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JET INVOLUTION AND PROLONGATIONS OF CONNECTIONS

Marco MobucnNo, Firenze
(Received April 7, 1987)

Summary. This paper is concerned with the involution of the second anholonomic jet prolonga-
tion J,J, E of a fibred manifold p: E— B and with some further useful jet techniques. As an
application, jet prolongations of connections are obtained. These technical results turn out to
be useful in several frameworks of differential geometry and mathematical physics.

Keywords: Jet involution, prolongation of connections, anholonomic jet prolongations.

It is well known [13] that the second tangent bundle TTM of a manifold M is
endowed with two projections nry: TTM — TM and Try: TTM — TM and the
canonical involution s: TTM — TTM which interchanges the two projections. On
the other hand, if we consider the product bundle p = pri: E=R x M - B =R,
then we have [10] the canonical isomorphisms J,E =~ R x TM and J,J,E = R x
x TTM. So, we might expect that it is possible to generalize the involution s to
J;J,E for any fibred manifold p: E — B. Unfortunately, such a canonical involution s
does not exist in general. However, we can prove that the choice of a symmetric
linear connection k of the base space B yields the result. Actually, the feature which
turns out to be essential in the particular case of p=pri: E=R XM > B =R
is neither the product nor the dimension one of the base space, but just the canonical
connection of R. On the way we analyse several important affine and vector bundles
by means of functorial jet techniques.

The above results yield an interesting appl.cation for the Ehresmann connections
(briefly called connections), which constitute the most appropriate unifying frame-
work of all standard connections [1,2,5,6,7,8,10, 11, 12]. Given a connection,
i.e. a section y: E —» J,E, it would be interesting to prolong it to a connection
I':J,E—- J,J,E. An immediate idea could be to apply the functor J; to obtain
Jyy: JLE = J,J,E. Unfortunately, J,y is not a section, because it interchanges the
two projections of J,J,E.' However, the involution s, is just what we need for setting
the problem. In fact, I', = s, o J,y: J{E — J,JE turns out to be the jet prolongation
of y (which depends on the choice of k). Additionally, the curvature of I', depends in
a nice way on the curvatures of y and k. Moreover, if we consider [12] a system
(C, &) of connections of E and the system (K, ¥) of linear connections of T*B,
then we obtain the canonical prolonged system of connections of J,E. Following
a similar line, we find the prolongation of a connection y on E to a connection y,
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on the vector bundle JTE = TB ®; V*E. This result turns out to be useful for
lagrangian theories [14].

For the basic notions and notation concerning jet spaces and connections we refer
to [9, 10, 12]. — Thanks are due to 1. Kolaf for his critical reading of the manuscript.

1. INVOLUTION OF THE SECOND ANHOLONOMIC JET SPACE

Our consideration is in the category C®. Through the paper we are concerned
with a fibred manifold p: E — B. We denote by (x*, y') the generic fibred manifold
chart of E. Roman indices i, j, h, k, ... and Greek indices 4, 4, 0, 0, ... run on the
coordinates of the fibres and of the base space, respectively. Let ng: VE — E be the
vertical prolongation of p: E - B. We denote by (x%, y/, y’) the induced fibred
manifold chart. Let p;: J;E — B be the first jet prolongation of p: E = B and let
Peo1y: J1E — E be the natural fibred epimorphism over B. We denote by (x*, y', yj)
the induced ﬁbred manifold chart of J,E. Then the coordinate expressions of p,
and po;) are x*op, = x* and (x ,y) ° Doty = (x y) The transition functions
of J,E are yj = A(A}y} + A}) where A} = 0,5', A, = 0,7', A = 0zx°. Hence,
Po1y: J1E = E turns out to be an affine bundle whose vector bundle is T*B ®;
®g VE - E.

We recall that, if p: E — B and p': E — B’ are fibred manifolds and f: E — E' is
a fibred morphism over B, then J,f: J,E — J,E' is a fibred morphism over f. If
(%% ") o f = (x* f%) is the coordinate expression of f, then the coordinate expression
of Jyfis (x*, y', y) o Jof = (x*, %, 0,f* + 9,f'y}). By iteration, we obtain the first
jet prolongation p,,: J,JE — Bof p,: J{E — B and the natural fibred epimorphism
Pio1y: J1J1E = JE. Moreover, pyo1): J1J(E = J,E is an affine bundle whose
vector bundle is T*B ®,,g VJ,;E. On the other hand, we have another fibred
morphism J,pe1y: J1JE = JE over B.

We denote by (x*, y', v}, ¥io, ¥i,) the induced fibred manifold chart of J,J,E.
Then the coordinate expressions of pyy, Pyyy and Jypeyy are x*opy; = x*,
(x", ¥ )’:1) °cPion) = (xz’ ' yi) and (x", ' .V:l) o J1Py) = (Xl» ¥ y;o)'

The fibred morphism Jpoyy: J1J,E = J,E over po1y: J,E — E is affine. Hence

(Pl(m), J1P(o1))1 JJE - JE xg J,E

turns out to be an affine bundle and its vector bundle is the sub-bundle
(J,E x 5 J,E) x ; (T*B ®; T*B) ®; VE) = J,E x z (T*B ®,,z VeJ E)

< J,E x ;(T*B @y, VJ,E). Clearly, J,p ;) provides another affine structure on
JyJ,E over J,E.

Lemma 1. Let q: F — B be a fibred manifold, n: F — E afibred morphism over B
such that n: F — E is an affine bundle whose vector bundle is #i: F — E. Then
Jyn: J,F - J,E is an affine bundle whose vector bundle is J 7: J,F — J,E.
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Proof follows from a computation in local coordinates.
In particular, we can consider the fibred manifold g = p;: F = J,E — B and the
fibred morphism n = p(gyy: J{E — E.

Corollary 1. Jypy): J1J,E = J4E is an affine bundle whose vector bundle is
J(T*B @ VE).

Summing up, we have obtained the following three affine bundles with their vector
bundles:

ii) J1p01): J1J1E = J,E with J,(T*B @ VE),

iii) (Peco1ys J1Pcony): J1J1E = J,E x g J,E with
(J1E x g J,E) x ((T*B @5 T*B) ® VE).

The situation is clearly illustrated by the transition functions of J,J,E
Vo = AlAjye + &),
Vou = ASANA}y)e + Auyeoys + Ayl + Ajoyho + Agp) + ALy} + 4)).

We need some further consequences of Lemma 1.

Corollary 2. Let q: F —» B be a fibred manifold, n: F - E a fibred morphism
over B and n: F — E a vector bundle. Then Jn: J,F — JE is a vector bundle.

Let W — B be a vector bundle. Let F — B be a fibred manifold, n: F — E a fibred
morphism over B and n: F — E a vector bundle. Then the universal property of the
tensor product induces the natural linear fibred morphism over J,E

T: ‘IIW®J,1E J’_F—' JI(W®£F) .
Its coordinate expression is
(5 y 89, yis ) ot = (64, yi wizd, yh, wizd + wiz)).

In particular, we can consider the vector bundle W = T*B, the fibred manifold
F = VE and the vector bundle n = nz: VE — E.

Corollary 3. We have a natural linear fibred morphism over J E, ©: J,T*B @y,
®y,g JLVE = JI(T*B ®¢ VE). Its coordinate expression is

(A V2 9 v Vi) o T = (X5, ¥5 %, phs Xaudt + %,03) -
We recall [9] that there is a natural fibred isomorphism over J,E x g VE,
i: VIE - J,VE,
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which is linear over J,E. Its coordinate expression is
(xl', yis .)')i’ y;.’ .).);..)C’ l = (xl’ yi’ .).)i’ y;.’ -}');-) M
We recall [10] that a linear connection of B is a section
k: T*B - J,T*B,

which is a linear fibred morphism over B. Moreover, k is symmetric if its torsion
vanishes, i.e. if
0 = dok: T*B - A*T*B,

where d: J,T*B — A*T*B is the natural fibred morphism over B.
Let k be a linear connection of B. Then we have the fibred morphism over
(T*B ®; VE) x5 J,E

k: T*B ®,,; VJE — J(T*B ®; VE)

which is linear over J,E, given by the composition

T

k®i
T*B ®,,5 VJ,E —> J,T*B ®,,; J,VE —> J,(T*B ®; VE) .

Its coordinate expression is
(O 95 25 Do Vi) o K = (XA ¥, vy P Vi + K30) -
So, finally, we can state the main theorem.
Theorem 1. Let k be a symmetric linear connection of B. Then there is a unique
natural affine fibred morphism over J E
Sk: JlJlE hd J1J1E

of the two affine bundles py): J,J\E - J\E and J,poyy: J1J4E = JE such
that
i) s 08 = id,
ii) Ds;, = k.
The coordinate expression of s, is
(xla yi’ Y,',, y/ilOa y;y) o 8§ = (xl’ yi’ y:;Os y/f:’ y:ﬂ. + k;;‘(}':, - y:'O)) .

Proof. Existence: The above coordinate expression does not depend on the choice
of the chart (x*, y') of E, hence it yields a global and natural fibred morphism. In
fact, the following relations hold

Vp oS = Fuo = ANAjyio + A;) = AYA Y o5 + 4,),
Fioo s = J—’L = AZ(Z;)’:’; + Z:r) = Aﬁ(ﬁ}y{;o oS + Z,‘,) )
yiu o8 = .)—);'1) + E/vlu(.}—): - y‘;O) =
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= ASA(Aj(yl, + ke (V) = o)) + Auygovs + Ajoyio +
+ Ayl + ) + AL(Aylo + A) =
= ASAN(Ajyl, + Awyeoys + Ajvio + Ay + Ay) +
+ AL (Al + AY)) o sy

Moreover, this fibred morphism satisfies the conditions i) and ii).

Uniqueness. If s, exists, then its coordinate expression is (x*, ', y;, yio, ¥5,) o
o8k = (X% ¥%, vios Vi Vi + ki) — yio) + ti,), where ¢ is a section t:E —
— A2T*B ®; VE. Then the naturality yields t = 0, QED.

Clearly, s,: J,J,E - J,J,E turns out to be also an affine fibred morphism over
J,E x g J,E. Hence it makes the following diagram commutative

JJE —s J,J,E
(Pl(owJnl’(onR/JlP(owPuon)
J\E x; J,E
and its fibre derivative is
Ds;: (T*B @ T*B) ® VE —» (T*B ®;, T*B) Q; VE ,
URUVRWHUVRU QR W.

Remark 1. In the particular case when p=pr;: E=R x M —» B =R and k
is the canonical connection of R, we obtain [10] the canonical involution

s=s:J;,JiE=R x TTM - J,J,E =R x TTM .
We recall [10] that the sesquiholonomic second jet prolongation of p: E — B is
J,E = Ker (pyo1y — J1Pony): J1J1E > T*B ® VE .

J,E turns out to be an affine sub-bundle of J,J,E over J, E (with respect to the both
projections), whose vector bundle is

J1E x((T*B ®5 T*B) ®; VE).
In other words, J,E is the pull-back bundle induced by the commutative diagram

J,E —— J,J,E

]

JIE—)JIE XEJIE

Moreover, we recall that the holonomic second jet prolongation J,E of p: E — B
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is an affine sub-bundle of J,E, whose vector bundle is
J1E x g (S,T*B ® VE) c J,E x5 ((T*B ®p T*B) ®; VE).
Then we have [10] the canonical affine splitting over J,E
J,E = J,E @,z (A*T*B ®; VE) .

This splitting has an important role in the study of the curvature of connections
[10, 12]. The coordinates induced on J,E and J,E are (x%, ', y}, »i,) and (x*, ',
¥i, i), 2 < p. They turn out to be adapted to the above structures.

We remark that the restriction of s, to J,E < J,J, E does not depend on the choice
of k and turns out to be the canonical involution

s: J,E = J,E ® (A*T*B ®; VE) > J,E = J,E ® (A*T*B ®; VE)

(0, @) (0, —a).

2. THE FIRST JET PROLONGATION OF A CONNECTION

We recall [10, 11, 12] that a connection on p: E — B is a section y: E — J,E.
Its coordinate expression is y% o 7 = yi. In particular, y is a ﬁbred morphism over B.
A connection induces the affine fibred translation over E

Vo, JJES> T*B®gVE: y -y, —3(»)
which characterizes 7 itself. The coordinate expression of V, is
(% ¥, ¥3) e Vy = (54 0L VE) = (55 0 vh = 7).

Theorem 2. Let k be a linear connection of B and y: E — JE a connection of E.
Then I'y = s, 0 J,y: J,E = JJE is a section of the bundle pyyy: J{J,E = J|E,
hence a connection of py: J{E = B. Moreover, I', is projectable over y and its
coordinate expression is

(x y,u .V}.07 .yl;l) rk (x y;n 'Y).’ a}.yu + a]?lyy k:uvi) .
Proof follows from the coordinate expression of Jyy
(XII» yiy y:u y;.09 y’lu) ° JI’Y = (Xl, yia y:p y;.’ au-}}l + a]v:lyi) .

We recall [10, 11, 12] that the curvature of the connection y: E — J,E is a fibred
morphism over E
¢ =4[77]: E-> A’T*B ®; VE,

where [, ] is the Frolicher-Nijenhuis bracket [3]. Its coordinate expression is

0= (0w, +viop)d A d* @0 .
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The curvature R, of I'} is
Rk = ‘i‘[rh, Fk]: JlE g AZT*B ®JiE VJlE .

Using direct evaluations, we find that R, is projectable on the curvature ¢ =
= 4[7,7]: E » A>T*B ® VE of , i.e., the folliwing diagram commutes

Rk
JlE _— AZT*B ®JIE VJlE

P(o1) l l
e

E A*T*B ®; VE

Furthermore, R,: JE - A*T*B @ VJ,E is an affine fibred morphism over g: E —
— A2T*B ® VE, whose fibre derivative

DR,: T*B ®; VE — (T*B @ VE) x g ((A*T*B ®3 T*B) ® VE)

is yielded by the curvature r: B —» A2T*B ®p T*B ®j TB of k by means of natural
contractions. The coordinate expression of R, is

R = 0j,d* A d" ® 0; + (1,04, + Qiakiia — Quakly + 170 Va) d* A d* ® 0]

An even more interesting application is obtained if we are concerned with con-
nections y belonging to a system of connections. We recall [12] that a system of
connections is constituted by a fibred manifold q: C — B and a fibred morphism
¢:C xg E - J,E over E. Hence, if ¢c: B — C is a section then we obtain the con-
nection y = €0 ¢: E - J,E, where ¢: E - C X g E is the natural extension of c.
These connections y are the distinguished connections of the system. The coordinate
expression of y = £o & is y; = &} o & with &;: C x 3 E » R. We denote by (x*, )
the generic fibred manifold chart of C. For example, the system of linear connections
of a vector bundle p: E — B is constituted by the fibred manifold q: L » B, where
L<c E* ®p J,E is the affine sub-bundle which projects onto the identity section
of E* @z E, and the evaluation fibred morphism A: C xz E — J,E over E. In
particular, we have the system (K, ) of symmetric linear connections of the vector
bundle T*B — B, i.e. of the linear connections of B. We denote by (x*, u},) the natural
fibred manifold chart of K. Clearly, the jet involution can be expressed more in-
trinsically as follows.

Proposition 1. We have a natural fibred morphism over B
S:K XB 'Il‘IlE b d J1J1E,

which yields s, for each section k: B —» K,

Proposition 2. Let (C, &) be a system of connections of p: E — B. Then we have
the system of connections (K xpJyC,E) on p,: J\E —» B, where E is the fibred
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morphism over JE given by the composition

idxJ,& s
K x5(J;C x5 E)——= K x5 J,J\E——> J,J,E .
The system (K x 3 J,C, Z) prolongs (C, &) and its coordinate expression is
=&
Eon = 0,85 + 050l + 0,855 + up(yy — &)

Remark 2. If y = £ ¢ is a connection of the system, then its prolongation I
is obtained by computing only the the derivatives d,c® (with respect to the coordinates
of the base space B), as the derivatives d;y (with respect to the fibres of E) are
atutomatically carried by Z in a way which does not depend on the particular y but
only on the system.

In particular, if p: E —» B is a vector bundle, an affine bundle, a principal
bundle, ..., then the previous results can be easily applied to linear, affine, princi-
pal, ... connections, respectively.

3. ANOTHER PROLONGATION OF A CONNECTION

We recall that T*B ®g VE — E is the vector bundle of pg,y:' J,E — E. Its dual
is JJE = TB ®; V*E — E, which turns out to have an important role in lagrangian
theories [44]. We are going to show that a connection y: E — J,E on p: E —» B and
a linear connection k: TB — J,TB on the base space B induce a connection on
JYE - B. To this end we are not concerned with the involution s, but we use
other jet techniques developed in the first section.

First, we analyse the vertical prolongation of the connection y.

Proposition 3. Let y: E — J,E be a connection. Then I' = io Vy: VE - J,VE
is a section, hence a connection of VE. Moreover, I is a linear fibred morphism
over y and its coordinate expression is

(A yL 0y 3R o T o= (x4 ¥Y, vl v 89357) -
Proof. Vy: VE — VJ,E is a section. Its coordinate expression is
(% ¥ v 3 93 o Vo = (4 vy, 3 0y
We observe that J,ng: J,VE — J,E is a vector bundle. The linearity of I' is shown
by its coordinate expression, QED.

Let I'*: V*E — J,V*E be the dual connection of I' in the sense of [6] whose
coordinate expression is

(xla .Vi» j}i’ y;, }}li)"‘r* = (Xla yi: yi’v;’ —a;')’jy,)
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Theorem 3. Let y: E — J,E be a connection and k: TB — J,TB a linear con-
nection on the space B. Then the fibred morphism

To(k ® I'*): TB @ V*E — J,(TB @ V*E)
which is given by the composition (see Section 1)
k®r+ T
TB @ V*E —— J,TB @, J,V*E —— J,(TB ®r V*E)

is a connection on TB ®g V*E — B, which prolongs y: E — JE. Its coordinate
expression is

(et V0 35 v V) o To (k @ T*) = (3, yl, 73,93 k3,00 — 0ovlys) -
Proof follows from the fact that the coordinate expression of 7 is
(x;'9 yi> ,"]?9 y;,’ )}11) o T = (xl’ ,Vi, )"f, yi, X‘f;y‘ + xi)}li) .

The curvature of the prolongation and the case of systems of connections can be
studied in a way analogous to Section 2.

Acknowledgement. Thanks are due to prof. I. Kolaf for his interesting comments.

References

[1] C. Ehresmann: les connexions infinitésimales dans un espace fibré différentiable. Coll.
Topologie (Bruxelles, 1950), Li¢ge 1951, 29— 55.

[2] M. Ferraris, M. Francaviglia: The theory of formal connections and fibred connections in
fibred manifolds, In: Differential geometry, L. A. Cordero editor, Pittman, 1985, 297— 317.

[3] A. Frélicher, A. Nijenhuis: Theory of vector valued differential forms. Part I. Derivations
in the graded ring of differential forms. Indag. Math. /8 (1956), 338— 385.

[4] J. Grifone: Structure presque tangente et connexions, I. Ann. Inst. Fourier, 22, 1 (1972),
287—334.

[5] 1. KoldF: Higher order torsion of spaces with Cartan connections. Cahiers de Topologie et
Géometrie Differentielle, 12, 2 (1981), 29— 34.

[6]1 I. KoldF: Connections in 2-fibred manifolds. Arch. Math. (Brno), XVII, 1981, 23— 30.

[7]1 P. Libermann: Sur les prolongements des fibrés principaux et grupoides différentiables. Sem.
Anal. Glob, Montréal, 1969, 7—108.

[8] P. Libermann: Parallélismes J. Diff. Geom., & (1973), 511—539.

[91 L. Mangiarotti, M. Modugno: New operators on jet spaces. Ann. Fac. Scie. Toulouse, 5
(1983), 171—198.

[10] L. Mangiarotti, M. Modugno: Fibered spaces, jet spaces and connections for field theories.
Proceedings of International Meeting “Geometry and Physics”, Florence, 1982, Pitagora
Editrice, Bologna, 1983, 135—165.

[11] L. Mangiarotti, M. Modugno: Graded Lie algebras and connections on a fibred space. J.
Math. Pur. et Appl. 63 (1984), 111—120.

[12] M. Modugno: An introduction to systems of connections. Seminario Istituto di Matematica
Applicata “G. Sansone”, 1986, 1—63.

[13] K. Yano, S. Ishihara: Tangent and cotangent bundles. M. Dekker, New York, 1973.

[14] C. Giinther: The polysymplectic Hamiltonian formalism in field theory and calculus of
variations, preprint, 1986, 1—57.

364



Souhrn

INVOLUCE JETU A PRODLOUZENI KONEXI
MARrRco MobuGNO
Clanek se zabyva involuci druhého anholonomického prodlouZeni jetu J;J;E fibrované

variety p: E— B a n&kterymi dal§imi uZite€nymi jetovymi technikami. Jejich aplikaci se dostanou
jetova prodlouZeni konexi. Vysledky technického razu jsou uZite€né v diferencidlni geometrii

a matematické fyzice.

Pesome

UHBOJIFOLIMU HKETOB U IMPONOJDKEHUSA CBA3HOCTEN

MARCO MODUGNO

B craThe paccMaTPUBAIOTCS! MHBOIIOLMHA BTOPOTO HETOJIOHOMHYECKOTO IPOIO/DKEHUS IKETOB
JJ E paccnoeHHOro MHoroo6pasus p: E—>- B ¥ HEKOTOpEIE IPYrUe MOJIE3HIE UKETOBbIE TEXHHKH.
B xayecTBe NMPUIIOKEHHS TOJIYYESHbI NPONODKEHHS CBASHOCTEM. Pe3ybTaThl TEXHHYECKOTO Xapak-
Tepa nosie3us! B AuddepeHnnanbHOi reOMETPHH U MaTEMaTHYECKON (U3HKe.
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