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0. INTRODUCTION

0.1. Let us consider the differential operator of order 2fc,
(0.1)

(Au)(x)=

£

(-lf'DWxlD^)),

M,|/Hgfc

defined on a domain Q a MN, and the associated bilinear form
(0.2)

a(u, v) =

£

f aaP(x) D'w D*v dx .

\*\>m^kjn

Further, let us consider the Sobolev space
Wk>2(Q)

and its subspace
Wt>2(Q) = Co°(0) .
Throughout this paper, only real functions will be considered.
0.2. Let us recall that to find a weak solution of the Dirichlet problem for the operator A means to find, for a given function u0 e JV*'2(;Q)and for a given continuous
linear functional/e (W0,2(Q))*9 a function
u e W^2(Q)
such that
(i) u - u0 e Wk'2(Q);
(ii) a(u, v) = </, v} for every v e W0'2(Q\
Here the function u0 represents the right-hand side in the boundary condition and
condition (i) can be interpreted in the following sense:
d{u dlu0
— = — - on oQ ,
dnl
dnl

i = 0,1,..., k - 1 ,
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where dQ is the boundary of the domain Q and n the outer normal to dQ. The functional / represents the right-hand side in the (formal) differential equation
Au=f;

the symbol <•, •> expresses the duality pairing between (W%tP(Q))* and

WQ'P(Q).

0.3. The Lax-Milgram Lemma. Let V be a Hilbert space and b(u, v) a bilinear
form defined on V x V. Let this form be continuous
— i.e. let there exist a constant c1 > 0 such that
(0.3)
holds for all u,veV,
that

|b(u,v)|gc4u||K||v||F
and V-elliptic

— i.e. let there exist a constant c2 > 0 such

b(u,u) = c2\\u\\2v

(0.4)

holds for all u e V. Further, let f be a functional from V*. Then there exists one
and only one element u e V such that
(0.5)

b(u, v) = <f, v> for every

veV

and
(0-6)

||«||K ^ c 3 | | / | K .

(with constant c3 independent of u0 and f ) .
0.4. As is well known — see e.g. [7], [11], with help of the Lax-Milgram Lemma
it is possible to prove the existence and uniqueness of the weak solution of the
Dirichlet problem from Section 0.2, provided the differential operator A from (0.1)
satisfies certain conditions: It suffices that aaP be bounded measurable functions,
(0.7)

aaPeU>(Q)

and that the ellipticity condition

(0.8)

£
\y\,\P\^k

aJx)U,*c4 £ \^\2
|<i|£fc

hold for a.e. xeQ and for all real vectors £ = {£a, |a| g k} with a constant c 4 > 0
independent of £. Under certain additional assumptions on the domain Q, condition
(0.8) can be weakened e.g. in the sense that the summation on the right-hand side
ranges only over the multiindices of the length k : |a| = k.
The aim of this paper is to show that the method of the proof of existence of a weak
solution can be extended to a broader class of differential operators, viz. to equations, for which the classical Sobolev spaces cannot be used. We shall show how it is
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possible to construct, for a given operator A, a suitable weighted Sobolev space
Wk,2(Q, S), in which the existence and uniqueness of the weak solution of the
Dirichlet problem is already guaranteed.
Now, we shall define the space just mentioned and the corresponding Dirichlet
problem.
0.5. The weighted Sobolev space. Let Q be a domain in IR*; the symbol
(0.9)

HT(Q)

denotes the set of all measurable, a.e. in Q positive functions. Such functions will
be called weight functions.
Let us denote by M(N, k) the set of all N-dimensional multiindices of length at
most k:
M(N, k) = {a e N%, |a| = k] .
Let M be a fixed subset of M(N, k) and let M contain at least one multiindex of
length k. Further, let a collection of weight functions
(0.10)

5 = {wa = wa(x), wa e iT(Q), aeM}

be given; the collection S will be called shortly a weight.
For p > 1 we introduce the linear space
(0.11)

Wk,p(Q,S)

as the set of all measurable functions u = u(x) defined on Q which have on Q
(generalized) derivatives Dau for a e M such that
(0.12)

| | D a « | l ^ = f |D*u(x>|p wa(x) dx

< 00

Let us suppose that Wk,p(Q, S) is a Banach space with respect to the norm

(0-13)

l«lkP)S = (I«D a «li?,J 1 / P
aeM

and let us introduce the so called "nulled-space"
(0.14)

W^P(Q, S) = C5(QJIMIfc'*'s

0.6. Remarks, (i) If we take M = M(N, k) and wa(x) = 1 for a e M, we obtain
the classical Sobolev space Wk,p(Q).
(ii) The assumption that (0.13) is a norm and that Wk,p(Q, S) is a Banach space
with respect to this norm imposes some conditions on the set M as well as the collection 5. The reader can easily verify that the space Wk,p(Q, S) will be complete, if
e.g. 0 = (0, 0,..., 0) belongs to M and if
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(0,15)

^"'-"eLUfl),

ae/M.

Thus restricts to some extent the choice of the weight functions. In a forthcoming
paper [5] we shall show how conditions (0.15) can be avoided.
(iii) *n order to be able to introduce the "nulled-space" W0'P(Q, S), the set C0(Q)
has to be a subset of the space Wk,p(Q, S). This will be fulfilled iff
(0.16)

waeL\oc(Q),

aeM.

However, even this condition can be avoided — see [5].
(iv) The norm in the "nulled-space" W0'P(Q, S) is again given by (0.13). In the
case of the classical Sobolev space it is known that the expression
H*,-

1

-(IІDЧ;) *.

where the summation ranges only over the derivatives of the highest, k-th, order,
gives an equivalent norm in W0,P(Q). An analogous, but more complicated situation
occurs for weighted spaces; we shall use estimates of the type
(0.17)

\\u\\PtW0 S const

/ £ lidu p V'"
\ ' = » \\dxi

p,Wi/

which hold for functions u e C0(Q) with a constant independent of w, under certain
conditions on the weight functions w0,w1,...,wN.
More details about equivalent
norms can be found e.g. in [4], [10]; now we shall state Hardy's inequality, which is
an important tool for deriving estimates of the type (0.17) and which will be used in
the sequel in some examples.
0.7. Hardy's inequality (see [4]). Let u = u(t) be a function from Co(0, oo). Then
for e =# p — 1 and p > 1 the following inequality holds:

(ait)

|ju(,)h-M,S(F^)'|ju-(.)l'«-d,.

0.8. The Dirichlet problem. Let A be the differential operator (0.1) and a(u, v) the
corresponding bilinear form (0.2). Let Wk,2(Q, S) be the weighted Sobolev space
from Section 0.5 (with p = 2) and let us suppose that the coefficients aafi of the operator A are such that the expression a(u, v) is meaningful for every u, v e Wk,2(Q, S).
Let u0 be a given function from Wk,2(Q, S) andf a continuous linear functional from
k,2
(WQ,Z(Q9 S))*. A function u e W (Q, S) is called a weak solution of the Dirichlet
k2
problem in the space W ' (Q, S), if it satisfies
', (i) u - u0 6 Wk,2(Q, S);
(ii) a(u, v) = if, i?> for every v e W^2(Q, S).
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1. EXAMPLES

i

1.1. Example. Let us consider a special differential operator of the second order
N

3

rs

/

\

(Au) (x) = — Y, — ( at(x) — I + ao(x) u , xeQ .

(\.\)

1 = 1 dXi \

dxi)

In this case the bilinear form (0.2) has the form
a(u, v) = YJ I ai(x)
i = i]Q
and, in particular,
(1.2)

/•

(1.3)

a(u, u) =

a

dx +
dXidXi
JV

\u\2 a 0 (x)dx + £

o(x) uvdx ,

JQ

/•

j *\

I

|2

— at(x)dx .

If all the coefficients a f (x) are weight functions, i.e. if
(1.4)

ateir(Q)

for

i = 0, 1, ...,N ,

then the expression (1.3) is nothing else than the square of the norm in the weighted
space
Wl2(Q, S)

(1.5)
with the collection
(1.6)

S = {a0, al9...,

ajv} ,

i.e., we have
(1.7)

* ( « , « ) = |«||?,2,s.

At the same time it follows from the Holder inequality that

Ifa^^^dxUÍVkíx)]
IJn
dxtdXi
|
J

vT<Ф)]

Q

дv

dx <

ÕX(

1/2

<m^)'"(íM^)

= ||"||l,2,SІ|^||l,2,S

and since the other terms in (1.2) can be estimated analogously, we eventually have
(1-8)

Hu,v)\^(N

+

l)\\u\\u2,s\\v\\u2,s.

Inequality (1.8) and identity (1.7) show that the form a(u, v) fulfils conditions (0.3)
and (0.4) of the Lax-MiJgram Lemma. Therefore, one can expect that the existence
and uniqueness of a weak solution of the Dirichlet problem in the weighted space
W1 -2(Q, S) can be easily proved by applying this Lemma. Let us note that the weight
S is determined directly by the coefficients of the differential operator A.
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(i) Let the coefficients at fulfil the following conditions: There exist constants cl9 c2
such that
(1.9)

at(x)

(1.10) *

a{x)

=

ct ,
^c2>0

for a.e. xeQ and for i = 0, 1, ...,1V. Then the above mentioned approach brings
nothing new, since — as can be easily shown — the weighted space W1,2(Q, S)
coincides with the classical Sobolev space Wit2(Q): the expression (1.7) defines
a norm which is, in view of conditions (1.9) and (1.10), equivalent to the usual norm
in W1,2(Q). The application of a weighted space is purely formal in this case.
(ii) Let us assume that one or both the conditions (1.9), (1-10) are violated for some
of the functions a^x). [Coefficients of the form
(1.11)

at(x) = [dist (x,

r)]e,

with r a part of the closure Q of the domain Q, meas F = 0, and with s a (non-zero)
real number, may serve as a typical example of such functions: condition (1.9) is
violated for e < 0 and condition (1-10) for e > 0.] In this case, the classical Sobolev
space W1,2(Q) cannot be used in general; on the other hand, one can use the weighted
space Wi,2(Q, S) and so enlarge the class of operators A for which the Dirichlet
problem is uniquely solvable. Let us note that if the conditions
(1-12)

-sL\oc(Q)>

aieL1oc(Q),

i = 0,1,..-,2V

are fulfilled in addition to conditions (1.4), then W1,2(Q, S) is a Hilbert space and the
definition of the space W01,2(Q, S) makes sense — see Remark 0.6 (ii), (iii).
(iii) Conditions (1.4) can be weakened as well: Let us assume that (1.4) takes place
only for i = 1, ..., N, while for i = 0 we have
(1.13) a0(x) = - A b0(x)

with X = 0 ,

b0e 1T(Q) n L\oc(Q) ,

b^1 e L\0C(Q).

Then the expression \a(u, u)] 1 / 2 in general fails to have all the properties of a norm
and consequently, the weighted space Wi,2(Q,S) can no more be introduced in
a natural way. Therefore we choose
(1.14)

S =

{b0,alf...,aN}

and consider the spaces W1,2(Q, S) and W0li2(Q, S) with this new collection of weight
functions. In the same way as in part (ii) we prove that

(lis)

K«.»)|^(-v + ^ H i . 2 ^ H i . 2 ^

holds, so that condition (0.3) of the Lax^Milgramm Lemma is fulfilled. It remains
to find out when condition (0.4) is fulfilled. To this end let us assume that the estimate
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dul

C

мь. - Ж
«• = !fcI^.IU,.,

(1.16)
2

holds for all functions u e W0' (Q, S) with a constant c > 0 independent of w. Then
we have
Ôu
2
(1.17)
ѓ(c+l)Z
4Ь,s = ИЬ0 + І
ÔXi
i=l Wox, 2,в
i.e., the expressions

ÌЏ

i = 1

(

(1.18)

||«

and
/ N lldzi I!2 V ' 2
ni
/ v \\vu \\ \
« 1,2,5 = L
~
i=1
2
\
Il^.-Il2,
/
are equivalent norms on W0' (Q, S). Making use of fliinequalities
(1.16) and (1.17) we
obtain
(119)

a{u, u) = V.
>=i

i||«|b0è(i-яc)i lйľ žІ^І£||в->

—

î=l ||дXj||2 f в |

| | « ; 2,
вi

c + í

1,2,S -

Hence it follows that condition (0.4) is fulfilled provided
(1.20)

0 < I <

1

In other words, for these values of X it is again possible to prove existence and uniqueness of a weak solution of the Dirichlet problem in the space W0'2(Q, S) by virtue
of the Lax-Milgram Lemma.
[If a0 = 0, i.e. X = 0, then b0 may be chosen in various ways, nevertheless, always
so that the estimate (1.16) holds, which guarantees the equivalence of the norms
(1.18) and (1.19).]
The following example demonstrates that weighted spaces are useful for solving
the Dirichlet problem on unbounded domains.
1.2. Example. Consider the Dirichlet problem for the Laplace operator —A.
This is the operator from (l.1) with the coefficients a0 = 0, ax = a2 = ••• = aN = 1Apparently we should do with the classical Sobolev spaces Wl,2(Q) and W0i,2(Q).
However, if the domain Q is unbounded, then the corresponding bilinear form

i=ijndxidxi
,2

in general fa Us to be W0 (Q)-elliptic, i.e., there need not exist a constant c > 0
such that
a(u,u) = cfliifl* 2 , S
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holds for all functions u e W0'2(Q). This follows from the fact that for certain types
of the domains Q, the expression \a(u, w)] 1/2 is not an equivalent norm on the space
W0'2(Q) — cf. [l]. Hence condition (0.4) is not fulfilled and the classical Sobolev
spaces cannot be used in connection with the Lax-Milgram Lemma.
Nevertheless, it can be shown that for a suitably chosen weight function b0 — e.g.
b0(x) = (l + \x\)E, see [3] — the expression \a(u, u)] 1 / 2 will be an equivalent norm
on the weighted space W0'2(Q, S) provided we choose S = {b0, 1, 2, ..., 1}.*)
Consequently, if we choose V = W0 '2(Q, S) then condition (0.4) is fulfilled and, since
the validity of condition (0.3) is obvious, we can prove the existence of a weak solu
tion of the Dirichlet problem in the space W0'2(Q, S).
1.3. Example. Consider a plane domain (N = 2) and choose the square (0, 1) x
x (0, l) for the domain Q. Further, consider the fourth-order differential operator

•(1.21)

— (—v

dxt dx2 \dxt dx2J
In this case the corresponding bilinear form (0.2) is of the form
/< ^ \
/ \
f
d2u
d2v
(1.22)
a(u, v) =
dxt dx2 .
Jn

OXt OX2 GXi GX2

If we worked with the space V = W0'2(Q) we should easily find out that the form
a(u, v) satisfies condition (0.3) but not condition (0.4). So the classical Sobolev space
cannot be used. Therefore, let us choose the weighted space
W22(Q,S),

S = {1,0, 0,0, 1,0}, **)

i.e. the space with a norm given by the formula
(1.23)

2

&u

\\u\\22t2fS^[\u\2dx1dx2+{

\J*L- dx dx .
1
2

*) In the paper [3] the inequality e < — N is considered. However, it can be shown that we
can choose e ^ — 2.
**) This notation does not comply with that introduced in Sec. 0.5. It means that M =
— {(0,0), 0> 1)} and S — {wa, a e M}, where w ^ o . o ^ w ( i , i ) = L Analogous notation will
be also used in the forthcoming examples: the notation S = {a, b, c, d, e,f} for N = 2 and k = 2
will mean that the weight functions a, b> ...,f are arranged in the same order as they succes
sively appear at the functions
du
м

»

du
-

2

2

du

dxT1 ' dx2 ' dx2

du
9

2

du

dxx dx2 ' dx2 '

the "zero"' weight functions, which do not appear in the corresponding norm at all, are written
down as well.
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It is immediately seen that condition (0.3) is fulfilled provided we choose V =
= Wo 2(Q9 S). Thus it remains to prove that condition (0.4) is fulfilled as well, i.e.
the form a(u9 v) is V-elliptic. To this end it suffices to prove that the expressions
[a(u9u)Y12

(1.24)

and

||ii|| 2 f 2 t S

are equivalent norms on W02,2(Q9 S). Let us prove it: Since
2

|u| dx1dx2=

2

M

|u(x1,x2)| dx1Jdx2

and since

Jo

|IÍ(X., x2)\2 dxj g

I \u(Xl, x2)\2 — dxt
x

Jo

< 4

i

\~

x

Jo \v i

(x„

x2) dxľ

for each function u e CQ(Q) [the former inequality follows from the fact that x e Q
and hence xt S 1? the latter is a consequence of Hardy's inequality — cf. (0.18) —
for p = 2 and e = 0, since for every x 2 we have u(xl9 x2) = Co (0, l) and after
extending it by zero it belongs even to Co°(0, oo)], we obtain by integrating by x 2
from 0 to 1:
2

f |„| dx. dx3 -S 4 ľ I —
Jя' '
JJðx.

(1.25)

12

Applying the same procedure t o the function dujdxt

dXj d x 2 .
and the variable x 2 , we obtain

f 1 I du
I2
C1 \du
I2 1
f 1 I 32w
— (xl9 x2)\ dx2 g
— - (xl9 x2)\ — dx2 ^ 4
- — — (*i> x 2 ) dx?
Jo l ^ i
I
Jo \dxt
I x2
Jo \dxx 8x2
that is
{ \8UW
A
^A
— dxt dx2 g 4
Jal5*il
This together with (1.25) implies
f \u\2 dxj dx 2 ^ 16 f

(1.26)

f 1 g2"

1 - ^

J f i l ^ i ^дx<
:

Jo

dx^ dx 2 .

dxi dx 2 = 16a(u9 u)

for every function u e CQ(Q) and hence also for every function u e WQ,2(Q,
it follows from (1.22), (1.23) and (1.26) that
/•

a(u9 u) ^

Jo

/•

|w| 2 d x x d x 2 4-

I

S). NOW,

j32

Jo|5xiax 2

dx^ dx 2 = ||tt|2,2,S -=

1 7 a u

u

(> )

2,2
0

for u G JV (.G, S). The inequality yields that the norms in (1.24) are equivalent, as
well as that the form a(u9 v) is w£f2(Q9 S)-elliptic (with the constant p-).
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Consequently, there exists a unique weak solution of the Dirichlet problem for
the operator (1.21) in the space W22(Q, S).
1.4. Remarks, (i) The weighted space W2'2(Q, S) from the previous example is
actually not a weighted space but rather an anisotropic one (with the dominating
mixed derivative d2u]dxx dx2). We have chosen this example in view of its simplicity;
nonetheless, we shall present another similar example involving more complicated
weights (see Example 1.5).
(ii) In Section (0.8) we have introduced the Dirichlet problem in a completely
abstract way, by means of the spaces Wk'2(Q, S) and WQ ,2 (0, S) without specifying
in more detail in which way we are to understand the boundary value conditions to
be satisfied. The boundary condition is expressed by condition (i) in 0.8: u — u0 e
e WQ'2(Q9 S) means that "w (i.e., the solution) behaves on dQ as u0 (i.e., the given
function)". Evidently, when the weighted spaces are involved we cannot in general
characterize the "boundary behavior of the function u on dQ" so satisfactorily as in
the case of the classical Sobolev spaces, when u e WQ ,P(Q) means that "Dyu = 0 on
dQ in the sense of traces for |y| ^ k — V\ This is connected with the fact that a full
description of the properties of the traces of functions from weighted spaces has not
yet been available. For this reason we stop at the formulation of the Dirichlet
problem in the form from Definition 0.8, not going into its interpretation for the
time being.
1.5. Example. Consider again a plane domain (N = 2), choosing the first quadrant
(0, oo) x (0, oo) for the domain Q. Further, consider the fourth-order differential
operator
(1.27) Au = - ± - (##
dxt 8x2 \

-±±)
- ± (x?x? *L) - ± U #
dxt dx2)
dxt \
dxt)
dx2 \

—) •
dx2J

The corresponding bilinear form is
(1.28)
d2v
( \ f
^2u
st s2 A A
C du dv
y i A A
a(u, v) -=
*i *2 dxi dx2 +
*i *2 &xi &x2 +
J Q dxx dx2 dxt dx2
JQ dxt dxt

+ [ -^ii^-dx.dx,.
J „ dx2 dx2

(i) Consider the weighted space
(1.29)

W2>2(Q, S)

where the collection S is chosen in the following way:
(1.30)
390

S = {x]1 ~ V 2 2 - 2 , xYxy2\ xl'xf, 0, x^xi2, 0} .

Thus the weight functions at <3u/3x_, dujdx2 and d2u/<3x_ 3x2 are determined directly
by the corresponding coefficients in the operator (1.27); the choice of the weight
function at the function u in the form x_1""2x22~2 is made on purpose: namely, if
<5_ 4= I, <52 =# 1, we obtain by using twice Hardy's inequality (0.18) (for p -= 2 and
£ = <5_, s = <52, respectively) the relation
(1.31)

f [«(x1, x2)|2 xl'-V/" 2 dxt dx2 = r ( r\u{Xlx2)\2 x*r2 dx.) x22"2 dx2 g
GX_

2

"K-l| JoUo

*2
V^І5

<9u
(*1>
őx_

)| *_'dx_W

1*1 - A \*^ J o U o

Ő2И

16

--lrl

dx 2

x 2 2 " 2 dx 2 )x_ 1 dx_ __

X2)

õ2u
(*1>
ðxx őx2

1

(1*1 - 1| • 1*2

,2

дu ,

___(-/r-

<3x_ дx2

*г)!

1

'**) dx 2 xţ dx_

X_ x2 o>x_ ox 2 ,
2

which holds for functions from C0(Q) and hence also for functions u e W0' (Q, S).
Since the norm on W2'2(Q, S) is given by the formula
I 2.2.S

a(u, u) +

|u| 2

.^1-2^52-2

dx^ dx 2

we obtain by virtue of (1.31) the estimate
(1.32)

2

J|u|| , 2 > 5 __ca(u,u) with

2

e = [l + 16(|<5_ - l | . | < 5 2 - l | ) " ] .

However, this means that the form a(u, v) is W0'7(Q, S)-elliptic, i.e., it satisfies
condition (0.4). Since it can be easily shown by means of the Holder inequality that
the form a(u, v) satisfies condition (0.3) as well, we actually arrived at the following
assertion: If <5_ =# 1, <52 4= 1 and if the collection S is chosen according to (1.30),
then there is a unique weak solution of the Dirichlet problem for the operator A
from (1.27) in the weighted space W2'2(Q, S).
At the same time, inequality (1.32) together with the obvious inequality | | u | J 2 2 s __
__ a(u, u) asserts that for <5_ 4= 1, <52 =# 1 the expressions | | u | | 2 2 > s and [a(u, u)] 1 / 2
are equivalent norms on JV02,2(;Q, S);
(ii) In the preceding considerations we have not at all used those parts of the
norm in W2,2(Q, S) that involve the first derivatives dujdxi9 dujdx2. Therefore, let us
consider the problem whether the Dirichlet problem for the operator (1.27) is solvable
in the space W2'2(Q, S), where we put
391

5 = {x'r'x'r2, 0, 0, 0, xsM\ 0} .

(1-33)

In thes^me way as in part (i) we can show that the form a(u, v) is W02'2(Q, S)-elliptic,
i-p.- it fulfils condition (0.4). Let us have a look at condition (0.3): If the inequality
\<*(U9V)\

=

C1||ll||2i2is||i;||2"f2iS

were satisfied, then
\<*{u,u)\

=

cjlliil^a.s

would hold as well. This in particular would mean that for u e CQ(Q) we should have
the estimate

L

\dxx

x\xxy22 dxx dx2 g c1||tt||^i2>s =

8
= cA \ \u\2 x^- 2 xi 2 - 2 dx, dx2 + f
" x^xl1 dXi dx 2 l
LJn
Jnldx.dxj
J

as well as an analogous estimate with
õu

Í

Si

2

x\lxß22 dXi dx2

\d*i

on the left-hand side. However, there are counterexamples available demonstrating
that these estimates can hold only if
(1.34)

?i = <5i , y2 = ^2 - 2 ,
02 = ^2 » Pi = ^1 -

2

•

If (1.34) fails to hold, condition (0.3) is not fulfilled, either. Conversely, by Hardy's
inequality we can show that condition (0.3) really holds provided conditions (1.34)
(and the conditions 5X #= 1, 52 =# 1) are fulfilled.
We conclude: A weak solution of the Dirichlet problem for the operator from
(1.27) with the collection S from (1.33) exists if and only if 8t 4= 1, <52 4= 1 arid
conditions (1-34) are fulfilled.

2. DIRICHLET PROBLEM: A SIMPLE CASE

2.1. Differential operator. Let us assume that the coefficients aap of the differential
operator A from (0.1), i.e. the operator
(2.1)

Au=

£

(-lflD^D'u),

i«U0|s*

satisfy the following conditions:
A.1
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aM e iT(Q) for |a| ^ k ;

A.2

axxeL\oe(Q),

— eL\JQ)
axx

for |a| g k ;

A.3 there is a constant c t > 0 such that
(2.2)

\axfi{x)\ g

Cl

V[aM(x) «-„(:-)] for a.e. x e Q (|a|, |/?| S k) ;

A.4 there is a constant c2 > 0 such that for an arbitrary vector £ = {£a, |a| <; k}
and for a.e. xef2we have
(2-3)

£

flM(x)«,£c2

Z

aaa(x)£.

\*um*k
\*\*k
Let us recall that W[Q) is the set of weight functions — cf. Sec. 0.5.
2.2. Weighted space. We will consider the space Wh,2(Q, S) with
(2.4)

S = {wa(x) = ajx),

\a\ = k) ;

thus we choose here M == M(N, k). In view of condition A.2, Wk,2(Q, S) is a complete
(Hilbert) space and it also makes sense to define the space FV0fc,2(.Q, S).
2.3. Theorem. Let the coefficients aaP of the operator A from (2.1) be defined
on a domain Q a RN and satisfy conditions A.l—A.4. Then there is a unique
weak solution u of the Dirichlet problem in the space Wk'2(Q, S). Further, there is
a positive constant c independent of the function u0 and the functional f, such that

H*.2.S = C(IM*,2,S + ||/||(<^,5))*) •
Proof. 1° By using property A.3, the Holder inequality and the definition of the
norm in the space Wk,2(Q, S) we arrive at the estimate
(2.5)

a(u,v)£

E

f |aa/,(x)||D^)||D^(x)|dx^

\*\,\P\^kJ n

Sc.

£

f |D'«(*)| V M x ) ] |D*t<*)| y/[ajx)-]

dx£

l«U/»l£*Jn

£= c4(

£

( f |D"«(x)|2 wf(x) dxY' 2 ( f |D^(x)| 2 wx(x) dxX'2 Z
= C3|[tt||jki2is||H|k.2,S»

which holds for arbitrary functions u, v e Wkf2(Q, S).
2° At the same time, inequalities (2.5) imply that the expression a(u0, v) for a fixed
u0 G W0,2(Q, S) is a continuous linear functional over the space Wk,2(Q, S) as well
as over its arbitrary subspace, thus, in particular, over the subspace V = W0t2(Q, S).
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3° Setting £a = Dau(x) in (2.3) and integrating the resulting inequality over Q,
we immediately obtain the estimate
a(u,u) ^ c2||w||k2t2>s,

(2-6)

which holds for each function u e Wk,2(Q, S) and, a fortiori, for each u e W0'2(Q, S).
4° In view of inequalities (2.5) and (2.6) we may apply the Lax-Milgram Lemma
0.3 with b(u, v) = a(u, v), V = W0f7(Q, S) and choosing the functional g e V* as
follows:
<9, v} = if, v} - a(w0, v) ;
here fe V* and u0 e Wk,2(Q, S) are respectively the functional and the function from
Definition 0.8 of a weak solution of the Dirichlet problem. By point 2° of our proof,
g indeed belongs to V* and by Theorem 0.3 there is a unique function w e Vsuch that
(2.7)

a(w, v) = <g, v> for every

veV.

If we now put
(2.8)

u = w + u0

then u — u0 = weV= W0'2(Q, S), i.e., condition (i) from Definition 0.8 is fulfilled.
At the same time condition (ii) from (0.8) is fulfilled, since (2.7) yields
a(u, v) = a(w + u0, v) = a(w, v) + a(u0, v) =
= <g, v} + a(u0, v) = </, v> .
Consequently, the function u from (2.8) is the required, uniquely determined weak
solution of the Dirichlet problem in Wk,2(Q, S). Moreover, in virtue of (0.6) we have
\\4ka,s = c(\\u0\\kt2>s+

\\f\\v.).

2.4. Remark. It is immediately verified that condition A.3 could be written also
in the following form:
A.3* There is a constant cx > 0 such that
(2.2*)

\a*n(x)\ -^ g i %/[*««(*) afip(x)]
and for a * p, |a|, |j?| ^ k.

f o r a,e

-

xeQ

It can be shown that condition A.4 guaranteeing the V-ellipticity of the form a(u, v)
already follows from condition A.3* provided the constant cx is sufficiently small.
Indeed, we have

z <axK„{, = z + £ ^
\a\t\fi\^k

.

<z=p o*fi

^ Z -1ZI ^ Z *J*) Z - Z M*) «#| •
« = /(
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a*p

|a|gt

a*/J

The last summand is estimated by means of (2.2*) and the inequality ab = i(a2 + b2):

Z |M*) « , | s cx I VW~)] |{.| Vl>w(*)] M ^
a*/?

a+0

^ tf, E M x ) tf + «„(x) #

=g i c t 2(x - 1) £ aaa(x) £2 ,

where H is the number of multiindices of length at most k. Hence
£

ajx) £.{, £ (1 - ?.(« - lj) £ «„(*) £2 ,

which means that for
(2.8)

l

Ci <

x-

1

condition A.4 is fulfilled, i.e. inequality (2.3) with the constant c2 = 1 — cx(x — l)
holds.
2.5. Weakening conditions A.l—A.4. Conditions A.l—A.4 represent the simplest
assumptions that essentially immediately yield the existence theorem. Since they are
simple, they are very rough, too. Let us therefore present some (again rather obvious)
generalizations of these conditions.
(i) It is evident that all the preceding arguments remain valid if some of the
coefficients aaa vanish. Thus condition A.l can be replaced by the following one:
A.l* Denote by M the set of those multiindices a e M(N, k) for which aaa e W(Q),
and let afiP(x) = 0 for /? £ M. Let the set M contain at least one multiindex of
length k and let the expression
(2-9)

Hlw.^fS

f |D a u| 2 a aa (x)dxY /2

\aeMjfl

/

k2

be a norm on the space W ' (Q, S) with the collection
(2.10)

S = {wa(x) = ajx),

aeM}.

Conditions A.2—A.4 do not change, except that condition A.2 is relevant only for
cce M and that it suffices to perform the summation on the right-hand side of (2.3)
only over a e M. Remark 2.4 remains valid, too, with the only change consisting in
replacing the number x in (2.8) by the number of multiindices in the set M.
(ii) Let us pass back to the space Wk,2(Q, S) from Sec. 2.2 and let us assume that
the expression
(2.Hj

\HUs

= ( £

I" |D'«(*)|2 w a (x)dxY /2
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where the sum is taken over a certain subset M t c= M(N, k), is again a norm
on t h e space W0,2(Q, S),equivalent to the original norm ||u||fc,2,s. Then condition
A.4 may be replaced by a weaker condition
A.4* There exists a constant c* > 0 such that for any vector £ = {£,a, |a| g k}, the
inequality

(2.12)

X °^*)lJl**c\lL*Jx)il
M,|0|.S*

«eMi

holds,
(iii) The collection 5 of weight functions from (2.4) is determined directly by the
"diagonal" coefficients aaa of the operator A. Consider now another collection
(2.13)

S = {wa(x), |a| = k, wa e T T ( O ) } ,

which possesses the following property: the spaces
Wk>2(Q,S)

and Wk>2(Q, S)

are different (in the sense that the norms ||w||fc>2fs
but the identity
(2.14)

an

d ||w||*f2f3 are not equivalent),

Wk>2(Q, S) = Wk,2(Q, S)

holds (in the sense that the both norms just mentioned are equivalent on the set
C0(Q)). Since we take the space W0,2(Q, S) for the space Vto which we apply Theorem
0.3, we may, in view of (2.14), use the collection S as well.
The advantage of this approach consists in the fact that it allows of greater variability in the choice of the function u0, which represents the boundary conditions.
In fact, it may happen that the given function u0 does not belong to the space
Wk2(Q, S) but it does belong to Wk,2(Q, S). Naturally, we have to solve the Dirichlet
problem in that space to which u0 belongs; this means, in this case, in the space
Wk2(Q, S).
Lst us notice that, if the function u0 simultaneously belongs to two different
spaces Wk,2(Q, S) and Wk,2(Q, S) (the corresponding norms being equivalent on
C0(Q), so that the spaces W0,2(Q, S) and W0,2(Q, S) coincide), we can solve the
Dirichlet problem in the former as well as in the latter space. In both cases we obtain
the same solution, for we construct them by means of a uniquely determined function w G W^,2(Q, S) = W^,2(Q, S) (cf. identity (2.8)).
Concerning the choice of the function u0, see Example 2.6.
(iv) The choice of two different collections S and S that give the same "nulled"
space, described in part (iii), allows of greater variability also in the coefficients of the
operator A: in virtue of the eqvivalence of the norms on the "nulled" spaces we can
replace some of the inequalities (2.2) and (2.3) by the corresponding inequalities of
the type
(2-15)
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\aafi(x)\

=

Cl^a(x)wp(x)],

(2.16)

£

« * ( * ) « * - £ « 2 £ *.(*)«_•

n.i/n_fc

I«I_*

2.6. Example. Consider a plane domain (N = 2) and take the halfplane {(*i, *v>
x2> 1} for Q. Further, consider the operator
d ( _2 8u\
d ( 2 8u\
x2 2
)
[x\ — + w .
dx1 \
dxtJ
dx2 \ dx2J
By Sec. 1.1, the weighted space corresponding to this operator is the space W* ,2(Q, S)
with the collection
Au =

s =

{i,*;2,x22}.

If we consider still another system
S = \'x2
X2

, x2 , x 2 j ,

i,2

we have W ' (Q, S) 4= W (Q, 3), since e.g. the function u0(xi9 x2) = (x2 + l ) " 1
belongs to Wl>2(Q,S) but not to W1,2(Q,S). On the other hand, Wl0>2(Q, S) =
= W0l,2(Q,S) since the respective norms are equivalent as a consequence of the
inequalities
[ [ |"| 2 * í 3 / 2 dx. dx2 g f f |u|2 dx. dx2 ^ 4 f f

2

.___ x? dx^ dx2 ,

íî l^ X 2

which are valid for every u e C0(Q) (the first inequality follows from the fact that
x2 > 1 for (*!, x2) e Q, the other is a consequence of Hardy's inequality (0.18) with
respect to x2 for p = s = 2).
Let us now solve the Dirichlet problem with the boundary condition given by the
function u0(xt, x2) = (x2 + l)" 1 . As u0 4 WL,2(Q, 5), we cannot look for a solution
in this space, but we can look for it in the space JV1,2(A, S).

3. DIRICHLET PROBLEM: MORE COMPLICATED CASE

3.1. In Chap. 2 we worked with a collection S whose elements were determined by
the "diagonal" coefficients of the operator A. In Sec. 2.1 we assumed that all the
coefficients aaa belong to iT(Q) (condition A.l), and we weakened this condition by
admitting that some of the coefficients aaa vanish (condition A.l*). Nevertheless, as
is seen e.g. from Example 1.1 (iii), coefficients aaa which are negative or change they
sign are admissible, too, though they neither belong to r^(Q) nor vanish identically.
However, it is necessary for us to be able to estimate the terms that correspond to
these coefficients in the norm of the space Wk,2(Q, S) by the other terms, that is,
we have to be able to determine certain coefficients that are decisive. The situation
is similar to that occuring in the case of classical elliptic equations: in this latter
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case we use the classical Sobolev space Wk,2(Q) and the decisive coefficients in the
Dirichlet problem are the coefficients aaa with |a| = fc, i.e. the coefficients of the
highest order.
In our general case it is not so easy to determine the decisive coefficients; there has
to be at least one coefficient of the highest order among then. However, as Example
1.5 demonstrates, in some cases we cannot do without terms with coefficients aaa
of "lower orders", i.e. with | a| < k. Let us formulate these considerations a little
more precisely.
3.2. Coefficients of the differential operator and the weight function. Let us
again consider the differential operator A from (2.1) and let us denote by M0 the set
of such multiindices a e M(N, k) for which aaa e if(Q). Let the following condition
be fulfilled:
B.l The set M0 contains at least one multiindex of length k; moreover, aaa e L\oc(Q)
for a e M0.
Let us now choose a set M1 a M0 so that
B.2 for a e M0 there is a constant ca > 0 such that

(3-i)

M L . , is * ZIMIU
yeMi

holds for all u e C^Q).
Denote the sum on the right-hand side by |]]t^|]l^*ix^ i-e.
1 2

M

IHIk = ( I M L J ' •
yeMi

The expression |||'|||MI possesses all the properties of a seminorm.
The set M1 can be chosen in various ways; condition (3.1) will be certainly fulfilled
if we set Mx = M0. However, we shall naturally strive for choosing the set A^
as small as possible; practically this means that we try to estimate the greatest
possible number of terms of the form ||Dau|||aaoeae by combinations of the smallest
possible number of analogous terms with other multiindices. When doing this we
will assume that the set Mx chosen satisfies the following conditions:
B.3

— e L\oc(Q) for a e Mx ;
<*aa

B.4 there exists a constant ct > 0 such that
(3.3)

\a*p(x)\ = c i V[a««(x) app(x)]

for a e x e Q a n d for

--

B.5 there exists a constant c2 > 0 such that
(3.4)
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a(u,u)^c2\\\u\\\Ml

^P^MX;

holds for all functions u e C%(Q)9 where a(u9 v) is the bilinear form corresponding
to the operator A — cf. (0.2).
Now let us choose a set M2 c M(N, k) — Mt and weight functions wa e itf(Q)
or a e M2 so that they satisfy the following conditions:
B.6

wa e L)0C(Q) and — e L\oc(Q) for a e M2 ;
further, there is a constant ca > 0 such that for all u e CQ(Q) the inequality
«D««||L. ^ -W|||«,,iaMi

(3-5)
holds.

B.7 For every pair cc, ft e Mx v M2 there is a constant cafi > 0 such that
|a,,(*)| ^ c a , V K ( * ) w/r(*)]

(3.6)

for ae

-

*eQ ;

here we put
(3.7)

wy(x) = ayy(x) for

yeMt.

If a £ -Wj u iM2 or /? 4 M± u M2, then aa/?(x) = 0.
3.3. Remark. The first part of condition B.7 already includes condition B.4.
Nonetheless, we have presented it explicitly, as Sec. 3.2 actually provides instructions
how to proceed in a particular case when constructing the sets Mt and M2 and choosing the functions wa for a e M2. If we do not succeed in fulfilling condition B.4, our
theory is inpracticable and it is of no use constructing the set M2 and verifying
conditions B.5, B.6 and B.7.
3.4. Weighted space. Let us now choose the set M so that
(3.8)

Mt<z M c= M1vM29

holds and denote S = [wa9 a e M} (for a e Mx we choose wa accordingly to (3.7)).
Moreover, we choose the set M so as to satisfy the condition
B.8 the space Wk,2(Q9 S) is a (complete) Hilbert space with the norm

(3-9)

. |f«|U.2.s = (Zi|D a «lll.o,J 1/2 aeM

3.5. Remarks, (i) As M cMlu
the inequality

(3-io)

M29 it follows from (3.5) that for all u e C%(Q)

H-.-* ^ 'sllMUi,
399

is satisfied with a constant c 3 = 1 + ~, ca > 0 independent of u. As M x c M, the
aeM2

converse inequality (with c 3 = 1) holds as well, which means that the seminorm
a
|||'*||!MI *S norm on the space WQ,2(Q, S), equivalent to the norm (3.9).
(ii) it immediately follows from (3.4) and (3.10) that the form a(u, v) is WQ,2(Q, S)elliptic; indeed,
(3.H)

a(u,u)^\\u\\l2tS
c3

for all u e CQ(Q). Condition B.6 and, above all, inequality (3.5) thus play a crucial
role in our considerations.
Now we can state the main result:
3.6. Theorem. Let A be the operator from (2.1) and Wk,2(Q, S) the weighted
space from Ssc. 3.4. Let the coefficients aafi of the operator A and the weight functions
wy satisfy conditions B.l—B.8. Then there is a unique weak solution of the Dirichlet
problem in the space Wk,2(Q, S).
P r o o f is left to the reader since it is analogous to that of Theorem 2.3. The
S)-ellipticity of the form a(u, v) follows from (3.11); conditions B.7, B.6
and B.2 then guarantee the validity of condition (0.3) of the Lax-Milgram Lemma.
WQ,2(Q,

3.7. Remark. When choosing the set M we have, with regard to (3.8), a certain
liberty, so that generally we can construct various spaces Wk,2(Q, S) (more precisely,
various collections S depending on the choice of the set M). Naturally, Remark 3.5 (i)
implies that the corresponding "nulled" spaces W$'2(Q, S) coincide for all choices
of the set M. This fact can be made use of when choosing the function u0 that represents the "boundary conditions"; the situation is the same as in Sec. 2.5 (iii).
3.8. The algebraic condition of ellipticity. In Chap. 2 the FVo'2-ellipticity of the
form a(u, v) was guaranteed by the algebraic condition A.4 — see (2.3), while here
it was formulated in the "integral form" — see (3.4).
Because of the fact that the verification of algebraic conditions is sometimes easier
than of integral ones, let us introduce a certain analogue of condition A.4. Let the
following condition hold:
B.5* There is a constant c2 > 0 such that any vector £ = {£., |a| ^ k} satisfies
(3.12)

X
_
\*\.\»\ák

foг a.e. xєQ.
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aMteßІĚъZoJx)^
.. ,
.
_ uw\*J <>2
yeMl

First of all, it is evident that (3.12) immediately implies, by choosing £a = D*u(x)
and integrating over the set Q, the inequality (3.4), so that condition B.5 is fulfilled
provided condition B.5* is.
Of course, the algebraic condition B.5* is substantially more restrictive: it immediately follows from (3.12) that
aaa(x)

=

0 a.e. in O ,

for all a e M(N, k) (not only for a e M0, where the property aaa e iV(ii) was a condition for constructing the set M0). Indeed, if for some ft $ M0 the coefficient aPfi
was negative on a set of positive measure, then inequality (3.12) with the choice
{£a = 0 for a =t= /J, ^ = 1} would yield a contradiction.
On the other hand, condition B.5 admits also diagonal coefficients that are negative
or change signs — cf. Example 1.1 (iii) or the forthcoming Example 3.9.
3.9. Example. Let Q be a plane domain and let us choose
(~t n \

(ЗAЗ)
v

}

d*u
л
°
T1
°d*u , d*u
°
1 .^ A
Au = — -A. — 2Å—9 9 H 2 , Л > 0 .
dx\
dxt
dx
2
^ 4
д
2 dx
o 22
;v 4
u

u

U

Thus, we now have a(2,0)(2,o)W = 0(of2)(o.2)(*) = -> «(i,i)(i,i) = -2A, aafi(x) = 0
for the other a, P such that |a| = 2, \p\ = 2. The "diagonal" coefficient
a(lfl){ll)
is negative and hence it does not belong to iV(Q)\ this is why M0 = {(2, 0), (0, 2)}.
Since condition B.2 should hold, we cannot reduce the set M0, hence M1 = M 0 .
Condition B.5* naturally fails to hold, since inequality (3A2) has the form
£(2,0) ~~ 2^£(1,1) + C(0,2) =

C

2\S(?,0) + MO,2))

and this condition evidently is violated for £ (2 , 0) = £<o,2) = 0> <-a,n = -•• Nonetheless, condition B.5, i.e. inequality (3.4), is satisfied for small A's. Indeed,

*-£[©'•©>*

and
(3.14)

a(u, u) = |||u|||21l - 21 [[ (J^-S,dxx
}}Q\dxldx2)

dx2 .

Since we consider functions u e C0(Q), we can extend the function u by zero onto the
whole plane U2 and integrate always over R2. Passing to the Fourier Transform we
easily prove

(3

2d

!+

£(^) --i£P (S)>--«401

Hence and from (3.14) we obtain
a(u,u)

(l-k)\\\u^\2Ml

=

for

« e C?(fl);

thus for A < 1 condition (3.4) is fulfilled.
Let us see now how we can choose, in our case, the set M2 and the weight functions
wa for a e M 2 . Since a(1,1)(1>1)(x) = — 2k 4= 0, the multiindex (1,1) does not belong
to M0(= Mx). Condition B.7 implies that necessarily (l,l)e.W 2 , and the weight
function w (1>1) must satisfy (3.6), i.e.,
(3.16)

|-2A|

/

=

c v [w ( 1 > 1 ) (x)w ( l j l ) (x)] = cw(ltl)(x)

xeQ.

for a.e.

Simultaneously (3.5) must hold, that is,
2

du

Í

\dxt dx:

w ( l f l ) (x)dx 1 dx 2

=

č\\\u\\\2Ml

Taking into account (3.15) we see that this inequality is fulfilled by the weight function
w
a,i)(x) — 1> which at the same time satisfies condition (3.16), too. Thus, if we choose
M2 = {(0,0), (1, 1)} , w(1>1)(x) s 1 , w (0)0) (x) = (1 + \x\f
(s g — 2; e = 0 if the domain Q is bounded), condition B.8 will be fulfilled as well.
In view of Remark 3.7, the existence of a weak solution of the Dirichlet problem is
guaranteed in two spaces Wk,2(Q, S): either with the choice S = {(1 + |x|)€, 0, 0,
1, 1, 1} (M = M, u M2) or S = {(1 + \x\)£, 0, 0, 1, 0, 1} (M = M 1 u {(0, 0)}).
The choice A1 = Mx is inadmissible since then condition B.8 would not hold in
general.
If the domain Q is bounded, then M2 may be chosen so that Mt u M2 = {(0, 0),
(1, 0), (0, 1), (2, 0), (1, 1), (0, 2)} = M(2, 2); here we take wa(x) = 1 for a e M2. In
this case we in fact solve the Dirichlet problem for the operator (3.13) in the classical
Sobolev space IV2'2(fl).
Here it has always been essential that 0 < k < 1. Let us note that for these values
the operator Al from (3.13) is not elliptic in the classical sense, since there is a nonzero vector £ such that
X

a

*p(x) ZaSp = £(2,0) ~" 2/.g (1(1) + C(0,2)

=

0•

M,!;S|-!-V

3.10. Example. Let us consider the domain as well as the operator from Example
1.3. Here M(N, k) = M(2, 2) and M0 = {(1, l)}, since a(1>1)(1>1)(x) = 1 is the only
nonzero coefficient. We again have choose Mt = M0. The reader can easily verify
(using the arguments of Sec. 1.3) that the choice
M2 = {(0,0, (1,0), (0,1)} and wa(x) = 1
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for

aeiM 2

leads to the desired result, i.e., solvability of the Dirichlet problem in the corresponding space W2,2(Q, S) with S = {wa, aeM} and M determined by the inclusions
M
i v {(0, 0)} c= M c Mi u M2 .
Let us recall that the space W2y2(Q, S) from Example 1.3 corresponds to the choice
M = MlU{(0,0)}.
3.11. Example. Consider the domain as well as the operator from Example 1.5.
There we had fl(lil)(lil)(x) = x{lx'229 a(U0)(U0)(x) = x\lxy22, a(0tl)(0ti)(x) = x^x{2,
and the other coefficients aafi vanished. Hence M0 = {(1, 0), (0, 1), (1, 1)}. We have
shown that the choice Ml = M0 and M2 = {(0, 0j} with w(00)(x) = x\l~2xs2~2
and M = Mx u M2 leads to the result (for 5X #= 1, S2 =# 1).
So far as the conditions (1.34) are fulfilled it suffices to choose Mt = {(1, 1)} (i.e.,
we have Mx c M0, Mx 4= M0), M2 = {(0, 0)} with the weight function vv(00) as
above, and M = Mx u M2.
If only the first or the second pair of conditions in (1.34) is fulfilled, we arrive at the
result even with the choice Mx = {(0, l), (l, 1)} or Ml = {(1, 0), (1, l)}, respectively, provided we choose M2 and w(0)0) in the same way as above and put again
M = Mt u M2.
4. CONCLUDING REMARKS

4.1. One mare example. On the half plane Q = {(xl9 x2); x2 > 0} let us consider
the operator
Au = —Au

, I real.
x2 dx2

Here a(lf0)(U0)(x) = 0(ofi)(o.i)(*) = U a(o,o)(o,i)W = -^/*2- Hence M0 = Ml =
= {(1,0), (0,1)}. Further,

a(u u,

+

dx

- 'L[{tJ {t)'] - ^ - 'lifri**

ix

-•

The first integral on the right-hand side is the seminorm |||w|||^li; the second integral
we estimate by the Holder inequality and by Hardy's inequality with respect to x2
for p = 2 and e = 0:

s

IJL^HK£(0W'WW"
2

"MJoUJ d*! dx

2

,
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so that

a(M,u)^(l-2|A|)||H||^.
In this way we are able to prove that for \X\ < \ condition B.5 is fulfilled. Let us show
that condition B.5 is also fulfilled for every X _ 0.
Indeed, if w e C^(Q), then

-í» 2 i )=

„
8u 1
= 2w .
Ox2 x 2
x2J

dx2 \

and consequently

2 1
w2 —
x2

( w2 — ] dxj dx 2 = 2 \\ u . — — dxj dx 2 -

0 =

JJfi3x 2 V

x2J

JJ f í

dx 2 x 2

w2 — dx x dx 2

JJ f í

x2

This implies

íí

fí Ox2

for every function u e

CQ(Q),

u . — dXi dx 2 ^ 0
x2

which for X ^ 0 yields

a(u, u) ^ lilum^ .
Further, it can be seen that there is a number 1 ^ \ such that condition B.5 is not
valid for all X, X ^ I. Hence our theory cannot be applied to the case X = 1.
However, this difficulty can be avoided, if we consider, instead of the operator A,
the operator B given by the formula

dxx \

dx1J

dx2 \

x2J

This operator is very simply connected with the operator A:
Bu = x 2 Au
Moreover, here M 0 = Mt = {(1, 0), (0, 1)} and the bilinear form b corresponding
to the operator B satisfies

so that condition B.5 presents no difficulties. If we choose, in addition, M2 = {(0, 0)}
with w ( 0 0 ) (x) = x 2 " 2 , then the solvability of the Dirichlet problem for the operator B
is guaranteed in the space W1,2(Q, S) with M = Ml u M2 and S = {x 2 " 2 , x 2 , x 2 },
provided 1 4= 1: for such X also condition B.6 holds, since as a consequence of
Hardy's inequality (with respect to x 2 and for p = 2 and e = X) we obtain
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4

I 2

cr i_a«_2

4

x£dx.dx 2 ^ (Я

- l—
)

2

IIHIІІ.

which is inequality (3.5).
4.2. Weakening the conditions on the set M 0 . Let again the operator A from (2.1)
be given and let us assume that some of the "diagonal" coefficient abb has the fol
lowing property:
(4A)

a56(x) > 0 for

xeQ0

a

x e Q — Q0 ;

x

6d( ) = 0 for

, Q0 5E
j Q,

we assume moreover that the set Q — Q0 has a positive measure. Then A W does not
belong to iV(Q) and therefore <5£M 0 ; however, since a6d(x) = 0 does not hold,
either, we necessarily have S e M 2 and hence
f |D'«(x)| 2 fl. J (x)dxg?,!||H||!i 1 .
Jf-O
This inequality is a consequence of conditions B.7 and B.6: according to B.7 there is
wd G iV(Q) such that |aM(.x)| = cdd ws(x), and according to B.6 we have || 13^M ||f #Wrf ^

(4-2)

^ c-lll-llliir
If condition (4.2) is not satisfied, our theory is inapplicable; nevertheless, it can
be modified in the following way: the multiindex S is included in the set M 0 and the
set M_ is again formed with help of conditions B.2 (for a = .3 condition (4.1) implies
that on the left hand side of (3.1) we actually have only the integral over Q0). The
further steps are the same as above, with our modification of the set M 0 manifesting
itself in the other conditions B.3—B.8: for instance, condition B.7 implies that the
coefficients aa8 and ada vanish for x e Q — Q0 (cf. (3.6) with ws = add).
As an example of an operator for which condition (4.2J is violated let us introduce
the operator
d*u
d2 ( , ,d2u\
Au = — + — ( a(x)—
s
dx_
dx2 \
dx2)
where a(x) is a function of type (4.1) with the following property: there is a point
x0 e Q0, a neighbourhood U(x0) c Q0 and a positive constant c such that a(x) _ c
for x E U(x0). According to the above introduced modification of our theory we then
have M_ = M 0 = {(2, 0), (0, 2)} and

4.3. Boundary conditions. In the weak formulation of the Dirichlet problem the
boundary condition is substituted by condition (i) from Definition 0.8, i.e. the condition
u - u0 є WÏ2{Q, S) ,
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The interpretation of this condition is closely connected with the characterization
of traces of functions from weighted spaces. Until now, the knowledge of the latter
has been very incomplete. This is why the interpretation we are acquainted with
from the classical Sobolev spaces (see the end of Sec. 0.2) can be transferred to the
weight spaces only to a very limited extent.
Let us illustrate this fact on the operator
d f s du\
d ( , du\ , e
I x\
)
( x\
) + x\u
dxx \ dxx/
dx2 \
dx2)
considered on a plane domain Q = {(xt, x2); 0 < xx < 1, 0 < x2 < 1}. The weighted
space corresponding to this operator is Wi,2(Q, S) with the collection 5 = [x], x\, x]}
and the existence of a weak solution of the Dirichlet problem in this space is guaranteed for every eeR.
Concerning the trace of the function w e Wi,2(Q, S) on the boundary dQ we can
assert the following facts (cf. [4], [8]):
(a) the trace w\dQ exists for all e < 1 (as a function from L2(dQ)), and for e _ — 1
vanishes on F = {(0, x2); 0 < x2 < 1}, i.e. w\r = 0 for e _ —1.
(b) for e _ 1, the trace exists on dQ — F (again as a function from L?(dQ — F)),
while on F its existence is not guaranteed.
Consequently, our "boundary condition" u — u0 e Wlf2(Q, S) means that
(i) u = u0 on dQ — F for every e e R,
(ii) u = u0 and u = 0 on F for e e ( — 1, l) and e _ — 1, respectively,
Au =

and there is no condition given on F for e _ 1 [if e _ — 1, condition (ii) is a consequence of the identity w0|r = 0 that is necessarily fulfilled in view of (a)]. Hence
we can say that only on dQ — F the situation is "normal".
We see that even in this simple case the problem of interpretation of the boundary
conditions is difficult. Evidently it will be still more complicated for higher order
equations and more general boundary functions.
Let us go back to our space Wi,2(Q, S). We have stated for e _ 1 the existence of
the trace is not guaranteed; indeed, we can construct such functions u(xt,x2)e
e Wi,2(Q9 S) that u is not bounded in a neighbourhood of the set F, i.e.
lim \u(xx, x2)\ = oo for a.e. x2 e (0, 1) .
X!-+0 +

Nonetheless, the behavior of the function u in the neighbourhood of F can be
described more precisely: namely, for every u e Wi,2(Q, S) we have
(4.3)

lim x\ u(xu x2) = 0 for a.e. x2 e (0, l) ,
*i-*0 +

where
(4.4)
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X >l = i .

This concerns the case e = 1; however, relation (4.3) holds even for e = —1 with X
satisfying the inequality
(4.5)

1ZLL<A<O.

4.4. Remark. In Sec. 4.3 we have met weight functions and coefficients of the following type:
(4.6)

w(x) = [dist (x, F)]e,

F c dQ.

Equations with such coefficients and spaces with such weights occur most frequently
in applications. For s < 0 they grow to infinity in a neighbourhood of F and therefore an equation with coefficients of this type is said to have a singularity on F. On
the contrary, for s > 0 the function w(x) converges to zero for x -> x0 e F and an equation with such coefficients is said to degenerate on F. Since coefficients of the type
(4.6) "get spoiled" solely on F c dQ, there are no difficulties with condition of the
type A.2.
Quite another situation occurs if F <= Q. Under the conditions meas F = 0 the
condition w e ll]oc(Q) is fulfilled for e > 0, but for negative e's only provided e e
e ( —£0, 0), where e0 > 0 depends on the dimension of the set F; similarly the condition ljw eL)0C(Q) is not fulfilled for s > s0. Hence we can say that for certain
sufficiently large |e| conditions of the type A.2 are not fulfilled; we speak about
strong singularity or strong degeneration on F (i.e. inside Q) and our theory is
inapplicable. Nevertheless, our method can be modified to suit even such cases.
Roughly speaking, it is necessary to consider the domain Q0 = Q — F instead of Q,
so that F then becomes part of the boundary dQ0. We shall resume the study of these
problems, as well as of "non-Dirichlet" boundary problems and of nonlinear equations in the next paper.
4.5. Bibliographical notes. There is extensive literature on equations of the above
described type. Above all, degenerate equations are frequently the object of study
(see e.g. [13], where a survey of results till 1966 can be found; more recent literature
is represented e.g. by [2], [6], [8], [12]). Most of these works consider degeneration
of the type "a power of the distance of the point xeQ from the set F c dQ". Our approach is more general: we admit simultaneously both degenerations and singularities
(and not only of the power type); the coefficients may "get spoiled" not only on the
boundary dQ but inside the domain Q as well, and even the case of degeneration on
sets of positive measure us possible — cf. Sec. 4.2. Moreover, we impose no restrictions on the domain Q. An approach similar to ours in its generality (including
the method, i.e. the use of the Lax-Milgram Lemma) can be found in [12]; in comparison with [12], we admit operators that are substantially more general, and our
approach is a little more systematical.
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It is the intention of the authors to develop the present topics in further papers,
including the linear equations (coefficients with a strong singularity and sttong
degeneration inside Q, Neumann's problem and further types of boundary conditions)
as well the nonlinear ones.
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