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THE BIGRAPH DECOMPOSITION NUMBER OF A GRAPH

BOHDAN ZELINKA, Liberec
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Summary. Tﬁe bigraph deccmposition number b(G) of a graph G is the minimum number of
edge-disjoint complzte bipartite graphs into which G can be decomposed. In the paper b(G) is
studied for weak products and direct products of graphs and is related to the domination number
of G.
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In [1], Problems 3.11 and 3.12, D. West introduced a new numerical invariant of
a graph; he denoted it by b(G). We shall call it the bigraph decomposition number.

We shall consider finite undirected graphs without loops and multiple edges.
A bipartite graph will be shortly called a bigraph; this is a graph G whose vertex set
is the union of two disjoint sets A, B (called the bipartition classes of G) which have
the property that each edge of G joins a vertex of 4 with a vertex of B. If each vertex
of A is joined by an edge with each vertex of B, such a graph is called a complete
bigraph. The symbol K, , denotes the complete bigraph in which [4]| = m, |B| = n.

A bigraph decomposition of a graph G is a family of subgraphs of G which are
complete bigraphs and have the property that each edge of G belongs to exactly one
of them. The least cardinality of a bigraph decomposition of G is called the bigraph
decomposition number of G and denoted by b(G).

The problems of D. West from [1] are the following:

Determine b G) for special classes of graphs, or give a bound for it in terms of
other parameters.

How does b(G) behave under weak product and the other graph products?

We shall touch both the problems.

First we shall consider the weak product and the direct product of two graphs

A weak product of two graphs G,, G, is the graph whose vertex set is the Cartesian
product ¥(G,) x V,G,) of the vertex sets V{G,), ¥(G,) of G, and G,, and in which
two vertices (uy, u,), (vy, v,) are adjacent if and only if u,, v, are adjacent in G, and
u,, v, are adjacent in G,.

Theorem 1. Let G be the weak product of two graphs G, G,, without isolated
vertices.
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Then
b(G) < 2 b(G,) b(G),

and this bound cannot be improved.

Proof. Let B, (or #,) be a bigraph decomposition of G, (or G,, respectively)
of the minimum cardinality. Let H, € #,, H, € #,, and let A,, B, be the bipartition
classes of H, and A4,, B, the bipartition classes of H,. The subgraphs of G induced
by (4; x A,)u (By x B,) and by (4, x B,)u (4, x B,) are complete bigraphs;
denote them by L,(H,, H,) and L,(H,, H,), respectively. Consider the family %#
of all graphs L,(H,, H,), L,(H,, H,) for H, € B, H, € #,. Let e be an edge of G,
let (uy, u,), (vy, v,) be its end vertices. Then there exists an edge u,v, of G, and an
edge u,v, of G,. There exists exactly one graph H' € 4, containing u,v, and exactly
one graph H" € #, containing u,v, and evidently the edge e belongs to L,(H’, H")
or to L,(H', H"). Conversely, if an edge f belongs to L,(H’, H") or to L,(H', H"),
then f joins vertices (u’, u”), (v', v") such that the edge u'v" belongs to H' and the
edge u"v” belongs to H”. Hence & is a bigraph decomposition of G. As ]ﬂ] =
= 2|8, . |2.| = 2b(G,) b(G,), the inequality from Theorem 1 holds.

If both Gy, G, are complete bigraphs, then b(G,) = b(G,) = 1. Let 4,, B, be the
bipartition classes of G, let A,, B, be the bipartition classes of G,. Then the weak
product of G, and G, is the union of two vertex-disjoint complete bigraphs; one of
them has the bipartition classes 4; x A,, B; X B,, the other A; x B,, B; x 4,.
Hence the bigraph decomposition number of this weak product is 2 and the equality
occurs; the bound cannot be improved. [

Theorem 2. There exist graphs G, G, such that for their weak product G the
inequality b{G) < 2 b{G,) b{G,) holds.

Proof. Let G, = K;, G, = K, (the complete graphs with 3 and 2 vertices).
We have b{G,) = 2, b(G,) = 1 and thus 2 b{G,) b{G,) = 4. But the weak product G
of G, and G, is a circuit of length 6 and therefore b(G) = 3. [

Now we turn to the direct products of graphs. The direct product of the graphs
Gy, G, is the graph G whose vertex set is ¥(G,) x V(G,) and in which two vertices
(uy, u,), (vy, v,) are adjacent if and only if either u; = v; and u,, v, are adjacent
in G,, or u, = v, and u,, v, are adjacent in G,.

Theorem 3. Let G be the direct product of the graphs G, G,, without isolated

vertices. Then
b{G) < |V(Gy)| b(G,) + |[V(G2)| b(G)) ,

and this bound cannot be improved.

Proof. For u € V(G,) let G,)u) be the subgraph of G induced by the set of all
vertices (u, x) for x € V(G,). For ve V\G,) let G,(v) be the subgraph of G induced
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by the set of all vertices (y, v) for y € V(G,). These graphs will be called projections.
Obviously all projections are edge-disjoint. We have G,(u) = G,, G,(v) = G, for
each u and v. The number of projections G,(u) (or Gy(v)) is |V(Gy)| (or |V(G,)],
respectively). If we take, in each G,(v), a bigraph decomposition of cardinality b(G,),
and in each G,(u) a bigraph decomposition of cardinality b(G,), then the union
of all these decompositions is a bigraph decomposition of G of cardinality
|V(Gy)] b(G,) + |V(G.,)| b(G,). This implies the inequality from Theorem 3.

Now let p, g be integers greater than 1. Let the vertex set of a graph G, be V(Gl) =

2
= (j Vi, where Vi, ..., V,, are pairwise disjoint sets of cardinality p. Two vertices

i=1
of G, will be adjacent if and only if one of them belongs to V; and the other to V;,,
forsomeie{l,...,2g — 1}, or one of them to V; and the other to V,,. The graph G,
will be a graph isomorphic to Gy. Let G be the direct product of G, and G,. For
each je{l,..., q} let H; be the subgraph of G, induced by the set V;;_, U V,;-1 U
U V,;, where the subscripts are taken modulo 2g. Each H; is a complete bigraph
with the bipartition classes V,;_4, V5;-, U V,;, and no complete bigraph which is
a subgraph of G, has so many edges as the graphs H;; hence b(G,) = b(Gz) =q.
We consider the bigraph decomposition of G as described above; it has 4pgq® bigraphs,
each of which is isomorphic to the graphs H;. Any complete bigraph which is a sub-
graph of G and is not contained in any projection is a star or a circuit of length 4
and therefore it contains at most 4p edges, which is less than or equal to the number
2p? of edges of any H;. Hence b(G) = 4pq* = |V(G,)| b(G,) + |V(G,)| b(G,). O

Theorem 4. There exist graphs G,, G, such that for their direct product G the
inequality b(G) < |V(G,)| b(G,) + |V(G,)| b(G,) holds.

Proof. Let G; & G, = K,. Then b(G,) = b(G,) = 1. The direct product G of G,
and G, is K, ,, and therefore b(G) = 1. O

At the end we relate b(G) to the domination number of G. A dominating set in
a graph G is a subset D of the vertex set V(G) of G with the property that for each
x € V(G) — D there exists a vertex y € D adjacent to x. The minimum cardinality
of a dominating set in G is called the domination number of G and denoted by &(G).

Theorem 5. Let G be a graph without isolated vertices. Then
b(G) = 1 5(G).

Proof. Let & be a bigraph decomposition of G consisting of b(G) graphs. In each
graph H e # we choose two vertices from distinct bipartition classes; then each
vertex of H distinct from them is adjacent to one of them. The set of all chosen
vertices for all H € 4 is a dominating set in G and has at most 2 b(G) vertices. Hence
2 b(G) 2 §(G), which implies b(G) = 4 6(G). O
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Souhrn

BIGRAFOVE ROZKLADOVE CISLO GRAFU
BOHDAN ZELINKA
Bigrafov& rozkladové &islo b(G) grafu G je minimalni podet hranové disjunktnich Gplnych

sudych grafu, na n&Z lze rozloZit graf G. V €lanku se zkouméa b(G) pro slabé soudiny a direktni
soudiny grafu a porovnava se s dominaénim &islem grafu G.

Pe3rome

YHCJIO BUT'PA®OBOI'O PA3JIOXKEHHUS I'PA®A
BOHDAN ZELiNKA
Yucnom Gurpadosoro pasnoxenus b(G) rpada G Ha3slBaeTCA MHUHHMAIIBHOE YHCIO pebepHO
HenepeceKarolUxCsl IOJMHBIX JBYAOIBHBIX IpadoB, Ha KOTOPBIE MOXHO pa3noxutb G. B cratee

vyucno b(G) m3yyaercs InA caabblX OPOU3BENCHHMM M LPAMBIX NpOU3BElNeHMH rpadoB M CpPaBHU-
BaeTCs C JOMUHALMOHHEIM 4uclIoM rpada G.
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