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Compatible topologies and bornologies on modules
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Abstract. Compatible topologies and bornologies on modules are introduced and studied.
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Classification: 46H25, 46A17

Compatible topologies and bornologies on vector spaces have been considered
by various authors; see [1], [2], [9], [15] and [16], for instance. In this paper we
begin the study of compatible topologies and bornologies in the context of mod-
ules, taking as starting point the available results concerning module topologies
and module bornologies. In the first part of the paper, the methods by which
one constructs new compatible topologies and bornologies from given ones are
discussed. In the second, the quasi-completeness of certain topological modules
of linear mappings is obtained.

Throughout this work, A denotes a topological ring with an identity element
and all modules under consideration are unitary left A-modules. Modt 4 repre-
sents the category whose objects are A-modules endowed with A-module topolo-
gies and whose morphisms are continuous A-linear mappings, and Modb 4 repre-
sents the category whose objects are A-modules endowed with A-module bornolo-
gies and whose morphisms are bounded A-linear mappings (see [13] for the precise
definitions).

The following definition is already known in certain cases; see [1], [9] and [16].

Definition 1. Let F be an A-module. An A-module topology 7 on E and an
A-module bornology B on E are said to be compatible (or (7,B) is said to be
a compatible pair on E) if B is finer than B(7), where B(7) is the bornology
consisting of all 7-bounded subsets of E.

We shall denote by Modtb 4 the category whose objects are all triples (E, 7, B)
formed by an A-module F and a compatible pair (7, B) on E, where
MorModtbA ((E, T, B)v (F, 7—,7 B,)) =
= MorMOth ((Eu T)u (F7 T/)) N MorMOdbA ((Eu 8)7 (F7 B/))
if (E,7,B),(F,7,B") € Ob(Modtb4). Then we have two covariant functors
O:Modtb 4 — Modt 4 and P:Modtby — Modby .
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Example 1. If A is a discrete ring and E is an A-module, then (E,7,B) €
Ob(Modtb 4) for every A-module topology 7 on E and for every A-module bor-
nology B on E. It is enough to remember that B(7) is the set of all subsets of F
is this case.

Example 2. If (E,7) € Ob(Modt 4), then (E, 7, B(7)) € Ob(Modtb 4) by Exam-
ple 1 of [13]. Moreover, if (F,7') € Ob(Modt 4) and u € Moryjoqt , ((E, 7), (F, 7)),
then u € Moryfodtn , (£, 7,B(7)), (F,7/,B(7))), so that we have a covariant func-

tor .
O:Modt 4 — Modtby4 .

Proposition 1. If (E,7,B) € Ob(Modtb,) and (F,7") € Ob(Modt 4), then
Mortntodsh 4 (B, 7, B), (F, 7', B(7))) = Mornodt , (B, 7), (F, 7).

Hence the functor O is left adjoint to the functor 0.

PROOF: Since

MorModtbA ((Ev T, B)? (F7 7—,7 B(T/))) =
= MorMoth((Eu 7), (F, T/)) n MorModbA((Ev B), (F, B(T,)))v

we have to show that
MorMOth ((Ea T)a (Fa T/)) - MOI‘MOdbA ((E7 B)a (Fa B(T/)))

But, if u € Moryjoat , (E,7), (F, 7)), then u € Moryodn , (£, B(7)), (F, B(1'))).
Therefore u € Moryjoan , ((E, B), (F,B(7"))) because B is finer than B(7). O

Example 3. If (E,B) € Ob(Modb,), then (E,T(B),B) € Ob(Modtby) by
Proposition 1 (a) of [13].

Example 4. Let (E,7) € Ob(Modt,4). If B is an A-module bornology on E such
that 7 = T(B), then (E,7,B) € Ob(Modtb 4) as we have observed in Example 3.
Moreover, 7 = T(B(7)). In fact, 7 is coarser than T(B(7)) by Remark 4 of
[13]. Conversely, the fact that B is finer than B(7) implies that B is finer than
B(T(B(7))), which implies that T(B(7)) is coarser than T(B) = 7 by Proposi-
tion 1 (b) of [13].

We have seen in Example 5 of [13] that 7 may be different from T(B(7)). In
the next proposition we give a characterization of the (E,7) € Ob(Modt4) for
which 7 = T(B(7)).

Proposition 2. Let (E,7) € Ob(Modty). In order that 7 = T(B(r)) it is
necessary and sufficient that

MorModbA((Ev B(7)),(G,D)) C MorMoth((Ev 7), (G, T(D)))
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for every (G, D) € Ob(Modb ).

PRroOF: To prove that the condition is necessary, let (G, D) € Ob(Modb 4) and
u € Moryjoqn , (£, B(7)), (G, D)). Then, by Proposition 2 of [13],

u € Moryjoqt , ((E, T(B(7))), (G, T(D))) = Moryeqt, ((E, 7), (G, T(D))).

To prove that the condition is sufficient, take (G,D) = (E,B(7)). Then, by
hypothesis, the identity mapping 1p € Moryoqs, (£, 7), (G, T(B(7)))), that is,
T(B(7)) is coarser than 7. Therefore 7 = T(B(7)), as was to be shown. O

Example 5. Let (F,B) € Ob(Modby). If 7 is an A-module topology on E such
that B = B(7), then (E,,B) € Ob(Modtb4). Moreover, B = B(T(B)). In fact,
since 7 is coarser than T(B(7)), it follows that B(T(B(7))) = B(T(B)) is finer
than B(7) = B. Hence B = B(T(B)).

We have seen in Example 4 of [13] that B may be different from B(T(B)). In
the next proposition we give a characterization of the (E,B) € Ob(Modb 4) for
which B = B(T(B)).

Proposition 3. Let (E,B) € Ob(Modby). In order that B = B(T(B)) it is
necessary and sufficient that

MorMoth((Gv 9)v (Ev T(B))) C MorMOdbA((Gv B(@)), (Ev B))

for every (G, 6) € Ob(Modt 4).

ProOOF: To prove that the condition is necessary, let (G,0) € Ob(Modt4) and
u € Moryogt , ((G,0), (E, T(B))). By Proposition 1,

MorMOth ((Gv 9)7 (Ev T(B))) = MorMOdtbA ((Gv 0, B(G))v (Ev T(B)v B(T(B))))v

so that u € MorMOdbA((Gv B(9)), (£,B(T(B)))) = MorModbA((Gv B(9)), (£, B)).

To prove that the condition is sufficient, take (G,6) = (E, T(B)). Then, by
hypothesis, the identity mapping 15 € Moryoan , ((E, B(T(B))), (E, B)), that is,
B(T(B)) is finer than B. Therefore B = B(T(B)), as was to be shown. O

Theorem 1. Let ((E;,7;,B;));c; be a family of objects in Modtby . Let E
be an A-module and, for each i € I, let u;: ¥ — E; be an A-linear mapping.
Let 7 be the initial A-module topology on E for the family ((E;, 7;),u;);c; ([17,
Theorem 12.5]), and let B be the initial A-module bornology on E for the family
((E3, B;), ui);er ([13, Theorem 1]). Then (7,B) is the unique compatible pair on

E which is initial for the family ((E;, 7i, B;i), u;);c; -
PRroor: First, we claim that 7 and B are compatible. Indeed, let B’ be the initial
A-module bornology on E for the family ((E;, B(7;)),u;);c; - For each i € I, the
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diagram of A-linear mappings

1g,

(Ei, Bi) —— (E;,B(1))

(E,B) —£ (B,B

is commutative, where 1g, (respectively 1g) is the identity mapping of E; (re-
spectively E). If we consider E; and E endowed with the A-module bornologies
indicated in the diagram, then 1g, o u; is bounded, that is, u; o 15 is bounded.
By the arbitrariness of i, 1 is bounded, that is, B is finer than B’. On the other
hand, Theorem 3 of [13] gives B’ = B(7), and so B is finer than B(7). Therefore
7 and B are compatible, as asserted.

Now, let (G, 0, D) € Ob(Modtb,4) and let u: G — E be an A-linear mapping. If
u € Moryodth , ((G,0,D), (E, 7,B)), then u;ou € Mor ModtbA((G’ 0,D),(E;,71;,5;))
for all i € I, since u; € Moryoaen , (£, 7, B), (Ej, 73, B;)) for all i € I. Con-
versely, if u; o u € Moryoarn , (G, 0, D), (E;, 74, B;)) for all i € I, then u; ou €
Morpgodt , (G, 0), (E;, 7;)) and u; o u € Moryedn , (G, D), (£, B;)) for all @ € I.
Consequently,

u € MorMOth ((Gv 9)7 (Ea T)) N MOI‘MOdbA ((Gv D)a (Ev B)) =
= MorMOdtbA((Gu 9; D)7 (E, 7, B))
Hence the compatible pair (7, B) is initial for the family ((E;, 7;, B;), u;)icr -
Finally, it is clear that (7, B) is the unique compatible pair on F which is initial

for the family ((E;, 74, B;), u;) thereby concluding the proof of the theorem.
O

Corollary 1. (a) Let (E,7,B) € Ob(Modtb 4), M a submodule of E, T the
topology induced by T on M, and By, the bornology induced by B on M. Then
(M, a7, Bpr) € Ob(Modtb4).

(b) Let E be an A-module, (7;),c; a family of A-module topologies on E, and

(Bi);er a family of A-module bornologies on E. Let T =sup 7; and B = () B;.
1€l i€l

1€l

Then (E,T,B) € Ob(Modtb,).

PrROOF: (a) Immediate from Theorem 1, since 7); (respectively Bjs) is the
initial A-module topology (respectively initial A-module bornology) for the pair
((E,7),ip) (vespectively ((E,B),ips)), where ijr: M — E is the canonical injec-
tion.

(b) Immediate from Theorem 1, since 7 (respectively B) is the initial A-module

topology (respectively initial A-module bornology) for the family ((E;, ), ui);c;
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(respectively ((Ej, B;),ui);cr), where E; = E and u;: E — E; is the identity
mapping for all ¢ € I. (I

Corollary 2. The category Modtb 4 admits projective limits. The functors O
and P commute with projective limits.

PROOF: Let (E;,u;;) (i € I) be a projective system in Modtb 4. Let E = lim E;

i€l
in the category of A-modules ([4, §6, no. 3]) and, for each i € I, let u;: E — E;
be the canonical A-linear mapping. Consider on E the initial compatible pair for
the family (E;,u;);c; (Theorem 1). Let ' € Ob(Modtb,) and, for each i € I,
let v; € Moryodtn , (F £;) such that v; = u;; o v; if i < j. By the algebraic case,
there is a unique A-linear mapping u: F' — FE such that v; = u; ou for all ¢ € [I.
Therefore u € Moryjodtn , (F, ), and hence E = lim E; in Modtb 4 . Finally, the
i€l
second part of the corollary is clear. (I
Remark 1. By Proposition 1 and (1.5.7) of [8], the functor O commutes with
projective limits.

Corollary 3. The category Modtb 4 admits products.
PROOF: Immediate from the first part of Corollary 2. (]

Remark 2. Corollary 3 also follows directly from Theorem 1. Indeed, let (E;),.;

be a family of objects in Modtb4, E the A-module [] E;, and pr;: E — E;
i€l

the projection on the i-th factor (i € I). Consider on 6E the initial compatible

pair (7, B) for the family (E;, pr;);c; (Theorem 1); recall that 7 (respectively B)

is the product topology (respectively product bornology). Then, for any F €

Ob(Modtb 4), the mapping

u € Moryjoath , (F, E) — (pr; ou)ier € [ [ Moryioarn , (F, Ei)
il

is bijective.

Theorem 2. Let ((E;,7;,B;));c; be a family of objects in Modtby . Let E
be an A-module and, for each i € I, let u;: F; — E be an A-linear mapping.
Let T be the final A-module topology on E for the family ((E;, 7;),ui);cr ([12,
Proposition 2.2]), and let B be the final A-module bornology on E for the family
((E3, B;), ui);er ([13, Theorem 2]). Then (7,B) is the unique compatible pair on
E which is final for the family ((E;, 7i, Bi), u;);c; -
Proor: First, we claim that 7 and B are compatible. Indeed, let 7’ be the final
A-module topology on E for the family ((E;, T(B;)), u;);c;- For each i € I, the

345



346

D.P.Pombo Jr.

diagram of A-linear mappings

lE-

(Ei, T(Bi) —— (Bi,7i)

(E, 7y —— (E,7)
1e

is commutative, where 1g, (respectively 1) is the identity mapping of E; (re-
spectively F). If we consider F; and E endowed with the A-module topologies
indicated in the diagram, then w; o 1, is continuous (1, is continuous since the
fact that B; is finer than B(7;) implies that T(B(7;)) is coarser than T(5;), and
since 7; is coarser than T(B(7;))), that is, 1g o u; is contmuous By the arbi-
trariness of i, 1 is continuous, that is, 7 is coarser than 7/; hence B(7’) is finer
than B(7). On the other hand, Theorem 4 of [13] gives T(B) = 7/. Consequently,
B is finer than B(7) because B is finer than B(T(B)). Therefore 7 and B are
compatible, as asserted.

Now, let (G, 0, D) € Ob(Modtb,4) and let u: E — G be an A-linear mapping. If
u € Moryjodth , (B, 7, B), (G, 0, D)), then uou; € Moryioass , ((Es, 74, B;i), (G, 6, D))
for all i € I, since u; € Mornoqth , ((Ei, 73, B;), (E,7,B)) for all i € I. Con-
versely, if u o u; € Mornoath , (B, 73, B;), (G, 0,D)) for all i € I, then uou; €
Morodt 4 (i, 73), (G, 0)) and u o u; € Mornoan , ((Es, B;), (G, D)) for all i € I.
Consequently,

u € MorMoth((Eu ), (Gv 6)) N MorModbA((Eu B)? (G.D)) =

= MorModtbA((E7 7, B), (G= 0, D))

Hence the compatible pair (7, B) is final for the family ((E;, 7, B;i), i) -

Finally, it is clear that (7, B) is the unique compatible pair on E which is final

for the family ((E;, 7i, B;), u;);c » thereby concluding the proof of the theorem.
([l

Corollary 4. Let (E,7,B) € Ob(Modtby,), F an A-module, and uw: E — F a
surjective A-linear mapping. Let 7' be the direct image under u of T, and let B
be the direct image under u of B. Then (F,7',B') € Ob(Modtb 4).

PrROOF: Immediate from Theorem 2, since 7/ (respectively B’) is the final A-
module topology (respectively final A-module bornology) for the pair ((F, ), u)
(respectively ((E,B),u)). O

Corollary 5. The category Modtb 4 admits inductive limits. The functors O
and P commute with inductive limits.

PROOF: Analogous to that of Corollary 2. (]
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Remark 3. The fact that the functor © commutes with inductive limits also
follows from Proposition 1 and (1.5.7) of [8].

Corollary 6. The category Modtb 4 admits direct sums.
PROOF: Immediate from the first part of Corollary 5. (]

Remark 4. Corollary 6 also follows directly from Theorem 2. Indeed, let (E;);;

be a family of objects in Modtb 4, E the A-module @ E;, and A\;: E; — E the
iel

canonical injection (¢ € I'). Consider on E the final compatible pair for the family

(Ei;s Ai)jcr (Theorem 2). Then, for any F' € Ob(Modtb,), the mapping

u € Mornjoath , (B, F) — (w0 Ap)ier € [ [ Moryoatn , (Ei, F)
el
is bijective.
The following definition was suggested by Definition 3, p. 64 of [15].

Definition 2. Let (E,7,8) € Ob(Modtb4). (E,,B) is said to be quasi-comp-
lete if BT is T-complete for every B € B.

Example 6. If (E,7,B) € Ob(Modtb 4) and (F, 1) is complete, then (F, 1, B) is
quasi-complete by the first part of Proposition 8, p.202 of [5].

Remark 5. Let (E,7,B) € Ob(Modtb,) such that BT € B for every B € B
(for instance, for any (F,7) € Ob(Modty), (E,7,B(7)) satisfies this property by
Theorem 15.2(1) of [17]). Then (E,T,B) is quasi-complete if and only if every
7-closed element of B is 7-complete. In particular, a topological vector space
(E, T) over a non-trivially valued field is quasi-complete ([14, p.27]) if and only if
(E,7,B(T)) is quasi-complete.

Remark 6. Let (E,7) € Ob(Modt,4), and suppose that (E,7,B(7)) is quasi-
complete. If (z),cn is a Cauchy sequence in (E,7), then B = {zn;n € N} €
B(7) by Theorem 15.4(2) of [17]. Therefore BT is T-complete, and so (z),, o
converges in (E, 7). In particular, (E, 7) is complete if (E, 7) is metrizable.

As in the theory of topological vector spaces, we have:

Proposition 4. (a) Let (E,7,B) € Ob(Modtb,4), and suppose that (E, T, B) is
quasi-complete. If M is a T-closed submodule of E, T); is the topology induced
by T on M and B); is the bornology induced by B on M, then (M, Ty, Bys) is
quasi-complete.

(b) Let ((Ej,7,B;));c; be a family of objects in Modtb 4 such that (Ej, 7, B;)
is quasi-complete and (E;, ;) is separated for all i € I. Let E be the A-module
I1 Ei, 7 the product topology on E and B the product bornology on E. Then
el

(E, T, B) is quasi-complete.
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PrOOF: (a) First, recall that (M, s, Bpyr) € Ob(Modtb 4) by Corollary 1 (a).
Let B € By;. Then B € B, and so BT is 7-complete. Therefore B™ is 7y;-
complete since B™M = BT N M.

(b) First, recall that (E,7,B) € Ob(Modtb 4) by Remark 2. For each i € I, let
pr;: E — E; be the projection on the i-th factor. Let B be an arbitrary element of
B. Then B; = pr;(B) € B; for all i € I, and hence B—ZTZ is 7;-complete for all ¢ € 1.
Since B C [ B]" and since [] B]" is 7-complete ([5, p.203, Proposition 10]), it

el 1€l
follows from the first and second parts of Proposition 8, p.202 of [5] that BT is
7-complete. Therefore (E, 7, B) is quasi-complete, as asserted. ([l

For the rest of this paper we shall assume that A is commutative. In this case,
if (E,7,B),(F,7",B") € Ob(Modtb 4), then

MorModtbA ((Ea T, B)v (Fv T,a B,))

is a submodule of the A-module Morjoqt , (£, 7), (F,7')), and is also a submodule
of the A-module Moryjoap , ((E, B), (F, B')). If u € Mornodth , (E, 7, B), (F, 7', B'))
and B € B, then u(B) € B’, and so u(B) € B(7) because B’ is finer than B(7’).
By Proposition (a) of [11], the topology Tg of B-convergence on

Morfodth , ((E, 7, B), (F,7',B’)) is an A-module topology, which is separated if 7/
is separated.

Definition 3 [15], [16]. Let (E,B), (F,B’) € Ob(Modb4). A set H of mappings
from F into F is said to be equibounded if H(B) = {u(x);u € H,x € B} € B’
for all B € B. The bornology £z g on Moryiedn , ((E, B), (F, B’)) whose elements
are the equibounded subsets of Moryoan , ((E, B), (F, B')) is clearly an A-module
bornology.

Let (E,7,B),(F,7',B") € Ob(Modtb4). We shall also denote by £z ' the A-
module bornology induced by £g 37 on Mornedtn , ((E, 7, B), (F, 7', B')). Assume
that the product of any neighborhood of zero in A by any neighborhood of zero
in (F,7) is a neighborhood of zero in (E, 7). In this case, Example 3 of [13]
ensures that the equicontinuous bornology &, -+ on Moryeqt , ((E, 7), (F,7')) is
an A-module bornology. We shall also denote by &, .+ the A-module bornology
induced by &£, on Moryodsh, ((E,7,B), (F,7',B’)). The A-module bornology

Er v NERp on Moriodtn , (B, 7, B), (F, 7', B)) shall be represented by Eflrl,g,.

Proposition 5. Let (E,7,B),(F,7',B') € Ob(Modtb,), and suppose that the
product of any neighborhood of zero in A by any neighborhood of zero in (E, T)
is a neighborhood of zero in (E, 7). Then

(Morntoan , (B, 7. B), (.7, B), g, €55

7,7

) € Ob(Modtb ).
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ProOOF: Let H € Eflrl,g,. We have to show that H € B(Tg). For this purpose,
let B € B. Then H(B) € B', and so H(B) € B(7') because B’ is finer than B(7’).
Therefore H € B(Tg), which concludes the proof. O

Theorem 3. Let (E,7,B),(F,7',B") € Ob(Modtb ). Suppose that the product
of any neighborhood of zero in A by any neighborhood of zero in (E,T) is a

neighborhood of zero in (E,7), and that B'™ € B' for all B’ €¢ B'. If (F,7',B') is
quasi-complete and (F,7') is separated, then

' BB
(Morytoasn , (B, 7, B), (F. 7', B), TF . €25

is quasi-complete.
In order to prove the theorem, we shall need the following

Lemma. Let E be an A-module, (F,7") € Ob(Modt,) with (F,7") separated,
and consider the A-module F(E;F) of all mappings from E into F endowed
with the A-module topology Tgl of pointwise convergence. Then the submodule
L(E;F) of F(E;F) consisting of all A-linear mappings from E into F is YT -
closed in F(E; F).

PRrROOF: For each z € E, the A-linear mapping
d,:f € F(E;F)— f(2) € F
is Tzl—continuous. Since

LE;F) = () {f € F(B;F); flax +by) — af (z) — bf (y) = 0}

z,yeFE,a,be A

= ﬂ Ker(dgqgby — a0z — bdy),
z,yEFE,a,beA

and since Ker(0gz1py — adz — bdy) is Y7 -closed in F(E;F) for all 2,y € E,
a,b € A ((F,7') is separated), the result follows. O

PrOOF OF THEOREM 3: Let H € Eff/ . We have to show that Hi, the closure
of H in )
(MorModtbA ((Eu 7, 8)7 (F7 7—,7 Bl))? T?g) )

is Tg—complete. Let us represent by H 17 (respectively H Tg') the closure of
H in (F(E;F),YT) (respectively (]—"(E;F),Tg)), where Tg also denotes the
topology of B-convergence on F(F; F'). We claim that

HTgl C MOI‘MOdtbA((E, T, 8)7 (F7 7—,7 B,))
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. . . / . / T/
Since B is a covering of E, Y7 is coarser than Y7 , and hence HYE C

Ty
HYT By Proposition 6, p. 28 of [6], HY? i equicontinuous, and hence HYE is
equicontinuous. By the lemma,

HYE < Morygoq, (B, 7), (F,7)).

Now, let us see that HTIT?I is equibounded. In fact, let B € B. If u € HTg
and = € B, there exists a net (uy)yc, in H such that (uy),c, converges to u
for Tg; thus (ux(z))ycp converges to u(x) in (F,7'), and so u(x) € H(B)™. We
have just verified that H'5 (B) ¢ H(B)™'. On the other hand, H(B) € B/, and
hence H(B)™ € B’ by hypothesis. Consequently, HYE (B) € B/, and HYE s
equibounded. In particular,

HTgl - MOI’MOdbA((E, 8)7 (F7 B/))

Thus

HTgl - MOI‘MOdtbA((E, 7, 8)7 (F7 7—,7 B,))a

which gives HY5 = H;. Finally, by Corollary 3, p. 16 of [6], HE is Tj-

complete in F(E; F) since H(x)™ is 7/-complete for all + € E. Therefore Hj is
Tg—complete, which concludes the proof of the theorem. O

Corollary 7. Let (E,7,B) € Ob(Modtb4) such that the product of any neigh-
borhood of zero in A by any neighborhood of zero in (E,T) is a neighborhood
of zero in (E,7), and let (F,7') € Ob(Modt ) such that (F,7’',B(7')) is quasi-
complete and (F, ') is separated. Then

(Morytoa (.7, (F. 7). TF €.,

is quasi-complete.

PRrROOF: Immediate from Theorem 3 (recall Remark 5) since, for all (E,7,B) €
Ob(Modtb 4) and for all (F,7") € Ob(Modt,4),

MorMoth((Eu 7), (F, T/)) = MorModtbA((Eu 7, B), (F, 7—,7 B(T,)))

and
£y = EBBE)

7!

by Theorem 25.5 of [17].
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Corollary 8. Let (E,,B) € Ob(Modtb 4) such that the product of any neigh-
borhood of zero in A by any neighborhood of zero in (E, 1) is a neighborhood of
zero in (E, T), and suppose that (E, ) is barrelled ([12]). Let (F,7’) € Ob(Modt 4)
such that (F,7',B(7')) is quasi-complete and (F, ') is separated. Then

(Morvtoar s (B, 7). (F,7)), Y5, B(TE))
is quasi-complete.

PROOF: We claim that B(Yg) = &, . Indeed, since £,/ is finer than B(TF),

it remains to verify that B(Tg) is finer than & /. But, if H € B(Tg), then
H(z) € B(7') for all z € E. By Theorem 3.1 of [12], H € & ;+. Therefore the
result follows from Corollary 7. O

Corollary 9. Let (E,7) € Ob(Modt4) such that the product of any neighbor-
hood of zero in A by any neighborhood of zero in (E, T) is a neighborhood of zero
in (E,7), and suppose that (E, ) is bornological ([3]). Let (F,7’) € Ob(Modt 4)
such that (F,7',B(7')) is quasi-complete and (F, ') is separated. Then

(MorMoth ((Ea T)a (Fa T/))v T%(—,—)a B( TB(T)))
is quasi-complete.
ProoOF: We claim that B(TE(T)) = &; . Indeed, since &/ is finer than
B(Yg(,); it remains to verify that B(YE ) is finer than & .. But, if H €

B( TB/(T))7 then H(B) € B(7') for all B € B(7). By the theorem proved in [3],
H € &, ;. Therefore the result follows from Corollary 7. (]

Remark 7. Corollary 8 (respectively Corollary 9) was suggested by Corollary 2,
p. 31 of [7] (respectively (4), p. 143 of [10]).
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