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ON DIFFERENTIAL INCLUSIONS WITH PRESCRIBED SOLUTIONS

MouAMED BoupAoup, Tlemcen, TADEUsZ RzEzucHOwsKI, Warsaw
(Received December 5, 1986)

Summary. A new a simpler solution of the following problem is presented: given a set of abso-
utely continuous functions z: J,— R”, being intervals, find the minimal multifunction F such
that all functions z are solutions of the differential inclusion x € F(¢, x). (Originally the problem
was solved in papers by J. Jarnik and J. Kurzweil.)

Keywords: Differential inclusion with prescribed solutions, minimal multifunction.
AMS Classication: 34A60.

1. INTRODUCTION

The following problem was treated in [2]: Given a family & of absolutely con-
tinuous functions z: J, — R", defined on intervals J,, find a minimal multifunction F
such that all those functions are Carathéodory solutions of the differential inclusion

(1) % € F(t, x)

— the values of F should be closed, convex and F upper semicontinuous in x.
The obvious way one could use starting the construction of F is taking at every
(¢, x) the union
H(t,x) = {2(t): ze #, z(t) = x, 2(t) exists} .

However, in the definition of Carathéodory, the existence of Z(t) and the relation
%(t) e F(t, z()) are supposed to be satisfied almost everywhere. Hence, for non
denumerable # the union H(t, x) could be, a priori, much bigger then the minimal
multifunction that we are looking for. This difficulty was circumvented in [2] in the
following way. A distance was introduced in & which became then a separable
metric space — it contains a dense subset {z,: ke N}. For every (t,x) and na-
tural p, H,(t, x) is the closed, convex hull of all z,(t) such that |z,(f) — x| < 1/p.
F(t, x) is the intersection of all H (¢, x).

The aim of this paper is to show that the ‘‘obvious” way of solving the problem
is possible. This is done with the use of a lemma cited later which is analogous to one
of the theorems of Scorza-Dragoni [5]. In the last part of the paper we propose
another version of the proof from [2] — F is constructed directly, without taking
the intersections.
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The contents of Section 3 was included in [1] — the unpublished post-graduation
thesis of the first of the authors.

2. NOTATION AND LEMMA

2(R") will denote the family of all subsets of R, CI(R") the family of closed subsets,
Conv(R") the family of compact, convex subsets.

Multifunctions are applications whose values are subsets of some space.

Let S be a multifunction defined on a metric space X with closed values in another
metric space Y. ,

S is said to be upper semicontinuous if the set {x € X: S(x) = U} is open for every
open subset U of Y.

The graph of S is the set defined by

Gr(S) = {(x,y)e X x Y: ye S(x)}.

It is known that if S is upper semicontinuous then Gr(S) is closed in X x Y. If all
values of S are contained in a common compact set then the inverse also holds.

let G R x R" and F: G — Q”(IR"). An absolutely continuous function
x: [a, b] = R is a solution in the sense of Carathéodory of the differential inclusion
(1) if x(¢) € F(t, x(t)) almost everywhere in [a, b].

We shall say that F is bounded by a locally integrable function if for some locally
integrable g: R —» R* the condition |y| < g(t) is true for all y € F(t, x).

Let x: [a,b] - R", te[a,b]. A contingent D x(f) is the set of all limits of
(x(t,) = x())/(t, — 1) for all sequences (f;) converging to t. The derivative x(t)
exists iff D x(t) contains exactly one point.

The following lemma is derived from a result which was first proved in [3] and
next in [4].

Let F: R x R" - Conv(R") be bounded by a locally integrable function and let
F(t, +): R » Conv(R") be upper semicontinuous for almost all t. (F(t, *) is defined

by F(t, -)(x) = F(t, x).)

Lemma. Under the above assumptions there exists a set T = R of measure zero
such that for every solution x: [a, b] - R" of (1) the condition

0 + D x(t) = F(t, x(1))
holds for every te[a, b]\T.
3. CONSTRUCTION OF A MINIMAL MULTIFUNCTION

Let & be, as before, a family of absolutely continuous functions z: J, —» R",
where J, are intervals. We suppose that there exists a locally integrable function
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g:R - R™ such that for every ze & the inequality |2(f)] < g() is true almost
everywhere in J,.
Under this assumption the following theorem is true:

Theorem. There exists a multifunction F: R x R" — Conv(R") such that:

1. every z € & is a solution of (1);

2. F(t,*): R" > Conv(R") are upper semicontinuous for almost all te R;

3. F is minimal i.e. for every P: R x R" — Conv(R") such that P(t, *) are upper
semicontinuous and all ze & are solutions of %€ P(t,x) we have F(t,x) <
< P(t, x) for almost all te R and for all x € R".

Proof. Let us put
H(t,x) = {2(t): ze Z, z(f) = x, 2({) exists} .

We define a multifunction A: R x R" — CI(R") whose graphs for fixed t are the
closures in B x R" of the graphs of H(t, *), i.e.

Gr(f(t, +)) = CYGr(H(t, +))) .
Let us consider an auxiliary multifunction @: R x R" — Conv(R") defined by

Ot x) = {yeR™ |y| < (1)} .

All ze & are solutions of % € Q(t, x) and Lemma can be applied: there exists
a set T of measure zero such that if () exists and t ¢ T then |#(f)| < g(¢). Thus, if
t ¢ T then all values H(t, x) are contained in a ball of radius g(f). This implies that
* H(t, -) are upper semicontinuous because the graphs Gr(H(t, +)) are closed.
We put

F(t, x) = conv(H(t, x))

— conv stands for the closed, convex hull in R". F(t, +) are upper semicontinuous
ift¢ T ’

It is evident that every z € & is a solution of X e F(t, x). We shall prove that F is
minimal.

Let P: R x R" — Conv(R") be upper semicontinuous with respect to x € R" and
let all z € & be solutions of x € P(t, x). The multifunction

P'(t, x) = P(t,x) n Q(t, x)
has the same properties and Lemma can be applied to it — ‘there is U of measure
zero such that if t¢ U, ze & and (t) exists then z(r) € P'(t, z(t)). This implies, in
view of the definition of H, that if t ¢ U then H(t, x) = P'(t, x) < P(t, x) for all x.

The graphs Gr(P(t, +)) are closed thus H(t, x) = P(t, x). The sets P(t, x) are convex
which finally implies that F(t, x) < P(t, x) for t e R\ U and x € R".
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4. ANOTHER PROOF

We shall sketch here another method of constructing the minimal multifunction
from Theorem. It is based on the separability of a certain space as in [2], but F
will be constructed directly, not as an intersection of a sequence of multifunctions.

& will be as in Theorem, but to avoid the technical difficulties we suppose that
all ze & are defined on [0, 1].

Let & = {(z,,2,): pe N} be a dense subset of {(z, 2): ze F} — we consider it
in the space C([0, 1]) x £,([0, 1]), where C([0, 1]) is equipped with the max norm
and Z,([0, 1]) with the integral one.

We put

Gr(H(t, *)) = Cl({z,(1), 2,(1)): e N})
— the closure in R" x R". The formula
F(t, x) = conv(H(t, x))

provides the minimal multifunction.
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Souhrn

O DIFERENCIALNICH RESENICH S PREDEPSANYMI RESENIMI
MoHAMED BouDpAoOUD, TADEUSZ RZEZUCHOWSKI
V préci je novym jednodus$im zpusobem feSen nasledujici problém: Nechtf je didna mnoZina
absolutng spojitych funkci z: J,— R", kde J, jsou intervaly. Najd¥te minimalni multifunkci F

tak, aby viechny funkce z byly feSenimi diferencialni inkluze X € F(¢, x). (Pavodn& byl tento
problém feSen v pracich J. Jarnika a J. Kurzweila.)
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Pe3lome

O NN®dEPEHUUAJILHBIX BKIIFOYEHUAX C 3AJAHHBIMU PEMIEHUAMU

MoHAMED BoupAouw, TADEUSZ RZEZUCHOWSKI

B pa6Gore HOBbIM, Gonee mpocThiM crnocoGomM pemena cnen)iomas npobnema: Ilycis 3amaHo
MHOXECTBO abCONMIOTHO HeNpephBHBIX GyHxuwit z: Jz-—> R", rne Jz-— ¥H1epBanbi. Onpenenurte
MHHMMauonyru MHOTO3HAYHYIO yHKuUMIO F, Anst KOTOPOH BCe (YHKUMM ABJSIOTCA PELUCHHSMH
nuddepenumanyHoro Bxmouenus x € F(t, x). (91a npobnema 6bla NepEOHAYANLKO PeINeHa B pa-
6otax WU. SIpuuka u 5. Kypuseiuna.)
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