such that {Xg, ..., Xy—15 Xps +++» Xp4x—1 € g5 @) if and only if
(X0 +ves Xn—1 € Ppand {x,, ...y Xp4x-1) € g(xo,...,x,,-1>(‘P)-

Definition 6. A family of models F is said to be definable in a model A iff the
relations Py, Qr and all relations in the range of g are such.

Theorem. If & is a theory and ¥ is a finitely axiomatizable theory, then ¥ is
-parametrically interpretable in ® if and only if, for each model A of ®, there is
a family of models of ¥ which is definable in A.

Proof. We modify the proof of Theorem 1 in [2]. Assume the hypothesis. The
implication from left to right is obvious. Assume that for every model A of & there
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is a family of models of F which is definable in A. Let G be the set of all parametrical
translations of the language of ¥ into the language of @; let ¥, be the conjunction
of all members of a finite axiom system of ¥, let ¥, = {¥,}. It is easy to see that, for
every model 4 of @, there is a family of models of ¥ definable in A if and only if the
sentence Mod, is true in 4 for some ¢ € G. It follows from the Compactness Theorem
that there is a finite subset D of G such that, for every model A of &, there exists a ¢
in D for which Mod, is true in 4. Let D = {t, ..., t,}, let t; = {3, x;, f;) for every
1 £ i £ n. The disjunction Mod,, v ... v Mod,_ is true in every model A of &,
and consequently, & - Mod,, v ... v Mod, . Define a translation t, = {8, xo, fo)
as follows:

9, is the formula (Mod,, A ,) v (71 Mod,, A Mod,, A 3,) v ...

. v (7 Mod,, A 71 Mod,, A ... A 7T Mod,,_, A Mod,, A 3,);

1

%o is the formula (Mod,, A x,) v (71 Mod,, A Mod,, A x5) V ...

. v (7 Mod,, A T Mod,, A ... A 71 Mod,,_, A Mod,, A %,);

th-1

for every standard atomic @, fo(¢) is the formula
(Mod,, A fi(®)) v ... v (11 Mod,, A ... A 71 Mod,,_, A Mod,, A f,(9))-

D being finite, there is a positive integer n, such that ¢, is a parametrical translation
with n, parameters. In analogy with Montague’s procedure one proves ¢ - Mod,,,
and this suffices to show that ¥ is parametrically interpretable in &.

Corollary. Let &, ¥ be theories, let ¥ be finitely axiomatizable. Then ¥ is para-
metrically interpretable in @ if and only if ¥ is parametrically interpretable in
every complete extension of ®.

Appendix. It is obvious that every theory ¥ which is relatively interpretable in &
is parametrically interpretable in @. The notion of parametrical syntactic models is
at least useful as a means to simplify some syntactic constructions (consistency
proofs). In the case of the Bernays-Godel set theory Z, the following holds: Every
theory which is parametrically interpretable in £ by means of a normal model (see
[1])is (nonparametrically) relatively interpretable in Z. (A weaker statement is proved
in [1], Theorem 7; the present assertion was proved by I. Korec.) Next there is
exhibited a simple example of theories @, ¥ such that ¥ is parametrically interpretable
but not relatively interpretable in &. Let the language of both & and ¥ consist of
one unary predicate and one binary predicate =, let the axioms of @ be

(1) Vv, P(vo) A VuoVo10g =+ vy,
(2) AvoAv[(P(v5) A vy = 01) > P(vy)],
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(3) reflexivity, transitivity and symmetry of =,

let the axioms of ¥ be (1), (2), (3)and

(4) Ve 11 P(np).

In order to prove that ¥ is parametrically interpretable in it suffices to take 3(v,)=
= P(vy), x(vy, vo) = vo = Vg, P(vy, vo) = vg = vy, =, (v}, Vg, 12) = Vg = ;.

Now proceed to prove that ¥ is not relatively interpretable in &. Let 4 be any set
consisting of at least two elements, let g(P(vp)) = 4, g(vo = v;) = {{x, x); x € 4},
A = (A, g>. If ¥ were relatively interpretable in &, then, by Theorem 2 in [2], two
disjoint non-empty sets would be definable in 4. But the only sets definable in A4
by menas of the language {P, =} are the empty set § and A. This can be shown by
proving (by induction) the following assertion: If ¢ is a formula of the language
{P, =}, m is a permutation of the set 4, {a,}, is a countable sequence of elements
of A and {a,}, fulfils ¢ in A, then also the sequence {n(a,)},, fulfils ¢ in A.

Finally, let the axioms of ¥, be (1), (2), (3) and

(5) AvoAv,[(P(vo) A P(vy)) = v = vy].

The theory ¥, is interpretable in @ (put P,(vo) = P(v,), vo =,v; = ((P(vo) A
A P(v,)) v vy = v,)); further more, ¥, is parametrically interpretable in @ in such
a manner that the equality predicate is interpreted absolutely (take 3, x, P,, =, from
the preceeding example); however, ¥, is not relatively interpretable in @ if the
equality predicate is considered as absolute (consider e.g. the set of all positive
integers with the equality relation and with the subset of all odd numbers).
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ZOBECNENA INTERPRETOVATELNOST V TERMINOLOGII MODELU
(POZNAMKA K PRACI R. MONTAGUEHO)

PETR HAJEK, Praha

Montague poddvd v prdci [4] sémantické definice syntaktickych pojmii interpreto-
vatelnosti a relativni interpretovatelnosti libovolné axiomatické teorie v koneéné
axiomatizovatelné teorii. Poddvam analogickou sémantickou charakterizaci obecné&j-
$iho pojmu parametrické interpretovatelnosti axiomatické teorie.

Véta. Budte ®, ¥ axiomatické teorie, budiZ & koneéné axiomatizovatelnd.
¥ je parametricky interpretovatelnd ve ® (tj. ¥ md parametricky syntakticky model
ve @) prdvé tehdy, kdy? ke kazdému sémantickému modelu A teorie ® existuje ro-
dina F sémantickych modelii teorie ¥ definovatelnd v A. (Pojem rodiny sémantic-
kych modelii a jeji definovatelnosti je zaveden jistym pfirozenym zpiisobem.)

Je podan pfiklad axiomatizovatelnych teorii @, ¥ takovych, Ze ¥ je parametricky
interpretovatelnd ve &, ale neni relativné interpretovatelnd ve @.

Pes3omMme

OBOBUIEHHASI UHTEPIIPETUPYEMOCTD B INMOHATUAX MOIEJEN
(BAMETKA K PABOTE P. MOHTAT1O)

IETP T'AEK (Petr Héjek), Praha

MoHTaro BBeJl CeMaHTHYECKME OINpelesieHHsl CUHTAKCHMYECKHX IMOHSTHHA HMHTEp-
NPETUPYEMOCTH M OTHOCHTEJIbHOW HHTEPIPETHPYEMOCTH PO M3BOJIBHOM aKCHO-
MaTHYECKOM TeopuHM B KOHEYHO-aKCHOMAaTH3MpyeMoil Teopuu. B mpemmaraemMoit
paboTe nmaercs aHaJIOTHYHOE CEMAaHTHUYECKOe ompenelieHne Gojiee oOlIEro MOHATHS
NapaMeTPUYECKOi HMHTEPIPETHPYEMOCTH TEOPUH B KOHEYHO-aKCHOMATHU3HPYeMOM
TEOPUH.

Teopema. ITycte @, ¥ — aKCHOMATHYECKHE TEOPUM, MYCTh & — KOHEYHO-AKCHO-
MaTusgpyeMa. ¥ nmapaMeTpUMYecKH MHTepnpeTHpyema B @ Torga M TOJBKO TOTrna,
KOrJa IJjis BCAKOHM ceMaHTHYecKod Monenu A Teopuu P CyuiecTByeT cemeicTBo F
CeMaHTHYeCKuX Moneei Teopun ¥, onpenenumoe B A. (TTorsiTus cemeiicTBa Monenel
M €ro ONpeNeTMMOCTH BBOASATCH €CTECTBEHHBIM 06pa3zoM.)

Haetcs npuMep KOHEYHO-aKCHOMATH3UPYEMBIX Teopuit @, ¥ Takux, uto ¥ mapa-
METpHYECKH MHTEPNpeTHpyeMa B &, HO HE ABJISAETCA OTHOCHTEJIbHO MHTEPIpPETHpYE-
Moii B @,
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