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Centered-Lindelöfness versus star-Lindelöfness

M. Bonanzinga, M.V. Matveev

Abstract. We discuss various generalizations of the class of Lindelöf spaces and study the
difference between two of these generalizations, the classes of star-Lindelöf and centered-
Lindelöf spaces.

Keywords: star-Lindelöf, centered-Lindelöf, linked-Lindelöf, CCC-Lindelöf, metaLin-
delöf, paraLindelöf, weakly separable, CCC, Cp(X)

Classification: 54D20, 54G20

1. Introduction and positive results

The aim of this paper is to compare two particular generalizations of Lindelöf
spaces indicated in the title. Before we start, we have to find out which place
these two classes, star-Lindelöf and centered-Lindelöf spaces, take among other
classes of generalized Lindelöf spaces. The most well known consequences of the
Lindelöf property are the countability of the extent (recall that e(X) = ω pro-
vided every closed discrete subset of X is countable) and the Discrete Countable
Chain Condition, DCCC (recall that X has DCCC provided every discrete family
of nonempty open subsets of X is at most countable, see, for example [11]; some-
times DCCC is called pseudoLindelöfness). It is clear that the countability of the
extent implies DCCC and that the converse is true in collectionwise Hausdorff
spaces. Other generalizations of Lindelöfness are based on the idea of declaring
of the existence, rather than of a countable subcover, of a subcover that can be
represented as the union of countably many subfamilies which are linked in some
way (usually instead of a subcover one can speak about a refinement). All these
properties are between the countability of the extent and DCCC.
Now we recall some notation and definitions and introduce some new. Let U be

a cover of the space X . For a set A ⊂ X , we write St(A,U) = St1(A,U) =
⋃

{U ∈
U : U ∩ A 6= ∅} and Stn+1(A,U) = St(Stn(A,U),U). It is convenient to set also
St0(A,U) = A. Thus Stn(A,U) is defined for all n ∈ ω. For A = {x} we usually
write St(x,U) instead of St({x},U). Further, put Un = {Stn(x,U) : x ∈ X} and

Un 1
2 = {Stn(U,U) : U ∈ U}. We denote Ñ the set of all numbers of the form

n or n12 where n ∈ N = {1, 2, . . .}. A family of sets F is called centered if any
finite subfamily of F has nonempty intersection; F is linked if any two elements
of F have nonempty intersection. Naturally, a family is σ-centered (σ-linked)
if it can be represented as the union of countably many centered (respectively,
linked) subfamilies. Say that a family of sets F is CCC if every pairwise disjoint
subfamily of F is at most countable.
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Definition 1. A space is:

— n-star-Lindelöf (where n ∈ Ñ) if for every open cover U the cover Un

contains a countable subcover,

— centered-Lindelöf if every open cover contains a σ-centered subcover,
— linked-Lindelöf if every open cover contains a σ-linked subcover,
— CCC-Lindelöf if every open cover contains a CCC subcover.

1-star-Lindelöfness is called just star-Lindelöfness [15], [16], [18]. As it was
noted by the referee, it would be nice to call star-Lindelöfness fixed-Lindelöfness
(say that a family of sets is fixed if it has nonempty intersection; a σ-fixed family
is the union of countably many fixed subfamilies); this would make the definitions
of all properties under consideration more uniform. However, we decided not to
change the notation after many papers published. For the same reason, in the
definition of n-star-Lindelöfness, we follow the terminology of earlier papers rather
than that of [11]. For n ∈ N, n-star-Lindelöfness was defined in [15], [16], [18]; for

n of the form m12 where m ∈ N it was defined in [11]. Centered-Lindelöfness was
introduced in [8]. There are other generalizations of Lindelöfness, but here we do
not intend to give a complete picture (the reader can find more details in [19]).
Instead, we indicate some interrelations with some non-Lindelöf-type properties
important for the constructions below.
First of all, it is easy to see that star-Lindelöfness follows not only from Lin-

delöfness, but also from separability and countable compactness. A Hausdorff
space is countably compact iff it is starcompact ([11]) (a space X is starcompact
if for every open cover U there is a finite F ⊂ X such that St(F,U) = X ([14])).
Another key idea is the notion of weak separability (=having a σ-centered base
or π-base). Though the name “weakly separable” appeared only in [6], [7], this
class of spaces was considered in [3], [9], [17].

Definition 2. A space is weakly separable provided it has a σ-centered π-base.

Theorem 1 ([9], [17]). For a Tychonoff space X , the following conditions are
equivalent:

(1) X is weakly separable,
(2) βX is separable,
(3) every Hausdorff compactification of X is separable,
(4) X has a separable Tychonoff extension.

In other words, weakly separable Tychonoff spaces are just the dense subspaces
of separable Tychonoff spaces. For example, all dense subspaces of Iκ (or Dκ,
or R

κ), where κ ≤ c, are weakly separable. Therefore, Cp(X), the space of all
real-valued continuous functions on X equipped with the pointwise convergence
topology, is weakly separable whenever |X | ≤ c.
The implications in the following diagram either are straightforward or can be
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found in [11] or [19].

Lindelöf

%%JJJJJJJ
JJJ

countably compact

vvnnnnnnnnnnnn

countable extent
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separable

xxqqqqqqqqqq
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star-Lindelöf

��

weakly separable

tthhhhhhhhhhhhhhhhhh

��

centered-Lindelöf

��

linked-Lindelöf

��

CCC

tthhhhhhhhhhhhhhhhhhhh

CCC-Lindelöf

T1
��

112 -star-Lindelöf

��

2-star-Lindelöf

��

212 -star-Lindelöf
//
DCCC

T3

oo

Note that neither of the two properties, star-Lindelöfness and weak separabil-
ity, implying centered-Lindelöfness in the diagram, follows from the other. A non-
separable compact (hence star-Lindelöf) space is not weakly separable; a variety
of examples of weakly separable spaces which are not star-Lindelöf is given in the
examples section. Therefore the arrows from star-Lindelöfness and weak separa-
bility to centered-Lindelöfness cannot be reversed.
The “trunk” of the diagram, the line connecting n-star-Lindelöf properties for

different n, has been studied in details in [11] and other papers. It is now reason-

able to give further structure to the interval between star-Lindelöf and 112 -star-
Lindelöf by introducing centered-, linked- and CCC-Lindelöfness. In this paper
we consider the first of these three properties as compared with star-Lindelöfness.
To show the delicacy of the problem, let us compare it with the situation around
compactness-type properties. A space is centered-compact ([8]) if every open
cover has a subcover that can be represented as the union of finitely many cen-
tered subfamilies.
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Theorem 2 ([8]). A Hausdorff space is centered-compact iff it is starcompact
(equivalently, countably compact).

(However, a T1, centered-compact, non-starcompact space does exist ([8])).
Therefore, in the class of Hausdorff spaces one can expect to distinguish be-
tween “centered” and “star” only in the infinite level. The problem to distinguish
centered-Lindelöf and star-Lindelöf spaces was stated in [8] where a Hausdorff
example was given. In this paper we give several Tychonoff examples, but first
we consider some conditions under which centered-Lindelöfness does imply star-
Lindelöfness. First of all, as we noted before, a collectionwise Hausdorff DCCC
space has countable extent. Therefore all collectionwise Hausdorff (in particular,
all monotonically normal, all GO, etc.) centered-Lindelöf spaces are star-Lindelöf.

Further, it is easy to see that a locally separable 112 -star-Lindelöf space is
star-Lindelöf. Therefore, every locally separable centered-Lindelöf space is star-
Lindelöf. The next observation seems less trivial.

Proposition 3. Every Hausdorff locally compact centered-Lindelöf space is star-

Lindelöf.

Proof: Let X be a Hausdorff locally compact centered-Lindelöf space and U
an open cover of X . Define the family V = {V : V is open in X , V is compact
and V ⊂ U for some U ∈ U}. Then V is an open refinement of U . As X is
centered-Lindelöf, there exist countably many centered subfamilies Vn (n ∈ ω) of
V such that

⋃

{
⋃

Vn : n ∈ ω} = X . For every V ∈ V , choose an UV ∈ U such
that V ⊂ UV . Then for every n ∈ ω, Un = {UV ∈ U : V ∈ Vn} is a subfamily
of U such that

⋂

Un 6= ∅ and
⋃

{
⋃

Un : n ∈ ω} = X . For every n ∈ ω, fix a
point xn ∈

⋂

Un. Then F = {xn : n ∈ ω} is a countable subset of X such that
St(F,U) = X , and so X is star-Lindelöf. �

Question 1. Must every Hausdorff locally compact linked-Lindelöf (or CCC-
Lindelöf ) space be star-Lindelöf?

A Hausdorff locally compact 112 -star-Lindelöf space need not be star-Lindelöf
(even CCC-Lindelöf). Indeed, let Z be the discrete space of cardinality ω1. Then
X = (βZ × (ω2 + 1)) \ ((βZ \ Z)× {ω2}) is a counterexample.
Recall that a space is paraLindelöf provided every open cover has a locally

countable open refinement. Every paraLindelöf centered-Lindelöf space is star-
Lindelöf. Moreover, we have the following:

Proposition 4. Every paraLindelöf 112 -star-Lindelöf space is star-Lindelöf.

Proof: Let X be a paraLindelöf 112 -star-Lindelöf space and let U be an open
cover of X . Then there is a locally countable open refinement V of U . For every
x ∈ X fix an open set Ox such that x ∈ Ox ⊂ V for some V ∈ V and Ox

meets at most countably many elements of V . Then O = {Ox : x ∈ X} is an
open refinement of V . Since X is 112 -star-Lindelöf, there is a countable subfamily
O0 ⊂ O such that St(

⋃

O0,O) = X . Then we have St(
⋃

O0,V) = X . Denote



Centered-Lindelöfness versus star-Lindelöfness 115

P = {(O, V ) : O ∈ O0, V ∈ V and O∩V 6= ∅}. Then P is a countable family. For
every (O, V ) ∈ P , choose zO,V ∈ O ∩ V and put F = {zO,V : (O, V ) ∈ P}. Then
St(F,V) = X , and hence St(F,U) = X . �

As we will see in the next section, in the previous proposition, paraLindelöfness
cannot be replaced by metaLindelöfness (even by metacompactness).
As a natural generalization of star-Lindelöfness and centered-Lindelöfness one

can consider the following cardinal functions:

Definition 3 ([18]). The star-Lindelöf number of the space X is

st-l(X) = min{κ : ∀ open cover U of X, ∃F ⊂ X such that |F | ≤ κ

and St(F,U) = X}.

Definition 4 ([8]). The centered-Lindelöf number of the space X is

ct-l(X) = min{κ : every open cover of X has a κ-centered subcover}.

(κ-centered means representable as the union of κ many centered subfamilies.)

In all Hausdorff examples of centered-Lindelöf, non-star-Lindelöf spaces known
to the authors (that is all examples described below and the example in [8]) the
star-Lindelöf number is not greater than c. Therefore, it is natural to ask

Question 2. Is it true that the star-Lindelöf number of a centered-Lindelöf Haus-

dorff (regular, normal) space cannot be greater than c?

More general,

Question 3. Is the following inequality true in the class of Hausdorff spaces?

st-l(X) ≤ 2ct-l(X).

It is true that some of our examples are weakly separable and for a Tychonoff
weakly separable space X it follows from Theorem 1 that st-l(X) ≤ w(X) ≤

2d(βX) = c. However, other examples in this paper and in [8] are far from being
weakly separable which makes Questions 2 and 3 reasonable.

Note that for T1, centered-Lindelöf spaces the star-Lindelöf number can be
arbitrarily big: for every cardinal κ there exists a T1, centered-Lindelöf space X
with st-l(X) > κ. Indeed, let τ > κ be a cardinal such that τκ = τ . On a set
X = X1 ∪ X2 where X1 ∩ X2 = ∅ and |X1| = |X2| = τ we define a T1 topology,
T , all nonempty open sets in which take the form A ∪ (X2 \K) where A ⊂ X1 is
an arbitrary subset and |K| ≤ κ. It is easy to see that (X, T ) is centered-Lindelöf
(in fact every open cover is a centered family) and st-l((X, T )) = κ+.
The examples described below have different sets of additional properties from

the following list: pseudocompact, c.c.c., connected, zero-dimensional, topolog-
ical linear space, scattered, metaLindelöf, < c-discrete (i.e. with all subsets of
cardinality < c closed and discrete; see Section 2.3), etc. However the following
question remains open:
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Question 4. Is there a ZFC example of a centered-Lindelöf normal space which

is not star-Lindelöf?

(A consistent example is given in Section 2.4.)
We conclude this section with one more theorem showing that the difference

between the two classes of spaces we consider in this paper is not so big: every
space from one class is representable as a closed Gδ-set in another class.

Theorem 5. Every Tychonoff centered-Lindelöf space is a closed Gδ-set in some

Tychonoff star-Lindelöf space. Specifically, if X is Tychonoff and centered-

Lindelöf, then R(X) = βX × (ω + 1) \ ((βX \ X)× {ω}) is star-Lindelöf.

Proof: Let U be an open cover of R(X). For every x ∈ X , choose U(x) ∈ U ,

n(x) ∈ ω, and V (x), an open neighbourhood of x in X so that V (x)× [n(x), ω] ⊂
U(x). Then V = {V (x) : x ∈ X} is an open cover of X . Since X is centered-
Lindelöf, we have V =

⋃

{Vn : n ∈ ω} where each Vn is a centered family. For
n, m ∈ ω, denote Vn,m = {V = V (x) ∈ Vn : n(x) = m}. Every Vn,m also is a
centered family. Since βX is compact, there is a common adherence point zn,m

for Vn,m. Put pn,m = (zn,m, m) and P = {pn,m : n, m ∈ ω}. We claim that

St(P,U) ⊃ X × {ω}. Indeed, let x ∈ X . Then pn(x),n(x) ∈ V (x)× [n(x), ω] ⊂

U(x), hence (x, ω) ∈ St(pn(x),n(x),U) ⊂ St(P,U). Next, since βX × {n} is com-

pact, there is a finite set Qn ⊂ βX × {n} such that St(Qn,U) ⊃ βX × {n}. Put
F = P ∪

⋃

{Qn : n ∈ ω}. Then St(F,U) = R(X). �

2. Examples

A variety of examples of weakly separable, non separable spaces was con-
structed in [9], [10], [17]. However, most of these examples are either Lindelöf
or countably compact (hence they are star-Lindelöf).
Below we present a collection of examples of centered-Lindelöf, non star-Lin-

delöf spaces. Most of these examples have been known before. Many of them
are weakly separable, but not all: for the example X from Section 2.1 we have
d(bX) = ω1 for every compactification bX ; moreover, for every cardinal κ > ω1
this example can be easily modified so that d(bX) ≥ κ for every compactification.

2.1 A “fat-Ψ” example

The idea of constructing a “fat-Ψ” space is to replace isolated points in the
well-known Isbell-Mrówka space Ψ (see [13, 3.6.1.(a)]) with some infinite “building
blocks” (see [5], [8], [11], [20], [26] for particular “fat-Ψ” spaces constructions).

In our case the building block will be the ordinal space ω1 with order topology;
put J =

⋃

{Jn : n ∈ ω}, the discrete sum of subspaces Jn each of which is
homeomorphic to ω1: Jn = {pnα : α ∈ ω1}. Let R be a maximal almost disjoint
family of infinite subsets of ω, |R| = c. Put X = J ∪ R. We declare J to be
open in X . A basic neighbourhood of the point r ∈ R takes the form OKf (r) =
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{r} ∪ {pnα : n ∈ r \ K, α > f(n)}, where K is an arbitrary finite subset of ω and
f is an arbitrary function from ω to ω1.

First we prove that X is centered-Lindelöf (note that X is not weakly separable
because βω1 is not separable). Let U be an open cover of X . Since each Jn

is countably compact, hence centered-compact, it is covered by finitely many
centered subfamilies of U . Therefore, the whole J is covered by countably many
centered subfamilies of U , say Vn : n ∈ ω. For each point r ∈ R fix an element
Ur ∈ U containing this point. Then for some n = n(r), Ur contains a final
interval of Jn. Then Wn = {Ur : n(r) = n} is a centered subfamily of U and
R ⊂ ∪

⋃

{Wn : n ∈ ω}. Therefore X ⊂ ∪
⋃

{Wn ∪ Vn : n ∈ ω}, that is X is
centered-Lindelöf.
Now we prove that X is not star-Lindelöf. Enumerate all countable subsets of

J on type c: [J ]ω = {Cα : α < c} and enumerate R on type c × c: R = {rαβ :
α, β < c}. For r = rαβ ∈ R put Or = {r} ∪ (

⋃

{Jn : n ∈ r} \ Cα). Then Or is
open in X and Or ∩ R = {r} (†). Put U = {Or : r ∈ R} ∪ {J}. Then U is an
open cover of X and for every countable subset F ⊂ X , St(F,U) 6= X . Indeed,
F = FR ∪ FJ , where FR = F ∩ R and FJ = F ∩ J . Then FJ = Cα for some α
and for every β < c we have that rαβ /∈ St(FJ ,U). For all these points, by (†),
the only possibility to be in St(FR,U) is that rαβ ∈ FR. But |FR| ≤ ω and we
have c-many points rαβ .
Note that st-l(X) = d(X) = ω1 and that the space X is zero-dimensional and

scattered (recall that a space Y is scattered provided every closed subset A ⊂ Y
contains a point which is isolated in A).

2.2 Cp(X) examples

In this section we consider only Tychonoff spaces.
As we noted above, Cp(X) is weakly separable (hence centered-Lindelöf) when-

ever |X | ≤ c. Also, it is easy to see that a space is Lindelöf iff it is both star-
Lindelöf and metaLindelöf. Therefore, we will obtain the desired example (of
a centered-Lindelöf, non star-Lindelöf space of the form Cp(X)) if we find X
such that |X | ≤ c and Cp(X) is metaLindelöf but not Lindelöf. We will use the
following

Theorem 6 ([12]). If X is a compact Hausdorff space and w(X) ≤ ω1, then
Cp(X) is hereditarily metaLindelöf.

So if X is compact, w(X) ≤ ω1 and Cp(X) is not Lindelöf, then Cp(X) is
(weakly separable but) not star-Lindelöf.

Theorem 7 ([4]). If Cp(X) is a Lindelöf space, then t(Xn) = ω for every finite n.

Therefore for X = ω1+1 (with order topology) Cp(X) is weakly separable but
not star-Lindelöf.
Using another known fact about Cp(X) spaces we obtain a separable compact

space X with the same properties.
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Theorem 8 ([23], see also [1]). If X is an uncountable, compact, separable,

scattered space the ω1-th derivative of which is empty, then Cp(X) is not normal
(and hence not Lindelöf ).

(Recall that in a scattered space the α-th derivative of the set K is defined by
induction: K0 = K; Kα+1 = Kα\{p ∈ Kα : p is isolated},Kα =

⋂

{Kγ : γ < α}
if α is a limit ordinal).

Now we give an example of a compact space F which satisfies all conditions of
Theorems 6 and 8 and hence Cp(F ) is weakly separable but not star-Lindelöf.

Let N be a countable set and R be an almost disjoint family of infinite subsets
of N , |R| = ω1. We define the topology on F0 = N ∪ R just like that of
the usual Isbell-Mrówka space (the only difference is that the family R is not
necessarily maximal almost disjoint): the points of N are isolated in F0 while a
basic neighbourhood of a point r ∈ R takes the form {r}∪ (r \K), where K is an
arbitrary finite subset of N . Then F0 is locally compact. Denote F the one-point
compactification of F0. Then F satisfies all conditions of Theorems 6 and 8; in
particular F 3 = ∅.

Question 5 (A.V. Arhangel’skii). Does there exist a compact space X for which
Cp(X) is star-Lindelöf but not Lindelöf?

The motivation for this question is that it is difficult to construct compact
spaces X such that Cp(X) is not metaLindelöf: the existence of such spaces
remained an open problem for some time ([2, Problem 76]) until it was solved
in [12].

2.3 A pseudocompact example

E.A. Reznichenko constructed [25] (see also [1]) an example of a dense subspace
X ⊂ Ic with the following properties:

(1) X is pseudocompact,
(2) X is connected,
(3) ∀H ⊂ X , |H | < c⇒ H is closed and discrete in X ,
(4) |X | = c.

Since X is dense in Ic, it is weakly separable and hence centered-Lindelöf. To
prove that X is not star-Lindelöf we need also the following property

(5) ∃Z ⊂ X such that |Z| = c and Z is closed and discrete in X .

Lemma 9. (3), (4), (5)⇒ st-l(X) = c.

Proof: Enumerate the points of Z on type c: Z = {zα : α < c} and the points
of X \ Z on type κ = |X \ Z| ≤ c: X \ Z = {xγ : γ < κ}. For α < c, put
Uα = {zα} ∪ {xγ : γ ≥ α}. Then U = {Uα : α < c} is an open cover of X such
that for every A ⊂ X with |A| < c, we have St(A,U) 6= X . It remains to note
that st-l(X) ≤ |X | = c. �

Now we adjust the construction of Reznichenko’s example to fulfil (5).
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Let A be a set of cardinality c. It can be represented as A =
⋃

{Aα : α < c}
where Aα ∩Aβ = ∅ whenever α 6= β and |Aα| = c for each α. Let b be a bijection

of c onto c× c; for each α < c we denote Cα =
⋃

{Aγ : γ ∈ b−1{(α, λ) : λ < c}}.
In other words, we define c-many “big blocks” Cα as the unions of c-many “small
blocks” Aγ each. Then A =

⋃

{Cα : α < c}, Cα ∩ Cβ = ∅ whenever α 6= β and

|Cα| = c for each α. Put Q =
⋃

{IB : B ⊂ A, |B| ≤ ω}. For each q ∈ Q denote

B(q) the (unique) subset B ⊂ A for which q ∈ IB . Since |Q| = cω = c, Q can be
enumerated on type c: Q = {qα : α < c}. For each α < c we define the points

xα, zα ∈ IA such that

xα(a) =











qα(a) if a ∈ B(qα)

1 if a ∈ Aα \ B(qα)

0 if a ∈ A \ (Aα ∪ B(qα)),

zα(a) =

{

1 if a ∈ Cα

0 otherwise.

Put X = {xα : α < c}, Z = {zα : α < c} and X ′ = X∪Z. Note that X is exactly
the result of the original Reznichenko’s construction and thus it has properties
(1)–(4). Also, it is easy to see that Z ∩ X = ∅ and the only limit point for Z

in IA is constant zero which is outside X ′, hence Z is closed and discrete in X ′.
Further, X ′ is connected and pseudocompact since it contains a connected and
pseudocompact dense subspace X . So it remains to check that

(3′) ∀H ⊂ X, |H | < c⇒ H ∩ Z = ∅.

Then X ′ will have properties (1)–(4) of Reznichenko’s example and also pro-
perty (5). Let H ⊂ X , |H | < c and z = zα ∈ Z. Then there exists a subset
M ⊂ c, |M | < c such that H = {xβ : β ∈ M}. Since |M | < c and |B(qβ)| ≤ ω
for each β ∈ M , there exists a ∈ Cα \ (

⋃

{B(qβ) ∪ Aβ : β ∈ M}); then zα(a) = 1

and xβ(a) = 0 for every β ∈ M . Hence zα /∈ H.

2.4 Pixley-Roy examples

C. Pixley and P. Roy introduced a topology for certain spaces of subsets of a
space X ([22]) which was later systematically studied in [10] where it was called
the Pixley-Roy topology. We follow the notation of [10] (see also [27]).
For a space X , A(X) and F(X) denote the families of all nonempty subsets of

X and all nonempty finite subsets of X respectively. If A is a subset of X and U
is a neighbourhood of A in X , then we put

[A, U ] = {S ⊂ X : A ⊂ S ⊂ U}.

The Pixley-Roy topology onA(X) is the topology generated by the base consisting
of all sets of the form [A, U ]. The subspace topologies generated on the subspaces
ofA(X) (for example on F(X)) are also called Pixley-Roy topologies. Considering
S ⊂ A(X) we write [A, U ] instead of [A, U ] ∩ S. The families A(X) and F(X)
equipped with the Pixley-Roy topology are denoted A[X ] and F [X ].
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Proposition 10 ([10], see also [27]). Let X be a Hausdorff space. Then

(i) A[X ] is a zero-dimensional Hausdorff space,
(ii) F [X ] is hereditarily metacompact,
(iii) if X is first-countable, then F [X ] is a Moore space,
(iv) if X is infinite, then d(F [X ]) = |X |,
(v) if X is infinite, then d(βF [X ]) = nw(X).

Modifying (iv) a little we obtain

Proposition 11. If X is infinite and Hausdorff, then st-l(F [X ]) = |X |.

Proof: Let U be any cover of F [X ] by basic open sets. Suppose F ⊂ F [X ] and
|F | = τ < |X |. Since F consists of finite sets, then for the set G =

⋃

F we have
|G| = τ < |X |. Pick x ∈ X \ G. Every element O of the cover U that contains x
is a basic open set, so it takes the form O = [{x}, U ] for some neighbourhood U
of x in X . Every element of O must contain x but no element of F contains x.
So O ∩ F = ∅ and {x} /∈ St(F,U).
It remains to note that st-l(F [X ]) ≤ |F [X ]| = |X |. �

Therefore if X is a Hausdorff, first-countable space, |X | = c and nw(X) = ω
(e.g. X = R like in the original example of Pixley and Roy), then F [X ] is
Hausdorff, zero-dimensional (hence Tychonoff), Moore, hereditarily metacom-
pact, weakly separable (hence centered-Lindelöf) and st-l(F [X ]) = c. Or, just
a little bit more general, if X ⊂ R and |X | = κ, then F [X ] is Hausdorff, zero-
dimensional, Moore, hereditary metacompact, weakly separable (hence centered-
Lindelöf) and st-l(F [X ]) = κ.

Now we recall the following definition:

Definition 5 ([27], [24], see [21] for the details). A Q-set is an uncountable set of
reals such that in the subspace topology, every subset of it is an Fσ-set. A Q-set
S is strong if for all n ∈ ω, Sn is a Q-set in R

n (i.e. has the same property in R
n:

every subset is an Fσ-set in the relative topology).

It is a known fact that the existence of a Q-set is consistent with and inde-
pendent from ZFC and that the existence of a Q-set implies the existence of a
strong Q-set.

Proposition 12 ([27]). If X ⊂ R is a strong Q-set, then F [X ] is perfectly
normal.

Assuming the existence of a Q-set, hence of a strong Q-set, X we have that
the space F [X ] for such X is a perfectly normal space that, by Propositions 10
and 11, has all properties of previous example.
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