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SIMULATION OF DYNAMIC SYSTEMS
WITH A TRANSFER FUNCTION OF THE TYPE
‘n=m EXCITED BY THE DIRAC FUNCTION

KAREL BENES
(Received April 30th, 1983)

Investigations of dynamic systems excited by the Dirac function are of great
significance both from the mathematical and the technical point of view. The Dirac
function is not directly generable and therefore another equivalent description
of the investigated system is sought wherein the Dirac function does not occur,
or with smalter requirements on accurasy, the Dirac function aray be approximated
by a reslangle or an exponential impulse.

The transfer function is defined as a ratio of the Laplase images of the output
and input magnitudes with zero initial conditions, i. e.

Y(s) _ b,s"+ Boys™ ' + ... + bys + by

H(S):—‘ - ’
Z(s) as" +a,_ " P+ ... +as+a

(M

where m, n are non-negative integers numbers. Ass.:me m = n, a,, b, = constant,
a, = 1.
The transfer function (1) may be put into an image form of the differential equation

S"Y(s) + a,_ 5" Y(S) + ... + apY(s) = )
= b, "Z(5) + byp_15""1Z(S) + ... + boZ(s),

which is also the Laplase image of the differential equation
Y 4 a, "D 4 agy = 0,2 4 by 2D L+ bz (3)
Equation (3) is generally programmed in the form of a system of the differential

equations
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’

Y1 = boz — ayy,
Vo =biz—ay+y.,
Vs = bz — ayy + y,, )]

y”l = bn—lz — Ay + Va1
y =bz+y,

]

Certain difficulties arise if z = d(¢) is the Dirac impulse defined by the relations
8(t) = lim (t, €) )
6(t,e) =0 Et‘gr t <0,
5(1,6):% for0<t=<e¢
o(t,e) =0 for t > e,

}oé(t)dt = j 5(t) = 9(1), (5a)
- 0

where
() =0 for t <0, (5b)
() =1 for t 2 0.

If we bring to the input integrator the Dirac function 8(¢) (see figure 1), then we

get a step function 9(r) on its output (under the assumption that the integrator
changes its sign), i.e.

t t
u(t) = = (u(t) + (1)) dt = — [u(t)dt — (). (6)
0 0
7 1)
SQ) ‘ d
°ﬂ>ﬂ"nﬁu({)di-1ﬂﬂ ()= ;(,«/(()dé-r(f)
i({) . e (t) '
Fig. 1

Integration of the function 8(¢) is thus equivalent to placing the initial condition
-3 = —1.

Figure 2 illustrates a program block for solutions of system (4) for m =n — 1
if the function z = 6(¢) is realizable. If the Dirac impulse is not realizable, then
the block in figure 2 may be re-plotted on the ground of relation (6) —see figure 3.
Thus, no difficulties arise for » > m in modeling dynamical systems exited by the
Dirac function. Another situation is in case of the function n = m, where the
response y is obtained by the last equation of system (4) on the output of the
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adder. Figure 4 shows a not realizable program block (z = d(¢)) for such a case.
Let us assume the Dirac impulse in time ¢ = 0, multiplied by the coefficient b,
to pass from the output of the adder over the coefficients a; to the inputs of the
relative integrators, where —according to (6)—it proves as a further equivalent
initial condition——(—l)”"'ajb,,, The program block by figure (4) may then be

. (‘1); . (—1)‘/:4
L

Fig. 2

Fig. 3
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re-plotted to the form of figure 5. The program block in figure 4 is described by the
system of differential equations (4). If we put z = 6(1), then the program block
in figure 4 is described by the system of equations

o)) o 1) TR Q@)

/‘4-4, e
ﬂ-ff
-
1) J/
Fig. 5
(=D = —6f (=1D)"agy dt + (=1)"bod(1) M

(=D"y, = —g [(=D"ayy + (=1)"y,]dt + (=1)"""b,8()

(=1)" Uy = —g[(—l)""'a,-y + (=D y]de +
+ (=1)"7b,;%()

t
—Vn= ——5 [-an-ly + (‘1)1yn‘1] dt — bn—l'g(l)
0
Y =y, + b,560). (7a)
Inserting the value of (7a) for y in (7) we get on the ground of (6) that

(=19 = = [ (=103, dt = (=1)'agh, 1) + (= 1Vbo3(0) ®)

(=D)"ly, = -—g [(=D"""ay, + (=1)"p;1dt = (=1)""a;b,8(1) + (= 1" 'b, (1)

(=" Ty = —g (=" ay, + (=" "1y 1dt = (=1)"a;b,58(r) +

+(=1)""b; (1)
—Vn = —(.)f [_an—lyn + (—l)lyn-—l] dt + an—lbn‘g(t) - bn-l‘g(t)
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The last two expressions on the right sides of system (8) may be regarded as the
initial values of the relative functions (—1)"""y;,,. The program block in figure 5
is described by the system of equations (upon substituting 'y = !y,).

(=D, = =] (=1 g’y dt + (=1 (B — agb) 50, ®

(=1, = —g (=" ay 'y, + (=D"'yJde + (=D)" 1 (by = asby) (1),

(=1 My = —g (=" a;'y, + (=D"7" yJde + (=)' (b; ~ a;b,) 9(1),

t

'—1yn = —6[ [—an-11yn + (_1)1 1yn—l dt — (bn—l - an-—lbn) S(t)

On account of the fact that systems (8) and (9) are (up to the notation of variables)
identical, it holds y, = 'y,, then also the program block for ¢ > 0 in figures 4 and §
are equivalent. The input value y for i = 0 by figure 4 and (7a) is given by the
relation y = y, + b,6(1). The output value 'y by figure 5 is given by the relation
'y = 'y, = ,. Figures 6 and 6a show the course of the values y and 'y by the

s

7 J

/ /
Nt ~__“~ ¢

Fig. 6 Fig. 6a

program blocks in figures 4 and 5, respectively. If z = §(z), then, by (1), the image
of the output magnitude y is given by the relation (n = m, a, = 1).

(bn-l - bnan—l)sn‘l + (bn—Z - bnan—Z)S"_z + ...+ bO - aObn _

Y(s) = b, + —
+ ... + aq

s" + a,_ys

S (baos — ay_iby) " (10)
i=1

=b,+ o1

s"ta, 8"+ L+ ag ’

The first term on the right side after the inverse transformation gives b,d(¢), the
second term (a lineair system with constant coefficients is concerned) is an image
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of functions of the type Azfe* cos (wt + ¢). If the numerator is a multiple of the
denominator, i.e. b; = ka;, b, = k, then

n—1

Y(s) = ks" + ka,,_lsn_l + ... + kay —k (11
sS"ta,_ 5"+ Fag
and y, = kd(t) as can be seen in the program block in figure 4. If for instance
the system with the transfer function
2
H(s) = Y(s) _ bys”™ + bys + by ’ 12)

Z(s) s> + ays + ag
is investigated, then, with z = (), the image of the response y has the form

b252 + bls + bo _ b2 + (b1 - a1b2)s + bo - aob2

o = 22 :
S+als+ao S+als+ao

(13)

Solving the task by means of the progiam block on the ground of relations (9)
and by figure 5, then the program block for m = n = 2 has the form by figure 7
and is described by the system of equations (for 7 = 0, 3(f) = 1)

t
(14) -y, = —j(“h)’z + y)dt — by + ab,,
0
t
Y= “Jaohdt + by — ayb,,
)

Performing the differentiation we find that
=Yy =ayy; =y, (14a)
Y1 = —aeys,

where for the initial conditions by (14) and figure 7 y,0, = by — a;b,, Y10y =
= by — ayb, hold.
Putting the system of (14a) to a second order differential equation for Y, 8ives

Vi +ays +agy, =0 (14b)

v(t)
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with the initial conditions Y20y = b1 — a1by, Y30y = —aib; — aiby) + by —
— ayh,. The Laplace image of (14b) has then the form
s2Y,(s) — s(by — a,b,y) + ajtby — ayb,) — by + agh, + a;5Y,(s) —
- al(bl - albz) + aOYZ(S) = 0,
ie.
$2Y,(s) — s(b, — ayby) — by + agh, + a;sY,(s) + ayY,(s) =0,
whence
as) Yy(s) = L= b2 s bo = aobs

2
s+ a;s  ay

The image of the response is the same as the second part of the expression on the
right side of equation (13). For ¢ > 0 is thus y, = y. And the program block by
figure 4 may by replaced by that of figure 5.

Souhrn

SIMULACE DYNAMICKYCH SYSTEMU
S PRENOSOVOU FUNKCI TYPU m=n
BUZENYCH DIRACOVOU FUNKCI

KAREL BENES

V préci je popsana moznost modelovani pienosovych funkci typu m = n systémi
buzenych Diracovou funkci. Na zakladé odvozenych vztahl je ukazano, Ze odezvu
je mozno sledovat pro t > 0.
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Pesiome

cumviaAauuda INHAMUYECKUX CUCTEM
C MEPEJOTOYHOW ®VHKLUUEN TUIIA m=n
BO3BYXJEHHbBIX ®YHKIOMNEN JUPAKA

KAPEJI BEHEIIL
B paGore ommcaHa BO3MOXHOCTb MOJEJUPOBAHMS MEPEAATOYHBIX (YHKLHH

TUIIA M=H cucTeM BO30yxnéuneix (yHkumeir dupaka. Ha ocHOBe mOKa3aHHBIX
OTHOILECHHH MOKA3aHO YTO BBIXOIHBIA CHIHAM MOXHO MOBTOPHUTH Ui T > 0.
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