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On uniformly nonsquare points and
nonsquare points of Orlicz spaces™®

TINGFU WANG, ZHONGRUI SHI, YANHONG LI

Abstract. For Orlicz spaces endowed with the Orlicz norm and the Luxemburg norm, the
criteria for uniformly nonsquare points and nonsquare points are given.
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Classification: 46B30

R. James in [1] and J. Schéffer in [2] introduced conceptions of uniformly non-
square, locally uniformly nonsquare and nonsquare Banach spaces, respectively. In
this paper, we introduce the notions of uniformly nonsquare point and nonsquare
point, and give criteria for them in Orlicz spaces.

Let S(X) be the unit sphere of Banach space X. x € S(X) is called a uniformly
nonsquare point in the sense of Schéffer (we write S-UNSP, for simplicity) provided
that there is 65 > 0 such that for every y € S(X),

Max{|lz +yl|, = = yl[} = 1+ 0z
x € S(X) is called a (S)-nonsquare point (S-NSP) if for every y € S(X)
Max{[|z +yl|, [z — ylI} > 1;

x € S(X) is called a uniformly nonsquare point in the sense of James (J-UNSP)
provided that there is d; > 0 such that for every y € S(X),

Min{[|z +yl|, [z — y[[} <2 — da;
x € S(X) is called a (J)-nonsquare point (J-NSP) if for every y € S(X),
Min{|lz +yl|, |z — yll} < 2.

Let M(u) and N(v) be a pair of complemented N-functions, we use Lps to
express the Orlicz space generated by M (u),

Ly ={z(t): 3IA >0, Ry (A\z) < oo},
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and its subspace Ejy,
Ey =A{x(t) : YA >0, Ryy(A\x) < oo},

where Ry, (x fG )) dp is called the modulo of = over a finite nonatomic
measure space (G, % ,u)

We denote by Lys = [Lag(G), || [[ar] and Loy = [Las(G), || [l ar)] (see [3], [6]) the
Orlicz spaces endowed with the Orlicz norm and the Luxemburg norm, respectively.
M € Aj means that M (u) satisfies the Ay-condition for large u, and M € V3 means

that N € As.

S. Chen and Y. Wang testified in [4] that Lj; always is (S)-locally uniformly
nonsquare, so every point on S(Ljy) is an S-UNSP, and so S-NSP. S. Chen verified
n [5] that a point on S(L(yp)) is an S-UNSP iff M € Ay. We give the criteria for

the five other cases and list them as follows:

llz|| = 1 S-UNSP S-NSP J-UNSP J-NSP
Ly always [4] always [4] M e V2 always
L M € Az [5] Ry(z) =1 IA>1, Ry (Az)<oo IA>1, Ry (M) <oo

Replacing Lj; and L(M) by lpr and Z(M) in the table, we have the same results in
Orlicz sequence spaces as in Orlicz function spaces, and so we omit them here.

Theorem 1. For z € S(L(;y)), TFAE:

(1) « is a (S)-nonsquare point,

(2) Rar(x) = 1.
PRrROOF: (1) = (2). Suppose Rps(x) < 1. Then we know that M ¢ Ay, i.e., there
exist un /" +00, such that M((1 4+ 1)uy) > 2P M ((1 + o )up).

Take ¢ > 0 such that uGe > 0, where G, = {t € G : |z(t)] < c¢}. Passing

to a subsequence, if necessary, we can assume that ¢ < up/2n for every n. Take
disjoint subsets {Gp}n C G, such that

1

1
M((1+ %)un)HGn = on

(n=1,2,...).

Take an integer n’ such that Y o2, 2n <1— Rps(x). Set

Un,t € Gp, n=n'n"+1,n" +2,...
y(t) = .
0, otherwise.

Then Ry (y) = S0 M(un)uGr < 3500 0 o g 1.
For an arbitrary A > 1, denote m = [A—l} +n'. Then we have

[e.e]

M) = 3 MQun)uGn > 3 M1+ i) = o0,

n=n'
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i, Iyl = L.
Notice that for e =1 or ¢ = —1, we have

Ry(x +ey) = Ry(zxe\y> , 6,) + Bu((@ +ey)xy> ,a,)
< Ry(z) + Ry (|| + |y|)Xu°° Gy

< Rpy(w ZM ((1+5- un)uG <1.

On the other hand, for an arbitrary A > 1, denoting m = [n + ()\ 1)} we have

Ry (M +ey)) = Ry (Mz + ey)y=  a,,)
= Ry (Mlyl - |117|)Xu°°,n, Gn)

8

> Z M1 - — un)an
o0

2 Z M((1+ g)un)NGn =0,
=m/

whence ||z +yll(ar) = 1, [l — yll(ar) = 1, which contradicts the fact that = is an
(S)-nonsquare point.

(2) = (1). Suppose that = is not an (S)-nonsquare point, i.e., there is y €
S(L(ary) such that ||z +yl(ar) =1 and ||z — y|(pry = 1. Then

Ry(z+y) + Ru(r —y) <2=2Rp(x),
Rag(w) — 5 (Rar(e + ) + Rase — ) 2 .

Since z = XY from the convexity of M (u), we have

Rar() — 5(Rag( +9) + Baglw — ) <0

Thus o 1
x x—

Ry (—5—) = 5 (R +9) + Ry — ).

so M (u) is affine on the segments (x(¢)+y(t), =(t)—y(t)) (t € G, p-a.e.). Since M (u)
is an N-function, we deduce that |z(t)| > |y(t)| (¢t € G, p-a.e.). So 2|y(t)| < |z(t) +
y(t)], or 2ly()] < 2(t) — y(t)|. Therefore, Ras(2y) < Rag(z +1) + Rar(e — ) < 2,
and from [|y[|(ar) = 1 we get Rpy(y) = 1.

Replace x by y in the preceding, we get that M (u) is affine on the segments
(y(t) + x(t), y(t) —z(t)) (t € G, pu-a.e.). Hence, for p-a.e. t € G, M(u) is affine on
(x(t) —y(t), =(t) +y(t)) and (x(t) + y(t), y(t) — x(¢)), which contradicts

1.

Iz = yllary = O
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Corollary 1. Any point z € S(E(y)) is an (S)-nonsquare one.
Corollary 2. L,y is (S)-nonsquare itf M € As.
Theorem 2. For z € S(L(yy)), TFAE:

(1) « is a (J)-uniformly nonsquare point,
(2) « is a (J)-nonsquare point,
(3) Ryr(Azx) < oo for some A > 1.

PRrOOF: (3) = (1). Take ¢ > 1 large enough such that Rys(zxg,) > £Ru(z),

where G; = {t € G : % < |z(t)] < ¢}. Choose d, d > 2¢, in such way that
M .
M(Z; < %RM(,T). Set o = Supy/e<u<q(2M(5)/M(u)), 0 < o < 1. Denoting

0= %(1 — 0)Rps(z) and taking € > 0 small enough, we get

Ry (1 +e)x) < Ry(x) + g(l —0o)Ryr(x) = Ryy(x) + 0.

In the following, we shall show that for any y € S(Lyy)), it holds

) Min{ 155 o, 155 lant < 1= 5755
Denote Go = {t € G : |y(t)| < d}. Then
M(d)u(G\ Gz2) < Rar(yxeng,) < Rar(y) < 1, Le., u(G\ Ga) < %,
Thus
M(c) 1
Rat(2x61\6;) < M((G1\ G2) < M(Qu(G\ G2) < 3 < g Rur(@)

Defining D = G1 N Go, we get
7 1
gRM(x) < Ry (rxeg,) = Ru(exgag,) + Ru(zxp) < gRM(CU) + Rar(zx D),

ie.,

M Rar(axp) > 3 Rus(o).
Hence

2+5_RM((1+52):c+y) _RM((1+52)56—ZJ)

> Rar(e) +0+ Bag (o) — foag (FF050Y) oy, (ET220
> (1 +2)a) + Ragly) — [ag (LFE0Y) 4y (LEDE 20y,
> Ry ((1+¢€)zxp) + Ry (yxp)

B [RM((l—i-sQ)x-i-y

+RM(

((1+£):v—y

Xp) + Ru xp)] -
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Denote D1 ={t € D: x(t) y(t) > 0} and Dy = D\ D;. Then
1+e)z+y
%XD) + Ry (

1+¢e)z+
(E%XDJJFRM(

+RM((1+€#XD1) + Ry
< Bar(@ +e)zxp,) + Rulyxn,)
- 2

+RM(maX(|(1J;€)$|, |y|)XD1) N

_ Ry((L+e)axp) + Ru(yxp)

1+ 62)33 - yXD)

1+e)z+y
)

(I+e)r—y

2
N RM(maXU(l ; )|, |y|)XD2)
Ry (1 +¢€)zxp,) + Ry (yxp,)
2
maX(|(1J;€)$|a |y|)XD)-

RM(

:RM(

XD2)

+ Ry (

While t € D, % < 12& < max(|(1 +¢)zl,|y|) < d, we have

RM(%XD) "‘RM(%XD)
< %(RM((I +e)zxp) + Ru(yxp)) + %RM(maX(I(l +e)zl, ly)xp)
(1+0)

< (Rv((1+¢e)zxp) + Ruyr(yxp))-

Combining (1) and (2), we get

481

1 1 —
2+5—RM(( +52):1:+y)_RM(( +52):c y)
1-—
> = (Rar(L+)axp) + Rar (yxp)
1—
> 25T Rur(1 +<)axp) 2 5 (1 - ) Ras(w) =,
i.e.,
Z_RM(%) _RM(W) 0.
Thus
Min{RM(W), RM(W)}SL
Yy
It RM(%) < 1, we have "7(1+€2)x+yH(M) <1, ie, ‘—m+21+5 (M) < %—l—e
Notice that
[ =4 B P e <=4 R .
2 (M) 2 A= 2 2 (M) = 2% 14+¢e’ 2(1+¢)’
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Therefore we get

H:C—i—y 1 € 2+4+¢ €

2 H(M) = 1+a+2(1+5) o 2(1+4e) 2(1+¢)"

If RM(%) <1, we have similarly

x—y €
=~ llar) < ' sare:

(1) = (2). Trivial.

(2) = (3). Suppose that Rp;(Az) = oo for any A > 1. Take & > & > ... with
& — 1.
Since Rys(&12) = 00, Je1 > 0, Ryr(§12xa,) = 1 where G = {t € G : |z(t)| < 1},
since Ry (§12xa\g,) = 00, I¢; > 0, Ry(§12xy) = 1 where Gj = {t € G\ Gy :
lz(t)| < )}, since RM(§295XG\G1\G’1) = 00, deg > 0, Rp(&awxg,) > 1 where
Gy ={t € G\ G1\ G : [2(t)] < c2}, since Ryj(Qaxena\a)\Go) = 00 T3 > 0,
Ry(é2wxy) = 1 where Gy = {t € G\ G1\ Gy \ Ga : |z(t)] < b} ...
Continuing this process in such a way, we get the disjoint subsets G1, G}, G2, G5, . ..
satisfying

Ry (&nrxa,) 21, Ry(naxe,) 21 (n=1,2,...).
Set
Y=TXGUGU...» <= :EXG"lLJG/ZU... :

Then x =y + 2z, yz =0, Rpys(y) < Rpp(x) <1, Ryr(2) < Rpy(x) < 1. But for any
integer m,

Ry(§my) = Z Ry (§mrxa,) > Z Ry (énzxa,) = o0,
n=1 n=m

so [[yll(ary = 1. Similarly, [|z]|(ary = 1. Set 2’ =y — 2. From [x(t)| = |2/ (t)], we get
||£U/||(M) = Hw”(M) = 1. On the other hand

x+a x—a
1555 Ny = Illany = 155 oy = I2lan = 1,
which contradicts the fact that z is a (J)-nonsquare point. 0

Corollary 1. Every point z € S(E(yy)) is a (J)-uniformly nonsquare one, and so
also a (J)-nonsquare.
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Corollary 2. L,y is (J)-locally uniformly nonsquare ((J)-nonsquare) iff M € As.

PrOOF: When M € Ay, Ly = E(ary, it is Corollary 1. When M ¢ Aog, take y as
in the proof of Theorem 1, (1) = (2), which is also not a (J)-uniformly nonsquare
point. From ||y|[(as) = 1, we get that L is not (J)-locally uniformly nonsquare.
O

Theorem 3. For x € S(Lys), TFAE:

(1) « is a (J)-uniformly nonsquare point,

(2) M € V.
PRrROOF: (2) = (1). See [4].

(1) = (2). Taked > 0, uGg > 0, where G4 = {t € G : |z(t)| < d}. For any
integer n, choose yn € Epy, [lynl/(ar) = 1 and Joz(t)yn(t)dp > 1— % If supposing
M ¢ V3 (equivalently N ¢ As), there exists v, > 0 large enough such that

(1) N(vn)nGq > 3,

(if) when e C G, ue < m, then fG\e () yn(t) du > 1 — %,

(iii) N((1+ L)vn) > nN(vp).

By (i), there is Gy, C G4 such that N (vp)uGn = % By (ii), we get fG\Gn TYn dp >

- % Notice that Ry (vnxg, ) = N(vn)puGn = %,
1 1
RN((l + E)U"XGn) = N((l + ﬁ)vn),an > 1,

whence we have 1 > |luonxa, [l(n) > ﬁ

Since vnXg,, is a simple function of L(ny, there exists unXxg, € Las, satisfying
lunxa, |la =1 and such that

1
1447

n

/G UnX Gy, * UnXGp A = UnVppuGn = HUnXGnH(N) 2

Set ¥y (1) = 11 (XG0 (8) + 9n(t)Xe\G, (). Then

1 _i 1 (N(Un)MGn + Rm(yn)) =1

n

Ry (yh,) <
So, we have
lunxc, + 2l > /G (unxc, (1) + (8))ya (1) dy

([ (e at)endu+ /G £(t)yn(t) dp

1+ 1 Vg, \Gn
1
> 1 (Un’UnMGn — dvppGp + / $(t)yn (t) dﬂ)
1+ = G\Gn
1 1 d 1
I+ M++ 1 n
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whence lim, oo |unxa,, + z|lpm = 2.

Replace yp,(t) by y71(t) = 771 (vnXa, (1) — yn()xang,, (1)) We get
limp, oo [JunXg, — ||pr = 2, which is a contradiction with the fact that « is a (J)-
uniformly nonsquare point.

O
Corollary 1. L), is (J)-locally uniformly nonsquare iff M € V3.
Theorem 4. Every point x € S(Lyy) is a (J)-nonsquare point.
PRroOF: For z,y,€ S(Lys). There are k, h > 0 such that

1 1
lzllar = 21+ Rar(ka)), - llyllar = 71+ Rar(hy)).
Assume that ||z + y|| 37 = 2. Then
1 1
2= 3 (14 Ry (ko) + 7 (1L+ Ry () >
k+h h k
>ETh (g kz + > |z ylly =2
> g, W Bu (ke & =) 2 e £yl =2,
ie.,
M k()£ —Fhy(1)) = M (k) + —— M(hy(t) (1€ G, prace)
k+h R A k+no Y » Hr8.8:J,

so M (u) is affine on (hy(t), kz(t)) and (kx(t), —hy(t)) (t € G, u-a.e.), which contra-
dicts the fact that M (u) is an N-function.
O

Corollary. Lj; is always (J)-nonsquare.
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