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Abstract: In the present work, we state our new lower bounds for the greatest prime factor
of algebraic numbers of the form az™ 4 by™, together with a brief survey of related results.
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1. Introduction

The first important result about prime factors of integers of the form az™ +by™ goes
back to Zsigmondy [17] and Birkhoff & Vandiver [1], who proved that P[z™ —y™] >
n + 1 for all integers n > 6 and all relatively coprime non-zero integers z and y,
with £ # +y. Here and throughout the paper, we denote by P[z] the greatest prime
factor of the norm of the algebraic integer z, with the convention that P[0] = 1 and
P(z] =1 when z is a unit.

Mahler [11] proved that the greatest prime factor of az™ + by™, where m > 2,
n > 3, a and b are fixed non-zero rational integers, tends to infinity as X :=
max{|z|,|y|} = oo with z, y € Z, ged(z,y) = 1. His proof was based on the
method of Thue and Siegel and hence was ineffective. Using explicit upper bounds
for the solutions of the Thue-Mahler equation, obtained by means of the theory
of linear forms in logarithms, Kotov [10] gave an explicit version of the above
theorem of Mahler, which, a year later, has been extended by Shorey et al. [13] as
follows. If a, b and n > 2 are fixed non-zero rational integers, then Plaz™ + by"]
tends effectively to infinity as the integer m grows to infinity, independently of the
coprime rational integers = and y. Shorey [12] derived an explicit form of this result,
and Shorey & Tijdeman [14, Chapter 10] generalized it to the number field case.

Recently, Bugeaud & Gydry [5, 6, 2] have developped a new approach for giving
explicit upper bounds for the size of the solutions of classical diophantine equations.
This turns out to have interesting applications to the questions considered here and
it allows us to considerably sharpen the above-quoted explicit results of Kotov [10]
and Shorey [12]. In the present work, we state our new lower bounds for the greatest
prime factor of az™ + by™, together with a brief survey of related results.
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2. Notation

In the sequel, K always denote a number field, and we write N for the norm from
K to Q. We refer the reader to [5] for the definitions of S-norm and S-regulator,
where S is any finite set of places on K containing the set of infinite places. We
also denote by h(a) the absolute (multiplicative) height of the algebraic number a.
We warn the reader that, in the proof of Theorem 3, we use results of [5] without
recalling them here.

Further, by constant, we always mean effectively computable positive constant,
and we specify into brackets the parameters from which it depends. Finally, we
denote by p1 = 2,p2,...,pt,... the sequence of prime numbers in increasing order.

3. Lower bounds when the two exponents are fixed

Let f(X,Y) be a binary form with coefficients in the ring of integers of a number
field K and assume that the polynomial f(X,1) has at least three distinct roots.
Following the classical proof leading to explicit estimates for the size of the so-
lutions of the Thue-Mahler equation, several authors obtained a lower bound for
the greatest prime factor of f(z,y), where z and y are algebraic integers in K. In
Theorem 1 below, we present a simple version of their results.

Theorem 1. There exists a constant ¢y = c1(f) such that

P[f(z,y)] > e1(f) loglogmax{|N(z)|, IN(y)], e},

for all coprime algebraic integers x and y in K.

Proof: See Shorey et al. [13] or Gy6ry [7]. The main tool is Baker’s theory and its
p-adic analogue. O

When f(X,Y) = aX™+bY™, with a and b non-zero algebraic integers, Theorem
1 is a particular case of the following result.

Theorem 2. Let a and b be non-zero algebraic integers, and let m > 2 and n > 2
be integers satisfying mn > 6. Suppose that © and y are coprime algebraic integers
in K. Then there exists a constant ca = cy(a,b,m,n) such that

Plaz™ + by™] > c; loglogmax{|N(z)|,|N(y)|, e}

Proof: See Bugeaud [3]. Notice that Kotov’s result [10] involves the function
(loglog)'/? x (logloglog)!/? instead of loglog. O

4. Lower bounds when only one exponent is fixed

As mentioned in the introduction, Shorey et al. [13] and Shorey [12] were the first
to prove that Plaz™ + by™] tends to infinity when only one exponent is fixed. It
is interesting to note that the Thue-Siegel-Roth-Schmidt method seems to fail to
prove an ineffective version of Theorem 3.
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Theorem 3. Let a and b be non-zero algebraic integers and let n > 2 be an integer.
Then there ezists a constant c3 = c3(a,b,n) such that

Plaz™ + by"] > c3 logm,

for every non-zero coprime algebraic integers z and y, where z is not a root of
unity.

Proof: See Bugeaud [4]. Notice that Shorey’s result [12] involves the function
(log)1/2 x (loglog)!/? instead of log. O

5. Lower bounds for Plaz™ + by™] in terms of m

In the case of binary recurring sequences, Theorem 3 has been considerably refined
by Kunrui Yu and Ling-kei Hung [16] (see also the works of Stewart and Pethd
quoted therein). Let a, b, z and y be algebraic integers such that abzy # 0 and z/y
is not a root of unity. Further, set K := Q(a, b, z,y) and denote by d the degree of
K and by hgk its class number.

Theorem 4. There exists a constant c¢ = c16(d, a,b, hk) such that
Plaz™ + by™] > c16 m/ @+,

Proof: See Kunrui Yu and Ling-kei Hung [16]. The main tool is a precise lower
bound for linear forms in two p-adic logarithms. However, they also need an esti-
mate for linear forms in three archimedean logarithms. O

When the sequence (az™ + by™) is a Lucas-Lehmer sequence, Theorem 4 can be
considerably refined, as shown by e.g. Schinzel and Stewart (for references, see the
Notes at the end of Chapter 3 in the book of Shorey & Tijdeman [14]).

Let a and 3 be algebraic integers such that o + 3 (resp. (o + 8)?) and of
are relatively prime non-zero algebraic integers and a/8 is not a root of unity. For
n > 0, we define the Lucas (resp. Lehmer) sequence (u,) by un = (a™-8")/(a—f)
(resp. by u, = (o™ —B")/(a® — B%), with § = 1 or 2, according as n is odd or even).

Theorem 5. For any Lucas or Lehmer sequence (um), we have
Pluy,)>m—1 for m > e*2457,

Proof: See Gyéry, Kiss & Schinzel [8]. The proof highly depends on properties
of cyclotomic polynomials. Note that we can replace 452 467 by the much smaller
constant 30030 (see the recent work of Voutier [14]). O

6. .An upper bound

Let a, b, r and y be non-zero integers. There is a wide gap between Theorem 2 and
the trivial estimate Plaz™ + by™] < exp{c17 log(|z| + ly)}, and it seems difficult
to conjecture which is the true order of magnitude. Nevertheless, using an idea
due to Gy6ry and Sarkdzy [9], we are able to refine the trivial upper bound for
Plaz™ + by"] in a particular case.
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Thecrem 6. Put Q; = py ...p;. There exists an absolute constant ci1g such that for
every non-zero integers x and y and for every t > 1, we have

Pla® —y?] < (|| +Jyl) " &/ 10

Proof: We follow the argument of Theorem 3 of [9]. Denote by ®,(X,Y) the n-th
homogeneized cyclotomic polynomial and let z, y be non-zero integers. Since for
every integer n > 1 we have

Xt—yn= H d4(X,Y),
dln

we deduce that

Plz™ — y"] = max P[®4(r,y)] =max P[ H (z — e?mi/dy)
din o DigicaGa=

< P +

< max [ | H (Il Iyl)J
1<j<d,(j,d)=1

»(d)

< max (Ja +[y) ™,

where ¢ is the Euler totient function. To conclude, it is sufficient to note that there

exists an absolute constant ¢; such that (Q:) < c15 Q¢/ loglog Q; for every t > 1

(see [9]). O
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