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Casopis pro p&stovani matematiky, ro&. 94 (1969), Praha

DEFORMATION OF SURFACES IMMERSED IN UNIMODULAR
AFFINE SPACE OF FOUR DIMENSIONS

JinpRicH KERNDL, Brno

(Received August 9, 1967)

The local theory of deformations (in Cartan’s conception) of subvarieties of so
called flat spaces is an important part of classical differential geometry. In this paper,
the existence and the properties of surfaces (i.e. varieties of two dimensions) im-
mersed in an affine space of four dimensions, which are in.a deformation of second
order, are studied.

1. INTRODUCTORY NOTIONS

1.1. Let A, be a 4-dimensional affine space and (4) be a surface generated by the
point A = A(u, v), being immersed in this space. The admissible couples (u, v) are
taken from an open neighborhood of C? (C = complex numbers). Let us suppose,
(4) to be a surface sustaining conjugate net. To each point of the surface we associate
a frame consisting of the point A and of linearly independent vectors I,,1,,15,1,
such that

(1.1) [11121314] = 1 .
The fundamental equations of the moving frame are

4 4
(1.2) d4 =.ZICD]II- , de =kzla)jklk (j = 1, 2, 3, 4) N
j= k=

where w;, wj, are linear d.fferential forms in parameters on which the moving frame
is depending.
Differentiating (1.1) and using (1.2), we obtain

(1.3) Wqq + Wja + (D33 + CD4_4 = 0 .
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Further, the forms w fulfil the structure equations of the affine space

4 4
(14  doyj=F oAy, doy=Youroy (Lj=127314).
k=1 . =

- 1 k=1

We can specialize the frame so that the following equations hold

(1.5) w3 =wy =0,

(1.6) W3 =01, W3 =0013=0, wyy=0,,
(1.7) Wy = 0 0,, Oy = €0,

(1.8) W43 = P10, , W34 = B0y,

(1.9 . 201 — W33 = U0y, 203, — Way = G0 .

There is w; A w, + 0.

Besides other, it means that the vectors I,, I, are touching the conjugate net.
Therefore its equation is w,w, = 0. The vectors I; and I, are parallel with the oscu-
lating planes of curves w, = 0 and w; = 0 respectively.

By exterior differentiation of the equations (1.7), (1.8), (1.9), we obtain

»

2 =
* 1 1 ’
(1 10) Wy A (1)32 + (DZ N (dal - (011) b alwl A 602 - 0

oy A (day — 0,0,,) + 03 A 04y + Gy A 0y =0.

(1.11) oy A @4y — @5 A [dBy — Bi(wy; + W4y — @33)] + 0B10, A 0 =0,
wy A [dB; — By(011 + w33 — 044)] — 0y A 033 + 0,0, A @, =0.
(1.12) 3w, A @31 + @, A (day — 2,0,,) — (3ayx, + B1B2) @y A @, =0,
oy A (doy — 0y00) + 30, A w4y + (30,0, + B1B2) 0y A @, = 0.

Let us denote by J, as usual, the differentiation such that du = v = 0 and let us
write w;{8) = e;;. Then we have from (1.10), (1.11), (1.12)

(1.13) 5“1 = ;€41 , 5“2 = 003€32, 6B1 = ﬁl(ezz + €44 — 333) R

0B = Balerr + €33 — eqs)-

It results that «,%,, By, B, are relative invariants. We shall always suppose a,2,8,8, +
+ 0. (About geometrical signification of vanishing of «;, a5, B, B see [3].)
With respect to (1.5), (1.6), (1.7), (1.8), the fundamental equations are of the form

(1.14) d4d = oI, + w,l,,
dly = w1 + o 0,1, + w1y,

dl; = a1 + @351, + w,l,,



dly = w311 + w3,1; + 03315 + Bod,,
dly = 0yl + w40, + BiwyIs + w44,

Moreover, the equations (1.3) and (1.9) hold.

Now, let us consider a surface (B) immersed in a 4-dimensional affine space A4
and generated by the point B = B(u’, v'). Let us take the same suppositions on (B)
as those on (A). Let the frame of (B) be consisted of the point B and of the vectors
Jy, I3, J3, J4 such that

(1.1,) [J1J2J3J4] = 1 .

We denote all expressions connected with (B) by an apostroph. Let the frame
associated with (B) be specialized in the same way as that associated with (4).

In particular, wjw5 = 0is the equation of conjugate net on (B) and the fundamental
equations are of the form

(1.14) dB = w}J; + wyJ,,
dJ, = w1, J; + djo,J, + 0iJ;,
dJ, = vhoiJ, + w5,J, + w3,
dJ; = w31Jy + w33J; + w3373 + Br001J,,
dJ, = iy J; + 04,0, + B0 + wiady .
1.2. Let C:(A4) - (B) be a correspondence such that the point B = CA of the

surface (B) corresponds to the point 4 of the surface (4). Let C be regular. Then it is
given by

(1.15) . w;. = /{11601 + 1112(1)2 s w’z = )»210)1 + /122(02 >
(1.16) a=|ftel g
'121 )‘22

We shall use the following specification
Ty =@ — @5, t;=e; —e;.
By exterior differentiation of (1.15), we obtain
(1.17) oy A (dAg; + AyyTyq) + @3 A [dAy, + Ago(Tyy + @5y — @,55)] +
+ (}vu“z = Ai1da2%s — A0 + }-12221“'2) 0 Ao, =0,
w; A [dAy + }-21(‘522 + W33 — 015)] + @5 A (ddyy + Ap515) +

+ (A210; — A250 — A12d230) + Ayidz0) @y A @, = 0.
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Hence we have
0Ay1 = —4uatyy,
02 = Aya(ezz =ty — e1y),
- 0da1 =  Azlerr — 122 — €23),

04z = —Aaly;;

however, 64 = 0 as a consequence of t;; + t,, = 0. The expressions 4,1, 412, 421, 4,,
are relative invariants. With regard to (1.16) we can suppose for example 4,;, * 0.
Now the geometrical signification of A,, = 0 is that the families of curves @; = 0
and o] = 0 of the conjugate nets of (4) and (B) respectively correspond mutually.
The signification of 1,; = 0 is analogous.

The correspondence C : (A) — (B) is called conjugate in case it is given by relations
(we denote A,y = A5, 4,, = 4,)

(1.18) 0] = Lo, 0,=o,, A=21i £0.

The geometrical characterization of the conjugate correspondences follows from the
foregoing consideration. Conjugate nets of both the surfaces (4) and (B) are cor-
responding. The specification is chosen so that the family wj = 0 (w’z = 0) of the
surface (B) corresponds to the family w; = 0 (w, = 0) of the surface (4).

By exterior d fferentiation of (1.18), we get

(1.19) oy A (dAy + A47y4) — 470, A @, =0,

@, A (A2, + A3755) + Ario A @, =0,
where r, = A0y — ay, r, = A0, — a,. So we have
(1.20) Ay = —Ayyy, OAy = —dyty,, 6A=0.
Using Cartan’s lemma, the equations (1.19) yield

(1.21) diy + 474y = fro4 + 44150,
dlz + lztzz = ).27‘1(01 + fzwz .

We shall consider (4) being a surface immersed in the 4-dimensional projective
space P, arising from the space A, by the projective extension. Then each vector
of A, is an improper point of P,. These points generate the 3-dimensional improper
space N; of the affine space 4,. Without any danger of misunderstanding, we shall
speak about the points I,, I, etc. when thinking of the improper points determined
by the mentioned vectors. We shall do a similar supposition concerning the sur-
face (B). A

The tangent plane [AI,],] of the surface (4) at the point A meets the space N; in
the straight line [I,1,]. If the point A is generating the surface (4), then the straight
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line [1,1,] is generating the line congruence L. In accordance with our suppositions,
the congruence L has two different focal surfaces. Similarly by L' the congruence of
the straight lines [J,J,] is to be denoted.

To each line of the congruence L we associate a frame consisting of the points
1,,1,,1,,1, and according to (1.14) the fundamental system of differential equations
is of the form

(1.22) dIl = (01111 + (Xlwzlz + (0113 ’
dI; = ayw, Iy + Wyl + w1,
dIy = “?3111 + w321, + w3315 + By,

dly = w4yl + @420y + B10yI5 + w44l .

Moreover, the equations (1.3) and (1.9) hold.

Now it can be found that the developable surfaces of the congruence L correspond
to the conjugate net of the surface (A4) in the following sense: If the point 4 moves
along the curve w; = 0 (w, = 0) of the surface (4), the corresponding straight line
[I,1,] of the tangent plane of the surface (4) at the point 4 generates the developable
surface 0, = 0 (w, = 0) of the congruence L.

Let us suppose that C :(4) — (B) is a correspondence. By means of C the cor-
respondence y : L — L is determined in a natural way so that the improper straight
lines of the tangent planes at the points 4, B = CA correspond to each other. In
particular, if C:(4) — (B) is conjugate, then y:L— L is developable. (About
developable correspondences see [2].)

2. AFFINE DEFORMATION

2.1. Let (4) be a surface in an affine space A, with the frame specialized so that the
fundamental system of differential equations is (1.14). Let us take a similar supposi-
tion concerning the surface (B) immersed in the space Aj. Let us consider the cor-
respondence C : (4) — (B) given by the relations (1.15), (1.16). Moreover, the
equations (1.17) hold.

The correspondence C : (4) — (B) is called an affine deformation of order k, if
for each point 4 of the surface (4) there exists an affinity T': 4, — A such that the
surfaces (TA4), (B) have the analytic contact of order k at the point B = CA. We say
that T realizes the affine deformation C.

Now, we attend to a deformation of first order. The conditions fo1 the correspon-
dence C to be an affine deformation of the first order consist in the existence of the
affinity T so that it holds

(2.1) TA =B, TdA=dB.
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Let the affinity T be given by

4 4
(2.2) TA=B+3YaJl, T,=Yauh, (1=1234).

v=1
-

Further, we shall always assume the determinant of the matrix M = |a,,,|| being equal
to one, i.e. ’

(2:3) det [M| = 1.

Making use of affinity (2.2) and equations (1.14), (1.14'), (1.15), we get from the
conditions (2.1) that any correspondence C : (A) — (B) is an affine deformation of
the first order. Affinity T (so called tangent affinity) realizing this deformation exists
and generally it is of the form

(2.4) ’ TA=B, TII=},11J1 +}.21J2, TIZ=1112J1 +}.22J2,

4
TIn=Zaquvs u=34;
v=1

(2.5) a1 = | 933 934

43 Q44

2.2. Let us suppose, considering the same specialization of frames of the surfaces
(4), (B) as in the previous paragraph, that C is an affine deformation of second
order. Then for each point of the surface (4) there exists the affinity T: A, — A} so
that it holds

(2.6) TA =B, TdA =dB, Td?4 =d’B.

The correspondence C is given by relations (1.15), (1.16). With regard to the first two
equations (2.6) we can suppose that the affinity T'is of the form (2.4). Making use of
(1.14), we compute

(2.7) d2A = (dw1 + (01(011 + azwle) Il +

+ (do; + 0,0,; + q0,0,) 1, + il; + w3l,
and analogously by using of (1.15)

(2.8)  d?B = {dA; 0y + 411 dw; + dAj 0, + Ay do, + (Ag,0; + App0,) @ +
+ ay(A11d2107 + A1A120:0; + Ayydar000; + A2hy,03)} Iy +
+ {dA;;0, + Ay do, + dAy,0, + Ay, do, +
+ (101 + A,0,) @5, +
+ 0421142107 + A122210,0; + Ay1dp,0,0; + Aahza03)} T +
+ (08 + 204,000, + Af,03) T3 +
+ (1310} + 24345,0,0, + 13,03)J, .



Finally, we have from equation (2.7) by means of affinity (2.4)

(29) Td*4 = {l“(dwl + w0, + %,0,0,) + Ajp(dw, + w2w22 + ay0,0,) +
+ a3,0% + a3} Ji + {A(do; + 00 + a0,0,) +
+ /122((1012 + Wy + alwle) + a32w% + a420)§} Jz +
+ (aaswf + 0430);) Ji + (434(*’% + a44w§) Jy.

With respect to the last equation (2.6), we compare the coefficientsof linearly in-
dependent vectors J 1» J2, J3, J4 being on the right-hand sides of the expressnons
(2.8), (2.9). The coefficients of J3, J4 are

: 2 2

as,0; + 043(02 = 15,0} + 2A114,,0,0, + A},03,
. _ Co ' 2 .2

‘1340’1 + ‘144(02 = '121(01 + 225242,0,0, + 13,03 .

Hence we have

(2-10) ass = Ay, Qa3 = M2y 838 =231, G4s =432,
and also
(2.17) Ai1dy = 0,0 dppdy = 0.

Let us attend to the equations (2.11). The condition (1. 16) yields that it cannot be
simultaneously 4,, and 4;, or 4, and 1, equal to zero. Let us assume A;; * 0.
Then according to the first equation (2.11) there is 4;, = 0. With respect to (1.16)
we have 1,, + 0 and according to the second equation (2. 11) there is 4,; = 0.
Therefore it is necessary for C to be a conjugate correspondence.

Now, with the specification used in (1.18), by comparing the coefficients of Jy, J,,
we get

(ddy + A474y) @1 + A70,0, - a3,0} — a403 =0,
(dA; + A3T22) @; + Ary0y0; — a3,0] — 405 = 0.
Substituting from (1.21), it results
azy =f1, a4 =0, | r,=0,
a4 =f2, 83,=0, r; =0.
The condition (2.5) is (4,4,)> = 1, s0 4,4, = 1 can be chosen.

Cosequently, the necessary conditions for C to be an affine deformation of second
order are as follows:

C is conjugate and, moreover, it holds
(2.12) Aoy —a; =0, Ao, —a, =0, A4, =1.

It is easy to see that the above mentioned conditions are sufficient, too. We formulate
this result in
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Theorem 1. Let C:(A) — (B) be a correspondence determined by relations
(1.15), (1.16). The correspondence C is an affine deformation of second order if and
only if it is conjugate and the equations (2.12) hold.

As regards the affinity T realizing affine deformation of second order, we find out

Lemma 1. The affinity T: A, — A, realizing an affine deformation of second
order (s.c. osculating affinity) exists and generally is of the form

(2.13) TA=B, TI, =AJ,, TI,=21,J,, TI,=2}J,,
T, = 23J,, (LA, =1).
Further, let us remark that there is |
0w, = —e,0,, O0W, = —ey,0,.
With respect to (1.13), we compute that the forms
(2.19) Q= 0,0,0,0,,
(2.15) ¥ = Bifrw,w,

are invariant (i.e. ¢ = 0, 6y = 0). We next establish two lemmas declaring the con-
text of an affine deformation of second order with the invariant forms ¢, ¢’ and then
by means of these forms the context of the correspondence C : (4) — (B) with the
correspondence y : L — L.

Lemma 2. Let C : (A) — (B) be a correspondence between the surfaces (4) and (B).
If C is an affine deformation of second order, it holds
=9

Actually, let us suppose that C is an affine deformation of second order. Then C is
conjugate and the equations (2.12) hold (in accordance with Theorem 1.).

Now, by using of (1.18) we have

[ N N N R _
@ = 6100, = X000, = @ .

Lemma 3. Let C : (A) — (B) be a correspondence. If C is an affine deformation of
second order, then the correspondence y : L - L is a point deformation.

It is enough to compai'e the result of Lemma 2. with Proposition. 2 in [1], p. 16.

2.3. In this section, we shall deal especially with the existence problem. Let us
suppose again, C : (4) — (B) to be an affine deformation of second order, i.e. C is
conjugate and (2.12) hold.
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From the first equation (1.20), it follows that we can choose
)'1 =1.

That means the frames were specialized by the relation t,, = 0. With respect to the
last equation (2.12), we have also

correspondence C being determined by

(2.16) 0] =0, 0;=0,.

The conditions for C to be an affine deformation of second order are
(2.17) ay =y, oh=0a,

and affinity realizing this deformation is

(2.18) TA = B N TI,‘ = Jk (k = 1, 2, 3, 4) .
Now, we have in recapitulation
(2.19) Ty = 1'22 =T33 = Tgg = 0,
Tz =T =0,
Tas = Biwy, T34 = Brooy,
where B, = By — By, B, = B> — B, was denoted.
By exterior differentiation of (2.19), we get
(220) o, A 13y =
Wy A T4 =0,
wl A '[32 = N
Wy N Tyy = N
LW ATy — Wy A [dﬁl - Bx(wzz + W44 — wss)] + fio A0, =0,
Wy A [dﬁz - B,(O)u + W33 — UJ44)] — w3 A T3y + B0, A @, =0,

and moreover the condition
(2.21) 1By = BB, -

Let us take in mind that the equation (2.21) means equality of planar forms ¢ and y’
of the congruences Land L in the correspondence y : L — L. (See [1], p. 39.) If we
take into consideration Lemma 3, it holds

Theorem 2. Let C : (A4) — (B) be a correspondence. If C is an affine deformation
of second order, then the correspondence y : L — L is a point and planar deforma-
tion.
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Let us revert to the relations (2.20). We get

0B, = Bi(ess + e4q — €33), 0Py = Pyles; + €33 — €44)

Bl, B, being relative invariants. Taking in mind the equation (2.21), two cases are to
be distinguished »

L Bi=B,=0, IL B, *0, B,#+0.
LB =B=0 .

We shall next denote this case of affine deformatlon of second order by Co: (A) (B)
and we shall call it'a special deformation. . » S

So it holds . :
(2.22) | Bi=Bi, By=8:.
the equa'tions (2.19) being of the form
(2.23) Ty =Ty = Taz = Tgg = Ty = Toy = Ta3 = T34 = 0.
The corresponding exterior quadratic relations are
(2.24) W ATy =0, wyATy=0,
Wy ATa, =0, @ ATy =0,
Wy AT, =0, w; ATy, =0.
From (2.24), it results that
(2.25) Ty = MOy, T4y = MW, T3, = T4 =0.

Now, we are in a position to establish directly (see also [1], p. 124).

Theore@ 3 Let Co:(4) - (B) be a special affine deformation of second order.
Then the correspondence y : L — L is a singular projective deformation of second
order.

The exterior differentiation of (2.25) gives
(226) . wy A (dm — mws;) + mo,o A 0, =0,
‘ w, A (dn — nwg,) — noywy, A w, =0
and further
@2 am + yn =0,
fim + an =0.
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Let us take notice of the conditions (2.27). If it is m = 0, then there is also n = 0
(and conversely) and we have 13, = 74, = 0 as it is seen from (2.25). But now all
1;; = 0for i,j = 1,2, 3, 4, the surfaces (4) and (B) being equivalent.

When excluding this trivial case, the condition for the existence of a non-zero solu-
tion of system (2.27) is

(2.28) ao, — BB, =0,

being in accordance with the well known fact that if the correspondence y : L — L
is a singular projective deformation of second order, then the congruences L, L are
W-congruences. (See [1], p. 125.)

From (2.27), taking in mind (2.28), it results

(2.29) m__F
n oy

0 (Eg) = EE (333 - 944)
o

oy 1

Using (1.13), we have

and we are in a position to specialize the frames in such a way that
(2.30) B, =0, .

With respect to (2.28), (2.29) there is

(2.31) Bi=0o,, m= —n.

From the equations (2.26), we obtain

(2.32) dm — mw;; = ko, — mu,w,,

(2.33) dn — nw,, = k,w, — neyw,

and according to the second equation (2.31)

(2.34) m(waq — w33) = (ky + moy) 0y + (ky — may) 0, .
By exterior differentiation of (2.32), (2.34), we get

(2.35) wy A (dky + mwy,) — mw, A day + (o, Aoy, =0,

w; A (dky + mwy; + mday) +

+ @, A (dky — mwy, — mday) + (o A @, =0,

where the coefficients at 1 A @, (not being written) do not interest us.

The triplets [(4), Co, (B)], where C,:(A4) — (B) is a special deformation of
second order are given by the system (1.3), (1.5), (1.6), (1.7), (1.8), (1.9), (2.16),
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(2:23), (2.25), (2.32), (2.34) together with the exterior quadratic relations (2.35) and
with the relations arising from (1.10), (1.11), (1.12) and having after arrangement the

form

(2.36)

< W A3+ 0, Aday + (Do, A @, =0,

oy Adoy + 0y Ay + (D)o Ao, =0,

wll\w41-—a)2/\dﬂ1+(.)a)1 /\(D2=0,

o AdB; — 0, Aoy + (D)o Aw,=0,

30, A w3y + 0y Aday, + ()0 A, =0,

o Aday + 30, Ay, + (D)o Ao, =0.

Moreover, we must have in mind that (2.30), (2.31) hold.
The following form of polar matrix corresponds to the Pfaff’s forms wj,, da;,

doy, w4y, w34, Wy, dky, dk,

-0y —,
0 0
0 0
w,
0 0
0 —-o,
0 0
0 —mo,

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0
—3w, O 0

0 -o; 0

mw, —w; —o,||,

the rank of which is # = 8. The number of Pfaff’s forms is g = 8, the number of
exterior quadratic relations is s; = 8 = h, the system in our consideration is involu-

tive. Thus we have

Theorem 4. Let (A) be a surface-in A,, (B) be a surface in A}. Let C, : (4) - (B)
be a special affine deformation of second order. The triplets [(A), Co, (B)] exist
and depend on eight functions of one argument.

IL B, #0, B, +0.

The triplets [(4), C, (B)], C : (4) — (B) being an affine deformation of second order,
are given by the system of equations (1.3), (1.5), (1.6), (1.7), (1.8), (1.9), (2.16), (2.19)
together with quadratic relations (1.10), (1.11), (1.12), (2.20); moreover, (2.21) holds.

We have

g, = Biba
Pa="p
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Therefore the last two equations (2.20) become
Wy A Ty — 03 A [dBy — ﬁll(w22 + W4y — 033)] +
+ @y A [dBy — By(waz + 04y — @33)] + B0, A @, =0,
Bowy A [dBy — By(@,; + w44 — w33)] —
— Bioy A [dB; — By(wyy + 033 — wa4)] —
— Browy A [dB) — Bi(wa2 + Wy — w33)] —
— Biwy A T3 + 018,00 A @, = 0.

The following shape of polar matrix corresponds to the Pfaff’s forms

W3y, doy — oy, Aoty — 00,5, Way, APy — Pi(w2r + Wey — w33),
dB; — Ba(@y; + W33 — Wy4), O34, Oy, Tay, Taz, Tazs Tay »

dp; — Bi(wa; + way — @33)

—w,—w, 0 0 0 0 0 0 0 0 0 00
0 0 —-w,—-w, 0 0 0 0 0 0 0 0 0
0 0 0 —-w,-w, O 0 0 0 0 0 00
w, 0 0 0 0 -—o 0 0 0 0 o0 00
0 0 —w, 0 O 0 -3w, O 0 0 0 00
0 —w, 0 0 0 0 0 -3w, 0 0 0 00
0 0 0 0 O 0 0 0 -, 0 0 00
0 0 0 0 0 0 0 0 0 —w, O 00
0 0 0 0 O 0 0 0 0 0 —w, 00
0 0 0 0 O 0 0 0 0 0 0 -0
0 0 0 0 —w, O 0 0 0 0 0 - o,
0 0 0 0 —pow, Bo, O 0 0 0 plo, 0 Bo,

It may be checked by direct computation that the determinant arising from this matrix
by omitting the first column is of the value

9B,wlw3 + 0.

The number of Pfaff’s forms is ¢ = 13, the number of exterior quadratic relations is
s, = 12 and the rank of polar matrix is h = 12. It results that the mentioned system
is involutive. We obtain

Theorem 5. Let (A) be a surface in A, and (B) be a surface in A,. Then the triplets
[(4), C, (B)], C :(A4) — (B) being an affine deformation of second order, exist and
depend on one function of two arguments.

Finally, let us remark that if we suppose C to be an affine deformation of third
order, we obtain equivalent surfaces.
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