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1971 — ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS
FACULTAS RERUM NATURALIUM—TOM 33

GENERALIZATION OF AMPLITUDE
PHASE AND ACCOMPANYING DIFFERENTIAL EQUATION

MILOS HACIK
( Received March 5th, 1970)

Introduction. In paper [1] O. Boriivka introduced a notion of the first and the
second amplitude and a notion of the first and the second phase of basis (, v) of the
differential equation

7= q(ny, ()
where the function g(t) — which is the carrier of this equation—belongs to the class C,
in the interval j.

These notions were generalized by M. Laitoch in paper [3] under assumption that
the carrier ¢(7) is negative in the interval j.

In paper [1] pg. 6 a notion of an accompanying differential equation (g,) towards
an equation (¢) is introduced whereby the carrier ¢(f) belongs to the class C; in the
interval j.

This notion is generalized in paper [3] under assumption that the carrier ¢(r) is
negative for every t €.

In this paper we are going to introduce the preceding notions more generally than
in paper [3].

1. In this section we’ll investigate the properties of integrals and their derivatives
of the differential equation (¢), where ¢(¢) € Co(j) and q(t) < O for every € j.

We shan’t take into consideration such an integral of (¢) which is identically
equal to zero. The fact that the function u(¢) is an integral of (g) we’ll denote by
ue(q).

We know from the classical theory that the exactly one integral of (¢) is determined
by the Cauchy initial conditions, i.e. if t, €, uqy, uo are arbitrary numbers, there
exists exactly one integral v € (¢) defined in the interval j that fulfils the initial condi-
tions

u(ty) = Uy, u'(to) = ug.

For simplicity let us have the following registrations:

St w) = o) u(®) + B(e)u' ()
J1t, 0) = o(t) o(t) + B(1) v'(0)

o




) = [(0) + B g ) + L) + FOIr).
S 1 0) = [0 + BO GO0 + [o0) + F0] 00,

We casily find out that there always exists an integral v € (¢) defined in the inter-
val j with such a property that the functions f(t, v) is equal to zero at 7, € j, where the
functions a(f), f(¢) belong to the class C, in the interval j, a(z), f(t) don’t change
their signs in j and at least one of these functions hasn’t zero values in the interval j.
Let us choose such an integral v(¢) that fulfils the initial conditions

(tg) = #B(z0).  V'(To) = —xx(ty),
where 3 is a constant value different from zero.
Definition: Let’s denote by t,(t_,), n = 1, 2,3, ..., the n-th root of the function
/{1, v) which lies after (before) the root t,, so far there such a case exists. Number

7,(t_,) is called the n-th conjugate number towards t, lying on the right (on the left)
from 7, with respect to the weighing functions [a(¢), f(1)].

Lemma: Let (u, v) be an ordered pair of independent integrals of equation (q)
defined in the interval j; w = uv’ — u'v is the Wronskian belonging to it. Let the func-
tions oft), P(t), both of the class C,, be given in the interval j not changing their signs
there and at least one of them having no zero values in the interval j. If f(t) =% 0 for every
1)

ol
tej. let the function —(~ be nonincreasing in the interval j. If «(t) + 0 for every

B(1)

t Lo . . .
1 €. let the function Z(% be nondecreasing in the interval j. Then the function
F(t, ulv)
continually increases or continually decreases for every tej satisfying inequality
f(t, v) * 0, according to whether w < 0 or w > 0.

Proof: We easily derive the following formula

d . —w(e® + af — o' — p2q)

— F(t,ufv) =" ——— —— T 1

G Flulo) o : a
which holds for every 7 € where (£, v) % 0. If f(t) % 0 for every t€j and ;(_3 is

nonincreasing in j, then it follows that
o ! 1’/} - flﬂ' . A
(ﬁ) o 132 S aﬁ a.ﬁ >— 0

and therefore
o+ af’ — B — B2q > 0. @



If a(t) + O for every t € j, we similarly find out that (I) is fulfilled. The assertion of
the lemma follows now directly from the formula (1).

Note: If n < ¢ are arbitrary numbers in j having the property that f(¢, v) is in
{n, &) different from zero, then we obtain from (1)

R, ufo) — FOn, ulo) = — f e f—“ﬁ-;-(}i‘;‘f)”:— o) g

2. In this section we’ll introduce several theorems concerning the zero points of
the function f(t, ), if u € (¢). Let ¢() be continually negative in the interval j.

Theorem 1: Let u € (q). Let functions a(t), B(t) fulfil the assumptions of the lemma
in the interval j. Then if at ©y €j holds f(to, u) = O then the first derivative of f(t, u)
at 1, is different from zero.

Proof: Let
fzo,u) =0

d
[F f(, u)j|‘:10= 0.

This system has non-trivial solution if and only if the determinant of this system is
equal to zero, i.e.

a2(1o) + 2(t) B'(z0) — o'(t0) B(z0) — B(xo) q(o) = 0.

This result is in contradiction to (1). Thus Theorem 1 is proved.

and simultaneously

Note: 1t is evident that the function f(¢, ) changes its sign at 7.

Theorem 2: Let u € (q). Let functions oft), p(t) fulfil the assumptions of the lemma
in the interval j. Then the function f(t, u) cannot have an infinite number of zero points
in the interval {a, by < j.

Proof: Let the function f(#, u) have an infinite number of zero points in the interval j
and let 7, be their limit point. We’ll consider a sequence {t,}, 1, + to;n = 1,2,3,....
of zero points of the function f(¢, 1) so that these zero points converge to t,. It holds
that

S (1) = f(z. 1) —0.

Ty — To

As the function f(z, u) has the first derivative in the interval j, we get

lim S ) = [0, 1) [%_ 1, u)] =0

ner oo Ty — To

which is in contradiction to the assertion of Theorem 1.



Theorem 3: Let u, v be linearly independent integrals of (q). Let functions «(t), p(t)
fulfil the assumptions of the lemma in the interval j. Then, if T < t, are two neighbouring
zero points of f(t, u) in the interval j, so the function f(t, v) has exactly one zero point
between 1, and T.

Proof: It is evident that f(1, v) =+ 0 at 7, and 7. If, namely, there were

S ) =0 k=01
and simultaneously
S, u)y =0 k =0,1

the determinant u'(t) v(t,) — u(ty) v'(7;) = —w(z;) would have to be equal to zero.
Hence it would follow that w = 0 and u, v would be dependent integrals.

Suppose that there exists no zero point of f(#, v) in the interval (4. t,). Evidently
it holds that w > 0 or w < 0 for every 7 €. Now we use the relation (1), which is
positive for w < 0 and negative for w > 0. On integrating this relation from 7, to
7, we have the following equality:

[ o =B~
[F(ufo)l = - f (o 7}%£) —Fa g,

The term on the left-hand side is equal to zero and that one on the right is positive
for w < 0 and negative for w > 0 which is a contradiction. Thus we get that at least
one zero point of f(z, v) lies between 7, and ;.

If there were two zero points 7,; 7, between t, and t,, we could easily prove in the
preceding way that at least one zero point 7 of /{2, v) lies between 7, and 7, . Herefrom
we have

T <To<T<T <714

which is impossible, because 7, and 7, are two neighbouring zero points of f(z, u).

3. Now we'll introduce the polar coordinates of independent integrals u, v with the
weighing functions [a(1), B(#)].

Let (u, v) be an ordered pair of independent integrals of (¢) and let w be its Wron-
skian, Let o(f), B(¢) be the functions of the class C; fulfilling the assumptions of
the lemma in the interval j. Let g(7) belong to the class C, continually negative in the
interval j. Now we define the following function in the interval j:

5 =i + (40 @
This function will be called the generalized amplitude of the ordered pair (u, v) with
the weighing functions [x(¢), B(1)].

Note: If fi(t) = 0, we get the first generalized amplitude. If a(t) = 0, we get the
second generalized amplitude. If o, 8 are constants and o« + 2 > 0, we have the
amplitude with respect to basis [o, ] (see 3 pg. 48). If o = 1, f = 0, we get the first
amplitude, if « = 0, B = 1, we have the second amplitude.. (see [1] pg. 32).
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The function d(¢) satisfies the following differential equation of the second order:
o5, wiel +af — o' — Big)?
" = qo + — - ,‘5_3_,,_,., . +
L o+ @B+ 205 + 27 + ofg’ + B~ AP — 227 = 2Pq — PO

lx2 +‘1ﬁ""a’/} _BZ(I
Doy’ I B2y s
4 Qo —2BB'q — "B+ af” ~ pq)) 5" G)
o +ap —a'f - B
which can be verified by direct calculation.

Theorem 4: Let ty € j, o * 0, be arbitrary real numbers. Then the solutions §(t) of
the differential equation (3), where (ty) = 8o, 0'(ty) = 8. satisfy the following
relation:

3(t) = sgn 3o N2t u) + 11, ), @
where (u, v) is a fundamental system of solutions of (q) which satisfies the initial condi-
tions as follows:

[to) + B'(10) 40] 30 — Blto) 3%

) o 10) + a(to) B'(to) — /(1) B(te) — B(t6) q0
W(t) = L U0) + P10 0] S0 + A1) %
@*(to) + a(to) B'(10) — a'(10) B(to) — B*(16) do
u(tg) = —pk
vty = ok,

where g, = q(to) and k + 0 is constant.

Proof: Tt is evident that the function (4) determines the solution of (3). For every
function (4) there are fulfilled the initial conditions (1) = J,, §'(ty) = J¢: therefore
it is necessary that

8o = sgn 8y . [f*(to, uo) + f*(tg, vo)]
and
8 = sgn 8 . [ (1o, o) + f*(10, v0)] .

[0 (55 50.)_+ g0 00) ]

where u, = ulty), vy = v(ty), uy = '(ty), vo = v'(ty), qo = q(t,)- Hence we obtain
, d d
G085 = flto.uo)| = f(tu) |+ [ltorv0)| < f10) |
di dr
85 = /2o, uo) + [2(to, vo); ]
which is a system of two algebraic equations with four unknown values ug, Vo, 4o, U5 -

11



Let’s take two conditions:
Sty up) = 8

[%f(l “)]:=1°= 85,

_ [o(t) + B(t0) 401 0 — Bl1o) 00
(1) + ate) f(1o) — #'(16) Blto) — B*(10) 4o

and 6)
w = ~Lalto) + B(to) d0] o + alto)d0

(1) + alto) B (to) — @' (16) B(ty) — F(t) a0

Now equations (5) assume the form

f(to, v) [‘:Tf(’a U)]v=: =0,

whence we obtain that

[tg.v9) = 0,
wherefrom we have the condition
(o, v0) =0
with one solution
vo = —pk, vy =ok 0

where k =+ 0 is a constant value. The relations (6) and (7) prove thus the assertion of
this theorem.

Let 7, be any root of /{7, v) in the interval j and 7,(t _,) be the n-th zero point on the
right (on the left) from 7,. It is evident from the preceding results that the function
#(t. ufv) increases from —oo to +co in every interval (z,,7,4+,) where w < 0 and
decreases from +oc to —co, if w > 0. In this case there exists for every t € (z,, 7,44),
v=0.%1, +£2,...., exactly one number

@(1) = arctg F(1, ufv)
n

in the interval (7 ik ; and we can define in the interval j the following function:

T sgn v fort =1
LI v =
o) =12 ¢ ’

arctg F(1, ufv) — v sgnw forre(z,, 1,41)-
This function will be called the phase of an ordered pair (u, v) of independent integrals
of (g) with the weighing functions [x(1), f(1)].

Note: If «, B are constants and «> + 8> > 0 then we get the phase of an ordered
pair (u, v) with respect to the basis [«, ], (see [3] pg. 49). If « = 1, B = 0, we get the
first phase; if « = 0, f = 1, we have the second phase of an ordered pair (u,v.)
(see [1] pp. 31 or. 36).

12



The function ¢(¢) has the following properties:
a. it is continuous for every 7 € j and derivable as well. For its first derivative we
obtain a formula

(1) = ~WEW + a0 B —(; (O ORVAOLIOI

b. with respect to the formula (3) the function ¢(t) satisfies the followmg relation:

- ) (q+<pz)\/ o

o D 2080 2 B~ a2~ 0
o +af —a'f — [3 q
\/_—w(oc + zxﬂ’ - ac[l /izq)
' o
o 2 = 2080 = o'f o = ( \/ W+ af o'~ ) ) ®
o +af —a'f - pq o'

Note: The relation (8) can be written by the help of the Schwarz derivative in ano-
ther form. With respect to it we can say, that the function ¢(t) satisfies the fol-
lowing differential equation of the 3-rd order:

—lost) — ¢ =
L 2B+ opq’ + LB+ 2B + BBl — «f - 207 — 20'Bg — B
o+ af —af — g

+ o+ of o — B q(

Y. )
o+ o — o — ﬁz)

If a, § are constants, «* + B2 > 0, then the equation (9) has the form

, aﬂ, IR ,
—{w;r}—w2=q+ iy Vo /;q(r\];z—_?;). (10)

If « = 0, f = 1, then we obtain the form

—foiy -9 =g+~ q(v = (n
J-4
which is the well known equation satisfied by the second phases of (g).
If « = 1, B =0, then we obtain
—{p:ty— @ =¢q (12)

i.e. the Kummer’s equation satisfied by the first phases of (¢). Concluding this note
we can say that the equation (9) is a certain generalization of the Kummer’s equation

(12).
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Theorem 5: Let u, v be linearly independent integrals of (q). Let the weighing functions
o), B(t) belong to the class Cy and fulfil the assumption of the lemma in the interval j.
Let 1, be a zero point of (1. v). Then for every t € j there holds:

Sf(t,u) = sgn [Hd’— f(t. u)] ) (1) sin (1),

f(t. v) = sgn [HdT f(t. v)] - 8(t) cos o(t).

Proof: If t € (14; 1,), there holds
tg o = F(t, ulv)

and — 2 < @< ;i Then evideniiy

i
sin @ = kf(t, u) a3
cos ¢ = kf(t, v),
where & # 0. On squaring and adding we have
1=k252:>|k|=§—, 14)

As the function cos ¢ is positive for 7 € (74, 1), we can take the sign of (14) so that
the second equation of (13) is fulfilled. But it holds that the function f(z. v) is positive
(negative) in (z,, 7,) if and only if [%f(n v) is positive (negative). Now we get
r=ro

the assertion of the theorem from the relations (13) and (14). Thus the theorem is
proved.

4. Now we are going to introduce a notion of the accompanying differential equation
towards (g) with the weighing functions [a(?), B((1)].

Theorem 6: Let u e (q). Let a(t). f(t) be of the class Cs and fulfil the assumptions
of the lemma in the interval j. Let q(t) belong to the class C, and be continually negative
in the interval j. Then the function

0 P | UL R 15
» V/uz+aﬂ'—a' _Igzq
is a solution of the differential equation
Y =aqny, @y)
where
a0 + 20B'q + afq’ + "B +
) + 2ﬁ,2q + ﬁ/ /q; — al/])l _ 2(1,2 'T Za'ﬁq _7l}guq
G=9% p P —
o +af’ —o'f - g
S 1 "
Vo +ap —of— qu( S S -;) . (16)
Va? + of’ — o' — 2



The proof will be easily verified by direct calculation.

Definition: Differential equation (q,) is called the first accompanying equation
towards (¢) with the weighing functions [o(?), (¢)]. The first accompanying equation
towards (q,) is called the second accompanying equation towards () with the weigh-
ing functions [«(z), B(2)], etc.

Note: If a, B are constants, then

apq’ :
Gi=q+ 5+ Vo — [j’zq(f e
ot — f%q Va?
is the carrier of the first accompanying equation towards (q) with respect to the basis

[«, B (see [3] pg. 50).
Ifox =0, =1, then

a7

is the carrier of the first accompanying equation towards (q), if ¢ < 0 (see [1] pg. 7)-
Note: With respect to the preceding definition we can write the relation (9) in the
form
o1t} =97 = q.0), (18)
where ¢,() is the carrier of the first accompanying equation towards (g) with the
weighing functions [«(?), B(1)].
Example: Consider that for ¢,() in relation (17) there holds:

Hence it directly follows that

wherefrom

W= peeray "W

and the differential equation (¢) has the form

—1 o?
LA [ T 19
' (ﬁ’CZ(I v )y
We find out by calculation that the carrier of the first accompanying equation (41)
towards (19) with respect to the basis [, f] has the form:
1 o? 2a

+ o+

R S TR A A )

15



and prove by complete induction that the n-th accompynying equation towards (19)
has the form

RO e S . St O
T A A T BRIy T

Note: If we put « = 0, f = 1 in relation (20), then the differential equation (20)
is identical with (19) and we get the case solved in [2] for ¢ < 0.

Theorem 7: If U € (q,) is an arbitrary integral, then there exists the integral u € (q)
such that

—= f(t “) e = U(1).
Jat v of —af— fq
Proof: U(t) is defined by the following initial conditions for 7, €
U(zo) = U, U'(ty) =
It is necessary to choose for u € (¢) from relations

f(zo ""n)

V() + alzg) B (z0) — 7(20) Blzo) — B(ro)a(e)

[,”f(“‘)] -

+
NE (To + ’X(Tn)ﬁ (7o) — %(10) B (fo) ﬂz(”o) (7o)

S0 )( S _) A
2+az5—a/; B2q Ji=c

an integral v € (q) satisfying the initial conditions

u(to) = tg, (1) = ug:
it is however sufficient to choose

1
g = =

Vot (aq) + alo) B(50) — o (20) B(zo) — F(z0) a(z0)

{uo[m )+ B (1) + Bleo) (o) + alzo) B(zo) — 7(20) Blro) — F(r0) 4(z0) -
1 ,
= B(zo) Uy s
(\/a +o:[3 aﬂ [iz )r=m] o) }

1

ug = —

Ve (z0) + alzo) B (v0) — #/(50) Blza) — B (o) a(zo)
. {aao) Uy - Uy [am)\ 2 (z0) + (ta) B (20) — #(20) B(ro) — B(eo) alea).

( %ﬁﬁ) e = ) ol
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The proof will be easily verified by direct calculation.

Concluding this paper I should like to express my gratitude to Prof. RNDr.
M. Laitoch CSc., for suggesting the idea to study this problem, and for his valuable
advice.
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Resume

ZOVSEOBECNENIE AMPLITUDY, FAZY
A SPRIEVODNEJ DIFERENCIALNEJ ROVNICE

MILOS HACIK

V tomto ¢lanku je skimand diferencialna rovnica
y'=q)y, @
kde g(r) € C,(j) a q(t) < 0 pre v8etky 7 €, z hladiska vlastnosti linearnych kombi-
nécii jej integralov a ich prvych derivacii vzhlfadom na vahové funkcie [x(?), A(1)).
Funkciou . o o o
() = V) ut) + BO) wOF + [(t) o(t) + ) (D)
je zavedena zovSeobecnend amplitiida usporiadanej dvojice (v, v) nezavislych inte-
gralov rovnice (g) s vahovymi funkciami [e(f), B(z)]. Dalej sa z tohto hladiska pri-
chadza k pojmu faza usporiadanej dvojice rieSeni (u, v) rovnice (¢) a tiez k pojmu
sprievodnej rovnice k rovnici (¢) vzhladom na vahové funkcie [a(?), B(2)].
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