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MEASURE OF NONCOMPACTNESS OF SUBSETS
OF LEBESGUE SPACES

ANTONIN OTAHAL, Praha

(Received March 31, 1977)

0. INTRODUCTION

The purpose of this paper is to derive a characterization of bounded noncompact
subsets of spaces L, and ¢,. Similarly as in [4] where analogous considerations are
carried out for the space of continuous functions defined on a compact metric space,
our basic notion will be that of measure of noncompactness. See also'[5, 6,7,8, 9]
for related results. :

0.1. Definition. Let M be a metric space. The number
x(2) = inf {&¢ > 0; @ has a finite e-net in M}

is called the Hausdorff measure of noncompactness of the set Q.
Clearly, x(2) = 0 iff @ is relatively compact.

0.1.1. Remark. The notion of the Kuratowski measure of noncompactness is also
often used. It is defined, for a metric space M, by

«(M) = inf {d > 0; M can be divided into a finite number of sets
with diameters less than d} .

All the following considerations based on the Hausdorff measure of noncompact-
ness would be analogous if the Kuratowski measure were considered instead.

The Hausdorff and Kuratowski measures of noncompactness were introduced
respectively in [2] and [3].
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1. SUBSETS OF Ly(X, &, /)

1.1. Definition. Let LP(X , &, 1) be a Lebesgue space with the usual norm denoted
by H . H, (in the following we assume 1 < p < o). Let us denote by W the set of all
finite sequences w = {E;}7- of pairwise disjoint sets from & of finite strictly positive
measure.

We define: two elements wy, w, of W are in the relation w, < w, iff for every
set E € w, there exist sets E, ..., E, € w, such that

WEN( E)) = 0.

It is easy to see that W with this ordering is a directed set.
For fe L; we W, w = {E;}}-, we define

0 ’ X ¢ U Ei ’
i=1
S W(x) = 1
fdu, xeE;.
”’(E ) E;
By U,, we denote the mapping from L, into L, defined as
Uw(f) = fw .

1.2. Lemma. Let fe L,, W,U,, as above. Then

(a) the mapping U,, is linear and continuous;
®) [U.] = 1;
(¢) imU,f = f.

weW

Proof cf. [1], IV.8.18.

1.3. Definition. Let K be a bounded subset of L,. Let us denote

a(K, wo) = sup {[|f — U,.f|,; wo <w, feK},
a(K) = inf a(K, w) = lim a(K, w) .
weW weW

1.4. Theorem. Let K, a(K) be as above. Then the following inequalities hold:
}a(K) £ x(K) < a(K).

Proof. 1) In order to prove the first inequality it is sufﬁcxent to show that for every
& > 0 there exxsts w € Wsuch that

a(K.w) S 22(K) + ¢



Let ¢ > 0. Then there exists a finite ((K) + &/3)-net A of K. According to 1.2(c)
there exists w, € W such that for every w > w, and every g € 4 we have

|Uwg —all, <¢f3.
For any f € K there exists g € A such that
If = gll, < x(K) + 3.
17 = Uutls = If = gll, + lg = Unglls + [Ung — U1,

and by 1.2(b),
”Uwg - Uwf“p = "f - g”, )

we obtain that for every w > w,

If = Unf], < 21(K) + &,
that is,
a(K, wo) £ 2x(K) + ¢.

2) We shall prove that x(K) < a(K) + & for every & > 0. Let ¢ > 0. There exists
we W such that a(K,w) < a(K) + ¢/2. U,(K) is a precompact (a(K) + ¢/2)-net
of K. Tt is clear that there exists a finite (a(K) + &)-net of K. Hence the result.

1.5. Remark. As an immediate corollary we obtain the well known result (see
e.g. [1], IV.8.18): A bounded subset K of the space L(X, &, p) is relatively compact
iff lim f,, = f uniformly on K.

weW
We can give more useful conditions in the case of L,(Q), where  is a bounded

measurable subset of the Euclidean N-space.

1.6. Definition. Let us denote by Ey the N-dimensional Euclidean space, IIN
a norm on Ey, My the g-algebra of Lebesgue measurable subsets of Ey, and Q an
element of My. By N we denote the set of all positive integers.

For f e L,(2) and M € My we define

fuld) = 0 teEx\(MNn Q)
M ft) teMnQ;
by fo, we denote the function f,,.

For 6 >0, MeMy and a bounded set K in L,(Q), we define w(K, M, s) =

= sup {(u |fulx + k) = f(x)|? dx)"/7; 0 < |h|y < &, feK} o(K) = mfw(K,g,a) =
= lim o(K, Q, §). >0 :

-0+

1.7. Theorem. Let K, o(K) be as above. Then
1 o(K) < A(K).
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" Proof. The proof is quite analogous to part 1) of the proof of 1.4, where we take f,
instead of U, f.

1.8. Remark. The previous theorem generalizes the well-known result: 4 bounded
subset K of L(R) is relatively compact iff

lim ( I Vil + 1) = 1P dx)”’ —0

h=0+
uniformly on K.
2. SUBSETS OF SPACES ¢, o(X)

2.1. Definition. Let X be a normed linear space with a norm |- || x> p a real number,
1 £ p < oo. Let us denote by ,(X) the set of all sequences {x;}{>,; with elements
in X such that

8
i; [xill% < o .

It is evident that the set £,(X) may be considered as a normed linear space with the
norm

sl = (3, bl

2.2. Definition. Let x € £,(X), x = {x;};2, n € N. We define the mappings P,, R,
from /,(X) into /,(X) by

Py(x) =(0,...,0, %, Xps15--.)» Ru(x) = (x4, X35 .00, Xp=4, 0,0,...).

Clearly, P,, R, are linear continuous mappings and ||P,| = |R,| = 1.
2.3. Definition. Let K be a bounded subset of £,(X). We denote
a(K) = inf x(P(K)) = lim x(P,(K)),
neN n-> o
b(K) = sup x(R(K)),
neN
o(K) = lim sup (sup |Px|,) .
LindC 4 xeK
2.4. Lemma. Let K, a(K), b(K) be as above. Then the following inequalities hold:
max (a(K), b(K)) < x(K) < a(K) + b(K).
Proof. 1) Clearly a(K) < x(K) and from ||P,|| = 1 it follows b(K) < x(K).
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2) Let ¢ > 0 be arbitrary. From 2.3 it follows that there exist sets S, T such that S
is a finite (a(K) + ¢/2)-net of P,(K) and T'is a finite (b(K) + &/2)-net of R(K). As
V =S + Tis a finite (a(K) + b(K) + ¢)-net of K and ¢ was arbitrary,

x(K) £ a(K) + b(K).
2.5. Theorem. Let K, b(K), &(K) be the same as in 2.3. Then

(¥ max (o(K), b(K)) £ x(K) and a(K) < o(K).

If the following additional condition is fulfilled: (+) there exists a compact sub-
set N of the space X such that every member of every sequence from K is an element
of N, then

(**) 1K) = o(K) = a(K).

Proof. 1) We have proved b(K) £ x(K) till now. In order to prove o(K) < x(K)
it is sufficient, for any & > 0, to find ne N such that for every m = n and every
x €K, |P,x|, £ x(K) + & holds. So let ¢ > 0. There exists a finite (x(K) + /2)-net
of K, say A. Then there exists n € N such that for every m = n and for every a € 4,
|Pma|, < /2. Hence it follows

|Puxlls < [Pwx — Pual, + |Pusl,
where a is that element of 4 for which
Ix = af, < «(K) + ¢/2.
|Pa]l = 1 now implies
|Pnx], < x(K) + &.

2) Clearly, for every & > 0 the zero sequence in Z,(X) is a finite (sup [Pax]|, + &)
net of P,(K). That is why for every neN the inequality x(P, (K)) < sup [ Pax]l,
holds. This implies a(K) £ w(K).

3) If the condition (+ ) is fulfilled then clearly b(K) = 0 and the relation () changes

into (#x).

2.6. Remark. The evident consequence of the preceding theorem is the well-known
result: Let X be a real line. Then a bounded subset K of ¢,(X) is relatively compact iff

tim (5 J2)1 = 0

n—+w i=n

uniformly on K.
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Added in proof. It is possible to prove the upper estimate for y(K) that is ana-
logous to the lower one proved in the theorem 1.7. The remark 1.8. is based on
both those estimates”
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