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KYBERNETIKA — VOLUME 27 (1991), NUMBER 6

QUALITY OF OPTIMUM STATISTICAL ESTIMATES
IN CASE OF AMBIGUITY

IVAN VRANA

An ambiguity of measurements is encountered when observations are taken modulo a constant.
Paper Vrana [1] has introduced an optimum estimation rule for this case. In the present paper,
a behavior of an estimation error is investigated in the case of ambiguous observations. 1t is
shown that the classical approach cannot express the quality of the estimation properly. A three-
measure concept is therefore introduced. Equations for these measures and also for bounds are
developed.

INTRODUCTION

Paper [1] deals with the problem of the optimum statistical estimation of the
quantity X which cannot be observed directly, but whose observation equation has
the form '

F = (X + 4) modulo 1, (1)

where F is an actual observation, A4 is an observation error and 1 is a given constant.
Equation (1) is ambiguous because there is generally no one-to-one relation between
F and X. Equation (1) is unambiguous only in intervals shorter than A.

Interval A of unambiguous estimation can be considerably extended by perform-
ing observations through several different periods 1;, i = 1,2, ..., N. The quantity
A is the least common multiple of the used periods 4;, 4 = n;4;, n; are mutually
non-divisible integers. The global radio navigation system Omega is an example of
the technical application of this principle. In the Omega system, the original intervals
of unambiguous estimation are given by the wavelengths 4; of the used signals which
are about 30 km. The least common multiple A of these wavelengths is about 18 000 km.

The optimum estimation rule of unambiguous estimation was developed in [1]
for the case where observation errors are normal random variables. It has been shown
there that various criteria of optimality lead to the same form of the optimum estima-
tion rule.

In the present paper we shall investigate the question of how to express the quality
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of estimation for the above mentioned case. We shall introduce the concepts of
“trunk” and “branches” of estimation and we shall show that the quality of estima-
tion should be expressed by triple measures: probability of a mistake, the mean
value and the variance of a correct estimation.

1. STATISTICAL MEASURES OF QUALITY

In accordance with Vrana [1] we shall use the following notation. Let Ry be an
N-dimensional Euclidean space. The term vector will always mean some element
of space Ry. The vectors will be indicated by boldface letters or expressed in a com-
ponent form, while components are real variables, e.g. D = (D, ..., Dy) € Ry.

Analogically as in [1], this notation will also be used
N

D=Q=Q
i i=1
if not indicated otherwise, where the symbol Q stands for operations Z, H, U. DO-
In [1], we have the following formulation of the estimation problem. We must
estimate the real quantity X e <0, A) through an observation of the vector F with
the components

F;=(X + 4)modulo 4;; i=1,..,N. (1.1)
The value :
D, =X + 4, (1.2)

is the ith true observation. The true observations are not available to us. Observation
errors A; are independent zero-mean normal random variables with small variances
04, The constants A; are mutually commensurable with A as the least common
multiple

Any;=A; i=1,..,N. (1.3)
It follows from (1.1) and (1.2) that '

F; = D;modulo 4; = d{(m;) modulo Z;; i=1,..,N. (1.4)
A set {d(m;)} of so called fictive observations d; is assigned to each D,

d(m)=D,+md;: i=1,..,N, m=..—101,.. (1.5)

The fictive observations replace the inaccessible true observations D; in (1.4). The
set of all vectors d = (dy, ..., dy) will be denoted by 2. Every value of the true
observation D, yields a set of fictive observations {d,}, according to (1.5). Only one
element of this set has the value of the true observation D,. Analogically, a finite set
of vectors of the fictive observations {d} corresponds to vector D of the true observa-
tions

2 :={d} = Ry ‘ - (16)

and D e & also holds.
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Paper [1] solves the problem of optimum estimation for two typical cases. In the
first case, when X is an unknown but nonrandom quantity, the maximum likelihood
estimation rule is derived. In the second case, when X is a random quantity with
either uniform or normal distribution, the optimum Bayesian estimation rules are
developed.

It is shown in [1] that the optimum estimation rule consists of two steps. The
first step selects the unique vector d from the entire set & of vectors d and this removes
the ambiguity of estimation. The second step then performs the estimation of quan-
tity X using the selected vector d of fictive observations. The first step can decide
in two ways:

a) d=D (1.7)
i.e. the selected vector of fictive observations d equals the vector D of the true ob-

servations. We shall say that the estimate X belongs to the rrunk (of estimates)
in this case;

b) d=D (1.8)
which is the opposite case to (1.7). We shall say that the estimate belongs to branches
(of estimates) here, when the selected vector d does not coincide with the true ob-
servation D.

The estimation from the trunk is the same as the classical optimum estimate (when
all true observations are available and, therefore, no ambiguity exists). If [A,-| < 34,

then the error of estimation (without a priori information) does not exceed a haly
of the largest period 4;

imax

1% — X| < 14 (1.9)

imax

The trunk is the desirable result of the optimum estimation rule. The estimate will
be considered as the correct estimate if and only if it belongs to the trunk.

On the other hand, if X belongs to branches, then the deviation |[X — X| is generally
greater than periods A; or observation errors 4;. The branches are undesirable results
of the optimum estimation rule. If the estimate belongs to the branches, then this
event will be considered as a mistaken estimate. It is possible to use some suitable
method (e.g. coincidence) to distinguish and remove mistakes when repeated estima-
tions are performed.

In our case, the quality of estimation shall be expressed by the following three
measures:

1) Probability of the correct estimate P,;

2) Average value of the correct estimate E, = E{X|d = D};

3) Variance of the correct estimate o7 = ¢%{X
We have seen in [1] that:

— estimates of a nonrandom quantity X with a uniformly distributed additional
observations 3, or without any additional observation and also the estimates of
a random quan‘tity X with a uniform distribution p(X) have an identical structure

o
I
o

V.-v—/
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of the optimum estimation rule consisting of the following two steps:
" 1) Find the vector 3 € & for which it holds that

N-1

d:min Y Z [(d; = d)|os04] := Z Z [(3 d)les04]*  (1.10)

ded —ln i+1 i=1n=i+

2) Calculate

N . ‘
= (X difoi,)/a | (L)
where ‘ '
a = Y1/o;, = const. o (1.12)
We shall use for all these cases the common name: estimates without a priori in-
formation;

— estimates of a nonrandom quantity with a Gaussian additional observation 3
and also the estimates of a Gaussian random quantity X have an identical optimum
estimation rule consisting also of two steps:

1) Find the vector d e 2

dmuz Zmi d)os04 ] + S[(d; — 9)os0)7) =

—‘jz:..zx [(d; = d)|osos > + Y[(d; — 9)os05]" . | (1.13)
2) Calculate .
X = (8)o; + Yd)[o3)|(1)os + a). c (1.14)

We shall call these cases the estimate with a priori information.

2. QUALITY OF ESTIMATE WITHOUT A PRIORI INFORMATION

The optimum estimation rule (1.10) and (1.11) can be expressed also in the form:
For each vector d € & calculate a pair of quantities

X = (Sd/o2)a = X(d) (2.1)
h=Y(% - d)*o?. = h(d). . (2.2)

That value X € {X(d)} is the optimum estimate X to which the smallest value of h(d)
belongs; d € 9.

The fictive observations can be expressed in the form
d;=D;+ mik;; i=1,...,N, m,;isan integer . ‘ (2.3)

Substituting d; = D; into (2.1) we obtain a pair of values X = X, and h = h,
which correspond to the trunk

%7 = (IDifas)a o (29
e = $(r - D)o )
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Analogically, substituting (2.3) into (2.1) and (2.2) we get, for each d + D, the pair
X; and h, which corresponds to branches.

Xs=X%X; + Omidfol)a; m+0=1{0,..,0}, (2.6)
hg=hy + Y+ Z (2.7)
where '
Y = Sad, : (2.8)
o; = 2[md; — (Ym;A;[e3 )allo,, = const. (2.9)
j
Z = Y («,/2)* = const. : (2.10)
5i - Ai/ddi . . ’ . . (2.11)

The normalized observation errors §;,i = 1, ..., N, are independent random variables
and have the Gaussian distribution .4°(0, 1). The quantities Z < Z(m), Y = Y(m),
a; = o,(m) are the functions of the vector m.

We get the correct estimate if and only if it holds

hg > hy (2.12)
for all vectors m + 0. Then it should hold v
Y(m) > —Z(m) : (2.13)

according to (2.7). ~
Let . be a set of all vectors m for which it holds: d,e (D, — 14; D; + 34);
d + D. A complementary vector m* e .# exists to every m € .4 and it has components

mf = —m;. (2.14)
Substituting this into (2.8), (2.9) and (2.10) we get

a(m*) = —oy(m), (2.15)

Y(m*) = —Y(m), (2.16)

Z(m*) =  Z(m). (2.17)
Vector m* does not cause, a mistaken estimate if it holds

Y(m*) > —Z(m*). (2.18)
Using (2.16) and (2.17), the last relation (2.18) can be arranged into the form

Y(m) < Z(m). (2.19)

According to (2.13) and (2.19), the mistake does not happen for the complementary
pair of vectors m, m*, if

—Z(m) < Y(m) < Z(m). (2.20)

Remark. As we have seen in [1], the process of estimation has a periodic solution
with a period A. We can, therefore, follow through this process for fictive observations
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from any interval of the length 4, e.g. d; € {c; ¢ + A). Choosing this interval sym-
metrically around D;, we gain a simple expression of the complementary vector m*
by (2.14). The general position of the interval gives a more complex expression for
the complementary vector m* but finally we obtain the result (2.10) again.

For the given vector of normalized observation errors §, we obtain the correct
estimate if and only if the mistake does not happen for any complementary pair
of vectors m, m* ¢ ./, i.e. if it holds

Y(m)e (—Z(m); Z(m)); me . . ' (2.21)
Let us consider 6 as the vector of coordinates of a point in the N-dimensional

space Ry. Then (2.21) defines a volume ¥°(m) between two parallel hyperplanes
(m), U(m*) for each m € ./. This pair of hyperplanes is defined as follows

«(m), U(m*): Y do(m) = +£Z(m). (2.22)
The equation defining %(m) differs from the one for %(m*) only by a different sign
on the right hand side. The volume ¥°(m) between these hyperplanes will be called

the hyperlayer. Both hyperplanes, %(m) and %(m*), have the same distance r
from the origin

r=2ZI/(Xof) = 5 J(Xa) = r(m). (2.23)

If, for instance, N = 2, then (2.22) are equations of two parallel straight lines

8,0y + 8,0, = +Z and the hyperlayer ¥"(m) is a strip of the plane between these

two parallel straight lines. If N = 3 then (2.22) are equations of two parallel planes

80y + 8,00, + 303 = +Z and the hyperlayer ¥'(m) is a part of a 3-D space between

these two parallel planes, etc. An example of this situation is shown in Fig. 1 for
N = 2 and one complementary pair m, m* e /.

e

S > %

S
.;\«\\\ /

Fig. 1. Hyperplanes, hyperlayer and its width in space R,.

S11



The equation of the correct estimate (2.21) is equivalent to the following relation-

ship
deNV(m):=w. : : (2.24)
me#l
The correct estimate is therefore obtained if and only if the point with the coordinates
d falls into the volume #". The probability of the correct estimate P, is then
P.=[...{p(s)ds. (2.25)
W

In a general case, it might be very difficult to calculate P, from (2.25). In addition
to the difficulties of calculation of the integral itself, difficulties exist already with an
analytical expression of the integration domain #". We have, in fact, two possibilities
to determine the probability of the correct estimate:

1) To use a suitable Monte-Carlo simulation method. For instance, generate the
vectors 6 with independent Gaussian componeats and test (2.21) after each attempt;

2) To find an upper bound P, and a lower bound P, for the probability of
a correct estimate P,. We gain the upper bound e.g. by integration in (2.25) over
the domain #"; where #~ < # . Similarly, we get the lower bound by integration
over the domain #;, < # . It just remains to make suitable selection for domains
Wy, Wi so that it will be possible to calculate the corresponding integrals.

Use of the simulation method is straightforward. In the following two sections
we shall deal with the problems of calculating P, and P,;.

-

2.1. Upper Bound

Let us arrange the hyperlayers “//(m) in accordance with an increasing order
of their “widths” 2r(m) and denote them 7y, ¥",, ¥"5 .... The thinnest one is the
hyperlayer ¥, which is determined by a pair of hyperplanes %, and its width is
2ry, etc. Clearly it holds

W v, . : (2.26)

Individual pairs of hyperplanes %; can have general directions with respect to
axes of used coordinate system C. Let us create a new coordinate system C’ by a rota-
tion of C around the origin so as to obtain the first axis of C’ perpendicular to the
hyperplanes % ;. Some functional relation

6;=9g/0); i=1..N (2.27)
holds between the coordinates d in C and coordinates &’ in C'. It holds

j;ﬂ;' [ p(8)ds = j;}f I p[g1(8"), ..., gn(8)] || d&’ (2.28)

where J is Jacobian of the transformation (2.27). The transformation C —» C’ is
orthogonal, see Dettman [2, §1.7] and thus |J| = 1 and

Yo =Y. | (2.29)
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The joint p.d.f. of the normalized observation error (2.11) has the form

p(8) = (1//(2n))" exp (- Y.62)2) . o (2-30)
Accordingto (2.29) Lo il
p(8) = (1]/(2m))" exp (— 25’2) | (23
We can see that the coordinates §; are statistically independent Gaussian random
quantities A47(0, 1).
In the coordinate system C’, the hyperplanes %, are generally given by

Uyt Yoy, = +27 . (2.32)
It holds ‘

a4y =0 for i=2,..,N ' 5 s (2.33)
due to perpendicularity of the coordinate axis ; to the hyperplanes %,. Thus - ‘

Uy: 610y, = +Z7 . s o (2.34)
Then, according to (2.23) | | Lo |

U0y = try. O R (2.35)
Therefore, the hyperlayer 7, is in C’ given by . . , :

V8 e(=ry,ry). ; o (2.36)
Clearly it holds #” = ¥", and we can put

W=V, - (2.37)
Now we obtain a very simple equation : | ‘

Py = [, p(6))ds} = (1//(2n)) [, exp (—812[2) d6} (2.38)

for the upper bound of probability of the correct estimate. Thus ‘

Py = &(r,) - (2.39)

where the function &(+) is tabled in detail e.g. in [3].

2.2. Lower Bound

Here we shall introduce two ways of calculating the lower bound of the correct
estimate probability which we denote as 'P,;, 2P,;:

1) Let us create an auxiliary system of N hyperlayers ¥, i=1,..., N, defined
by pairs of parallel hyperplanes %; which have distances #; from the origin. Directions
of individual hyperplanes are chosen so as to be successively perpendicular to the
individual axes of the coordinate system C’. Then, equat1ons (2. 22) for these hyper-
planes have the form :

Uy: 6, = +F;; i=1,..,N. (2.40)
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The distances 7; are chosen as follows

7 o (241)
; _\/(r -r); i=2,..,N (2.42)
Put
Wo=NV.<W. ‘ ' (2.43)
Then .
1p, = f;;ﬁ fp(8)ds =TT [, p(s}) dé; . (2.44)

We obtain a simple equation for the lower bound

p,, = @(rl)H di(\/(r - ) : ‘ (2.45)

Condition (2.43) is very strict and can lead to an unnecessarily pessimistic lower
bound, particularly if the values 7,, ..., Fy are very near to r,. This situation is geo-
- metrically illustrated in Fig. 2 for N = 2.

A N
e

N\

| T %

Fig. 2. Construction of domain #'L. # = ¥y N ¥V, #'L = 171 N7 ,c ¥

2) Now we shall introduce another way of obtaining the lower bound 2P,;.
We shall take advantage of the directional invariability of distribution (2.30). Let
us have volumes %" and # < Ry. Denote

AW =AW \W , (2.46) -

AW =W \W (2.47)
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see Fig. 3. We can write

Po= .. [p(3)ds = [... [p(6)d8 + ... | (o) ds (2.48)

w

Fig. 3. Sets 4% and 4#".

according to (2.25). If we select # in such a manner that it holds

[ [p()ds = |... [ p(s)ds : (2.49)
4w AW
then we obtain the lower bound %P, in the form
P = [...{p(6)ds < P,. (2.50)
W

The value of p.d.f. (2.30) at any point &R, depends only on the distance /(357
from the origin and does not depend on the direction. It follows from there that

J... §p(@)ds = [ ... [ p(5)ds (2.51)

if the area y arose by a rotation of the area x around the origin or by folding x with
respect to some radial axis. This is illustrated in Fig. 4 for N = 2. For simplicity,
only halves of areas A", AW are indicated in Fig. 4 and they are denoted schematic-

ally as 34%", 4% . The second halves are symmetrical to them with respect to the
origin. We can see that

W =407, : , (2.52)
x= (Vo0 V)N =4 : (2.53)
Yy AW =W \W (2.54)
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in Fig. 4, where the hyperlayers %, are perpendicular to the axis 8, and they have
distance r, from the origin. Then it holds (recorded symbolically for brevity)

2P, = j;.;ry + j.y.. [ jW..;Vj + j;ﬂ;j= P, ©(2.55)

T \

N x/2 =472
1/| y/2

K

N\

Y]
, Ve
Ve
oL
V2

Fig. 4. Construction of hyperlayer ¥ , and relation between % and #.
W=V 0V, #=9,N0%,.

If

rs 2 /(rf + 13) } (2.56)
then it follows from (2.55), (2.44) and (2.45) for N = 2

2PCL = ¢(r1) (p(r2) ' (2.57)

If (2.56) does not hold, then
2P, = ®(ry) Cb(\/(rg - 1)) (2.58)

This approach can also be generalized, without difficulties, to N-dimensional

space. Let the values (r;", e r:) correspond to the smallest N — 1 values of
elements of the set {r,, rs, ..., 'y, Fy1y, ..., Foy—y ). Then, analogically as in (2.57),
(2.58) we obtain the following equation for the lower bound
N
2Py = o(r) [T 2(r7) ' (2.59)
i=2

and it apparently holds
1IJ(:Lg.21)(:1“5-.chélacU- (260)
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2.3. Average Value and Dispersion of Correct Estimate

Let X be a nonrandom quantity. Then the average value of the correct estimate is
E, = E{(1)a) S(X + 4;)[02} (261

and after rearrangement ‘
E.=X + E{Y4,)c> }a = X B (2.62)

since 4; are zero-mean random variables. We can see that the correct estimate is
unbiased.

The random variables 4, are statistically independent and, therefore, the dispersion
of the correct estimate is

o; = a*{(lfa) YAlfos} | | (2.63)

and after rearrangement .‘
o2 =1a. (2.64)
In a special case when all 4; have the same variances o5, = 05;i = 1,2, ..., N, then
ol = aj/N. (2‘65)
If X is a random variable with the uniform p.d.f., then equations (2.61) to (2.65)

also hold, but the moments occurring there should be considered as conditional
moments for the given X.

3. QUALITY OF OPTIMUM ESTIMATE WITH A PRIORI
INFORMATION

The optimum estimation rule is given by (1.13) and (1.14) in this case. Similarly
to the case without a priori information, this estimation rule can be expressed in
the form: Calculate a pair of values X, h

X = (8)o] + Y.dijo])]A = X(d) (3.1)

h=¥[a(X = d)? + (9 — d)*[o3]fod, = h(d) (3.2)
for all vectors d € &, where ‘ ;

A=a+1fs]. ' (3.3)

Only the value X € {X(d)} is the optimum estimate X, to which the least value h(d);
d e 2, belongs.

Further we shall use the following notation
© = (Lmhifol,)/A ‘ (3.4)
w = (- mjlj)/aij i j=1,..,N. (3.5)
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If we substitute
8 =X - 4, | . (39
di = Di + mili = X + Ai + mili (3'7)

into (3.1) and (3.2) for m = 0, we obtain a pair of quantities X, hy for the trunk
of estimates. If m #+ 0, we obtain a pair X,, hy corresponding to branches. The
equation for the quantity sz can be arranged into the form

hy=hp+ Y+Z; m+0 | (3.8)
where
‘ N+1 ;
Y= Z ot,-&i ’ (3'9)
i=1
a; = 2[(alAoy) Yu; — apo,, + midfozo,] = const., i=1,...,N (3.10)
J
ayer = 2[—acy(1 — a/4) Su; + (XmA/o3 )|os] = const. (3.11)
;= Afos; i=1,..,N (3.12)
5N+l = A3/0'3 (3.13)

Z = (alA)[(a/4) = 2] (X mAfos ) + AY (midifo,)* = const.  (3.14)
All quantities &;, i = 1,...,(N + 1), are independent Gaussian random variables
A7(0, 1).

Let us compare (3.8) and (3.9) with the analogical equations (2.7) and (2.8) for
the case where no a priori information exists. Comparing them, we can see the
formal conformity of both cases. The only difference is an increased extent of summa-
tion in (3.9). The manner of determining the correct-estimate probability and its
bounds in the case where a priori information exists is the same as described and
discussed in Section 2. But we must remember that we deal with the vectors in the
space Ry ., instead of Ry and the constants «;, Z are given by (3.10), (3.11) and
(3.14) instead of (2.9), (2.10).

3.1. Average Value and Dispersion

We shall develop these measures separately for the case where X is a nonrandom
quantity whilst an estimate uses an additional observation 3 and separately for the
case where X is a random quantity.

In the first case we shall seek moments for the quantity

B 4,)]o% + (X + 47)]a3,]/A. (3.15)
E = X(lfo§ + a)JA =X (3.16)
02 = (o3[of + Yok oh)A> = 1/4. (3.17)
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In the second case we shall seek conditional moments (for given X) for the quantity

) X = [myfox + X(X + 4)[o5.]/4’ , (18
A =a+ 1o} . : (3.19)

Then ) I
E, = (myfo} + aX)/A' o (3.20)
o2 = Y(04,005)*A? = alA’?. ' (3.21)

The estimate is biased now though it has the lesser variance (for 4 = 4’) than
in the first case.

4. EXAMPLE

Here we shall introduce a simple example of calculating the quality of the optimum
estimation rule without a priori information for the case N = 2, 4,/1, = %.
First we shall determine the set .# of vectors m = (m, m,). Decompose .# at
two subsets %, M, MY O M = M. The set A" contains only vectors m
with non-negative components m,, m,. Evidently, .#~ contains vectors m which are
complementary to elements of .4 *. We can, therefore confine ourselves to e.g. .#*. In

our case (see Fig. 5), considering the possible errors 4;, the set /4 * has elements

= {(0, 1), (1,0), (1, 1), (1,2), (2 1), (2.2)}.

mo-2 1 - 1 2
1 i S ;
] /‘\1 '
m, -2 -1 1 2
T * N i
: D. Az | : :
i ! !
~_— !
A

Fig. 5. Determining of set .#.

For each me .#* we calculate a; = «;(m) and «, = a,(m) according to (2.9)
and from there we calculate r(m) according to (2.23). The obtained quantities r(m)
are then arranged into a sequence in accordance with their increasing values. Thus,
we get a sequence {r;} and we calculate the corresponding sequences {F;} and {r}}
according to (2.42) and to the text following (2.58).

Table 1 displays results of calculations constant phase-variances 6% = a7 [} =
= const., i = 1, 2. We can see from Table 1 that r¥ = r,and r3 = F;. Now, we can
calculate the bounds of probability of correct estimate P,y and P, according to
(2.39) and (2.59). (It also holds P, = 'P,, in our case since r3 = F,.) The cal-
culated values of P, and P, are displayed in Table 2 for several values of ¢. Also,
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values of P, are indicated there for comparison, where P,;, is the probability
of the correct estimate obtained by a simulation method. The extent of the simula-
tion was 10 000 trials. Table 2 further introduces the normalized standard deviation
of the correct estimate o, = o,/E{4,}. The average value E{X — X} is zero.

Table 1. Calculation of sequences {r;} and {r;}.

my 1 2 2 1 0 1
m, 1 1 2 0 1 2

J 1 2 3 4 5 6
%0 —0-24 0-48 —0-48 072 —096 —1:20
%y 0-32 —0-64 0-64 —0-96 1:28 1-60
rio 01 0-2 0-2 0-3 0-4 05
7o 01 0-173 0173 0-283 0-387 0-49

Table 2. Calculation of the estimate quality for several values o.

| o= 003 | 0-06 | 010
;oloe Lo eeh | oD e
1 01 333 0999 167 0905 10 068
2 0173 577 10 289 0:9% 173 092
Py 0999 0-905 0-68
Py 0-999 0-903 067
P 0-999 0-901 0-62
On 0-025 0-C50 0071

It follows from the theory and it is also confirmed by calculations that the greater
are the values rf; j =2,...,N, the closer the upper P, and lower P, bounds are
to each other.

CONCLUSIONS

We have developed a method of calculating the quality of an estimation. A seem-
ingly complicated development leads to simple final equations for the bounds of
probability of the correct estimate.
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