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This paper deals with some results concerning the theory of bounded invariant
manifolds of dynamic systems which have been recently obtained.
First we will consider the linear system of differential equations
(1)

x = A(t) x

with continuous and bounded on the whole axis R = ] — oo, oo[ matrix of coefficients A(t), x = dxjdt, x e Rr. We use the following notations: C°(R) is the space
of continuous (vector or matrix) functions F(t) bounded on the whole axis R: C1(^))
is the subspace in C°(R) of functions F(t) possessing continuous derivatives; Q\(A)
is the fundamental matrix of the system (1) with QXX(A) = In, In being the n-dimenn

sional unit matrix: <x, y} = £ x ^ is the scalar product in Rn, <x, x> = |x|| 2 : A* is
i= l

the transposed matrix to A.
Let there exist a quadratic form V(t, x) = <S(f) x, x), S = 5* e C\R) such that
its derivative V along the solutions of the system (1) is negative definite,
(2)

V{t, x) = <(£(*) + S(t) A(t) + A*(t) S{t)) x,x>^

- \\x\\2 ,

and det S(t) 4= 0, t e R. Then the system (l) is exponentially dichotomous on the
whole axis R. There is a possibility that the determinant of the matrix S(i) vanishes
at some moments t = tl9..., tk. It is proved that k ^ n, where n is the dimension
of the system (1). The condition of non-degeneracy of the matrix S(t) can be substituted by an equivalent condition that there exists an other symmetric matrix S^t) e
€ CX(R) satisfying the condition
(3)

<(&£) - St(t) A*(t) - A(t) St(t)) x,x}^-

\\x\\2 .

The following statement has been proved.
Theorem 1. The existence of an n-dimensional symmetric matrix S1(f) e CX(R)
satisfying the condition (3) is a necessary and sufficient condition for the system
70

of equations x = A{i) x + f(i) to have a unique solution bounded on the whole
axis R for every vector function f(i) e C°(R).
Note that the determinant of the matrix S1(t) at some moments of time can vanish
and then the inhomogeneous system will have not one but a family of bounded on R
solutions.
Theorem 2. Let the matrix S^t) = S*(t) e CX(R) satisfying the condition (3)
exist and let its determinant vanish at some moments tu ..., tk. Then the system
(1) is exponentially dichotomous on the semi-axes R+, R„ and the dimension of
the subspace E of all solutions bounded on the whole axis R is given by the formula
dim E = n~(T2) — n - ^ ) , where Tl9 T2 are fixed moments of time such that
T± < tt < T 2 , i = l,... 5 k; n~(T) is the number of negative eigenvalues of the
matrix S(T).
In the case of weak regularity of the system (1) on R the problem of its decomposition by means of Lyapunov Transform as well as the integral representation of solutions bounded on R were studied. All these results were used for investigating linear
extensions of dynamic systems on a torus.
(4)'

q> = a(cp),

x — A{cp) x .

Such systems of differential equations appear when studying nonlinear multifrequency
oscillations. Here cp = (cpu ..., (pm)9 x = {xu ..., xn): a(cp), A(cp) are continuous
vector — and matrix — functions, respectively, which are 27r-periodic with respect
to each variable q>r
a(cp) is such that the Cauchy problem <p\t=0 = (p0, cp = a(<p) has a unique solution
(pt((Po) continuously depending on q>0. We use the following notations: C0^^ is the
space of continuous (vector or matrix) functions F((p) which are 2n periodic with
respect to each variable cpj9 j = 1,..., m, i.e., they are given on the m-dimensional
torus Tm, C\Tm) is the subspace of functions F(cp) in ^{T^ such that the function
F((pt[cp0)) is continuously differentiate with respect to t for all t e R, cp0 e Tm,
dF((pt((p))ldt\t=0 = F(cp) e C°(Tm), ^ ( ^ o ) is a fundamental matrix of the system
x = A((pt((p0)) x.
Recall that the invariant torus of the perturbed system of equations <p = a(cp)9
x = A((p) x + C(cp), C{cp) e C°(Tm) is defined by the equality x = u{q>) if u((p) e
e C'(Tm) and the identity u((p) = A(q>) u((p) + C(q>) is valid. Let us introduce one
of the main results.
Theorem 3. Let there exist an n-dimensional symmetric
satisfying the condition
(5)

<(S1((P) - S^cp) A*(<p) - A(cp) S^cp)) x,x>^-

matrix S^t) e C(T m )
|x|2 .

Then for every vector-function C(<p) e C°(T^) the system of equations q> = a(q>),
x = A((p) x + C(<p) has at least one invariant torus x — u((p). Moreover, i/det S(q>)
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vanishes at some point cp0, then the system (4) has nontrivial invariant tori and
each of them can be represented in the form
(6)

x = u(cp) ==

H(<p) (Ql(cp)Yf(cpx(cp)) dr,

where f(q>) is any function in C°(Tm). Here H(<p) is a symmetric matrix function
in C'(Tm) satisfying the identity H((pt((p)) = Qx0((p) H((p) (Qx0((p))* and the estimate
\\Q'0(q>) H(cp) (Ql(cp))\\ S K exp { - y | t - r|}.
Let us take into account the fact that the equality (6) determines a certain operator 301 acting on functions f{cp) e C°(Tm). In this case there exists a matrix function
H((p) such that the operator $W is projecting: 9W2 = $R.
As an example let us consider the system of three equations
cpx = 1 + hx sin cpt + h2 sin mcp2 ,
cp2 = yjl + h3 cos cp1 + h4 sin ncp2 ,
x = (h5 cos (pt + h6 sin 2(p2) x + c{cpu cp2) .
The problem consists in finding the values of parameters h( i = 1, ..., 6 for which
this system has an invariant torus x = u((pu q>2) e C'(T2) for each function c((px, cp2) e
e C°(T2). Choosing the scalar function cos cpl as S^cp) we obtain the following sufficient condition:
hth5 > 0 ,

min {\ht\9 2\h5\} ^ 1 + \h2\ + 2\h6\ .

Possibilities of integral representations of invariant tori of perturbed systems were
studied. If turned out that under the conditions of Theorem 3 there exists an ndimensional matrix C((p) e C'(Tm) such that the function

satisfies the estimate
(8)

||G 0 (T,

9)|| ^ Kexp { - 7 | T | } , K9 y - const > 0 ,

xeR.

This is sufficient for representing the invariant torus of the system q> = a(cp), x =
= A(q>) x + C(cp) by the equality
/•oo

x =

G 0 (T, (?) C(<p£q>)) dr
J —oo

The function (7) satisfying the estimate (8) is usually called the Green function of the
problem of invariant tori for the system (4).
Sometimes we need only that instead of estimate (8) the function (7) satisfy
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a weaker condition
/*00

||G 0 (T,

(9)

(p)\\ dt g K = const < oo

J — 00

The problem is: can the estimate (8) be obtained from (9) even for an other function
Go(T> <p)? Note that the assumption of existence of the matrix C{cp) e C°(Tm), guaranteeing uniform convergence and boundedness of the integral
r

|G 0 (T, <P)\\2 dr,

J — 00

implies existence of the matrix
St((p) = 2 / T

G 0 (T, (?) CJ(T, «P) dr - f

G 0 (T, <p) G*(r, 9) dr") ,

which satisfies the condition (5) of Theorem 3. Therefore there exists a matrix
C(cp) e C'(T„?) which, generally speaking, differs from the previous one, such that the
estimate (8) is fulfilled. Note that the constants K, y in the estimate (8) can be
expressed in terms of matrices S^cp), A((p).
It follows from (5) that small perturbations of the matrix A(cp) do not substantially
affect the existence of the Green function. If «S1(<p) e C 1 ^ ) , then the same conclusions
would hold for the vector-function a(cp), since in this case St((p) = (dS((p)jd(p) a((p).
In this connection the problem appears of an approximation of functions F{cp) e
E C'(Tm) by functions F((p) e C 1 ^ ) so that simultaneously its derivative F(cp) is
approximated: lim(||F(<p) - Fn((p)\\ + \\P(q>) - Fn((p)\\) = 0. The affirmative soluH-+00

tion of this problem is known provided a(cp) e C'(Tm) and F(cp) e CLjP(Fm). Recently
the possibility of such an approximation has been proved provided lim c~~ V ( a I a) •
a-++0

. fi(F ; cr) = 0 where ju(a ; cr), /i(F ; o) — are moduli of continuity of the functions
a((p), F(q>).
If in addition to the condition (5) we require the existence of an n-dimensional
matrix S(cp) = £*((?) e C'(Tm) satisfying the estimate.
(10)

<(S(<p) + S(q>) A{q>) + A*(q>) S(q>)) x, x> ^ - \\x\\2 ,

then the matrices S^cp), S(cp) are non-degenerate and the exponential dichotomy
of the system x — A(cpt((p0)) x on R is uniform with respect to cp0. In this case the
Green function (7) is unique and the matrix C(q>) e C'(T„) is a projecting matrix,
C\(p) == C((p), satisfying the identity
(11)

C ( ^ ) ) E ^ ) C ( ^

T

» ,

In this connection we have the problem of existence of an analogue of the identity
(11) for the matrix function C(<p) in the case when the Green function (7) is not unique.
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Theorem 4. Let the condition (5) be valid with a matrix S^cp) = S*((p) e C(Tm)
degenerate at some points (p. Then there exist unique n-dimensional matrices C{cp)9
C((p)e C'(Tm), C*(cp) = C(cp) satisfying the identities
C((px(cp)) = Ql(cp) C(q>) Q°(cp) + tr0(<p) C(cp) f ° ((T0(<p))* (Tx(q>) da ,
C(cpx((p)) = Ql(q>) C{cp) (Qx0(q>))* , T e R ,
and estimates
\\Oo(<P) C(q>)\\ g K e x p { - y * } ,
c

K(<p) ( (<?) - 'n)|| ^ K exp {yt} ,
'

||QS(9)%)| ^ « e x p { - y | r | } ,

t>0;
t < 0;
feff,

with positive constants K9 y independent of t and <p. Moreover, rank C((p0) =
= dim £((p0)9 where £((p0) is the space of bounded on R solutions of the system
x = A(<pt(<p0)) x.
Other problems concern decompositions of the system (4). Supposing that the
linear system x = A(<pt(q>0)) x is exponentially dichotomous on R uniformly in q>0
we ensure separability of two sets of solutions of this system. It is known that when
each cp0 is fixed there exists a Lyapunov change of variables x = T^t) y which
transforms the system x = A(q>t(<p0)) x to the corresponding decomposed form
y = A+(t; (p0) yl9 y2 = A~(t; q>0) y2. The problem arises whether it is possible to
choose the matrix T^Jt) in the form T(q>t(<p0)) where T(q>) e C(Tm), i.e., whether
there exists a matrix T(cp) e C'(Tm) such that
(12)

T~\cp) A[cp) T(q>) - T " 1 ^ ) % ) = diag {A+(cp)9 A'(q>)} ,

where the matrices A+, A~ correspond to the a-dichotomy of the system x =
= A((pt((p0)) x. This problem has a negative answer. In spite of this fact it has been
proved that when supposing that the matrix S(<p) satisfying the condition (10) can
be represented in the decomposed form
(13)

S(cp) = Q*(q>) diag {St(<p)9 -S2(<p)} Q(cp) ,

where Q(q>) e C'(Tm), <Sf(<p) rjh fj£> ^ /%i|| 2 > then there exists a matrix T((p)e
e C'(Tm) ensuring the decomposition (12). On the other hand, it has been proved
that a non-degenerate matrix T((p) e C'(Tm) reducing the projecting matrix C((p)
to the Jordan form T_1(<p) C(cp) T(cp) = diag{J r , 0} ensures the decomposition
(12). Hence we have the problem of the interconnection of the projecting matrix
C((p) e C'(Tm) with the non-degenerate symmetric matrix S(<p) e C'fTjn). The study
of this problem has led to the conclusion that each non-degenerate symmetric matrix
S(cp) e C'(Tm) satisfying the condition (10) is connected with the projecting matrix
C(cp) up to a constant factor by the inequality
(14)
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<(S( 9 ) C(cp) + C*(cp) S(cp) - S(<p)) x9 x> ^ ||x|| 2 .

It turned out that the additional supposition (13) concerning the matrix S(q>) implies
solvability of the system of algebraic equations C((p) x = 0, C(cp) x = x, i.e., the
possibility of reducing the matrix C{cp) to the Jordan form. Note that the inequality
(14) can be considered as an independent one, not connected with the system (4).
Besides, for every projecting matrix C2((p) = C(cp) e C°(Tm)IC(Tm)l there exists
a set of matrices S(cp) e ^{T^jC^T^j
satisfying the condition (14), in particular,
S((p) = 2(C(cp) + C*(cp) — In). If we suppose that it is possible to reduce the projecting matrix C{cp) e C°[Tn^) to the Jordan form, then each matrix S(cp) satisfying (14)
is reduced to the diagonal form.
The problem of a possibility of a smooth decomposition of the system (4) into more
than two subsystems was studied via quadratic forms. In this direction, the following
statements have been proved:
Theorem 5. Let there exist two n-dimensional non-degenerate matrices S((p),
S((p) e C'iTn) such that the matrix S(cp) satisfies the conditions (10), (13) where Sx
is an r-dimensional matrix, and S((p) satisfies the inequality
<(S\(p) + S((p) A{cp) + A*(cp) S((p) + 2 X{cp) % ) ) x, x> ^ e||x||2 ,
e = const > 0 ,
with a certain positive scalar function A((/>) e C°(Tm) and admits a representation
£(<?) = 5*(<p) diag {S^cp), — S2((p)} Q((p)9 Q(<p) e Ci^T^ with positive definite blocks
St((p), i = 1, 2, S1 being an r-dimensional matrix, r < r. Then the inequality
r — r < n — m where m is the number of variables (p ensures the existence of
a non-degenerate matrix L(cp) e C'(Tm) such that
(15)

L- \<p) A(q>) L{cp) - IT \cp) % ) = diag {Bfa), B2(<p), B3(<p)} ,

where the matrices BUB2,
x (n — r), respectively.

B3 have the types r x r, (r — r) x (r — r), (n — r) x

Theorem 6. Let all the conditions of Theorem 5 except the inequality r — r <
< n — m be fulfilled and let the matrices S((p), $((p) have the block-diagonal
form S(q>) = diag {^(cp), -S2(<p)}9 5(<p) = diag {S^cp), -S2{<p)} where S^cp),
S±(<p) are r-dimensional, S^cp), S2(cp), S2(cp) — are positive definite and the matrix
51(<p) has r positive eigenvalues and r — r negative ones.
Then a non-degenerate matrix L{cp) e C'(T^) ensuring the decomposition (15)
exists if and only if there exists an r-dimensional matrix Q((p) e C'(T„^ satisfying
the equality Q*((p) S^cp) Q(<p) = diag {Jr, J r _ P }.
Let us present one of the main results concerning the system of differential equations \J/ = a(\j/), x = Aty) x with continuous and bounded in the whole space Rm
functions a(ij/), A(ij/). Analogously as before, the uniqueness of solution ^r(iA0) of
the Cauchy problem ^ | r = 0 = *Ao> ^ = a(^) *s assumed.
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Theorem 7. For each \jt0e Rm fixed let there exist an n-dimensional
matrix function 5^ 0 e C 1 ^ ) satisfying the conditions

symmetric

i) < s j o - s^0{t)A*(U^o)) - ^,tyo))^o(0)*>*> ^ - H 2 >
2) ||S* 0 (f)| ^ const < oo for all \j/0 eRm,te

R.

Then: (i) If det S^Jf) =t= 0 for all teR, \l/0eRm, then for each vector-function
f(\j/) e C°(Rm) continuous and bounded on Rm the system of equations

(16)

<£ = <#)> i = Aty)x+f(ilt)'

has a unique invariant manifold x = u(i//) = j™^ G 0 (T. ^)f{^x{^)) dr.
(ii) / / there exist t0 e R, \j/0e Rm such that det S^0(f0) = 0 then the system of
equations (16) has a family of bounded invariant manifolds and they are represented by the formula

* = «(*)= P H(l/0(G^))*^</'#))dT+ P G0(T,*)/Okty))dT,
J — oo

J — oo

vv/iere #(i//) is an arbitrary function in the space C°(Rm), G 0 (T, I//) is f/ie Green
function. In this case for every n-dimensional symmetric definite matrix Bty) e
e C°(Rm) there exist unique n-dimensional matrices Cyi//), H(ij/) e C°(Rm), ff* = H,
satisfying the identities and estimates

fl?(0) C ( ^ ) ) QJty) s C(*) + ffty) f ° (QJty))* B ( ^ ) ) OSty) dff ,
JT

H(^)) S fl5(^)ff(^)(05(^))*;
||OSWC(^)|| ^Kexp{-y*},
t^O;

HW) (<#) - 4)|| ^ X exp {y*} , t < 0 ;
j O ^ ) H(\l/)\\ g X exp {-y|t|} 9^ teR,

K, y = const > 0 .

[1] H.H. Eo20Afo6oe, K>.A. MumponoAbCKuu, A. M. CaMowienKo: MeTOfl ycKOpeHHOft CXO^HMOCTH
B HejiHHefiHoft MexaHince. KHCB: HayK. flyMKa, 1969, 244 c.
[2] K>. A. MumponoAbCKuu: 0 6 HCCJieflOBarani HHTerpanbHoro MHoroo6pa3na ^JIH CHCTeMti HCJIHHeiiHMX ypaBHeHHfi c nepeMeHHtiMH K03(}><j>jmHeHTaMH. y*cp. MaT. acypH., 10 (1958), 270—279.
[3] FO. A. MumponoAbCKuu, O. E. Jlbmoea: HHTeipajiBHtie MHoroo6pa3HH B HejiHHefiHofi Mexamnce. M.: Hayica, 1973, 512 c.
[4] A. M. CaMoiiAeHKo: O coxpaHemfH HHBapHaHTHoro Topa npH B03MymeHHH. H3B. AH CCCP.

Cep. MaT., 34 (1970), 1219-1240.
[5] A. M. CaMoiiAeHKo, B. JI. KyAw: SKcnoHemmajibHafl AHXOTOMIW HHBapHaHTHoro Topa flima-

MHnecKHX CHCTeM. /JnijxtepeHij. ypaBHeH., 15 (1979), 1434—1443.
[6] JO. A. MumponoAbCKuu, B. JI. KyAUK: OrpamiieHHBie pememiH HejiHHeftHbix CHCTCM flH<j><j)epeH-

imajitHbix ypaBHeHHft. Yicp. MaT. acypH., 36, (1984), 720—729.

76

[7] ff. B. AHOCOB: reoAe3H4ecKHe DOTOKH Ha pHMaHOBbix M«oroo6pa3HHx OTpHijaTejibHOH KpHBH3HW. Tpy#bi MaT. HH-Ta HM. B. A. CreKJiOBa, 90 (1967), 1 — 210.
[8] M. y. EpoHiumeuH: Cjia6aa peryjiHpHOCTb H $yHKUH« TpHHa jiHHeftHbix pacniHpeHHH AHHaMHnecKHX CHcreM. ,ZjH<j)<j>epeHii. ypaBHeHHfl, 19 (1983), 2031 — 2038.
[9] B. A. IJAUCC: MHoacecTBa JiHHeHHbix CHdeM 4H<|)4)epeHirHajTbHbix ypaBHemiH c paBHOMepHO
orpaHHHeHHMMH pemeHHflMH. #H<i)<})epeHii. ypaBHemifl, 16 (1980), 1599—1616.
[10] K>. A. MumponoAbCKuii, A. M. CaMOwienKo, B. JI. KydUK: HccjieflOBamie JiHHeHHbix CHCTCM
AH$4>epeHUHajibHbix ypaBHeHHii c noMomio KBajrpaTinHbix 4>opM. H3^. HH-Ta MaTeMaraKH
AH YCCP, npenpHHT 82. 10 (1982), 44 c.
[11] /. Kurzweil: Exponentially stable integral manifolds, averaging principle and continuous
dependence on a parameter, Czechoslovak Math. Journ., 16 (1966), 380—423.
[12] /. Kurzweil, J. Jarnik: Right-Hand Sides of Differential Inclusions which Cannot be Reduced.
npo6neMbi acHMnTOTHHecKoii TeopHH HejiHHewHbix KOJieGairM, KneB, HayK. flyMKa 1977,
122-132.
[13] W. A. Coppel: On the stability of ordinary differential equations. J. London Math. Soc,
39, (1964), 255-260.
[14] D. L. Lovelady: Boundedness properties for linear ordinary differential equations. — Proc.
Amer. Math. Soc, 41 (1973), 193-196.
Authors' address: Mathematical Institute AN USSR, Repina 3, Kiev 4, USSR.

77

