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KYBERNETIKA — VOLUME 9 (1973), NUMBER 5

Optimal Control
of a Linear Discrete System

JAN STECHA, ALENA KOZAGIKOVA, JAROSLAV KOZACIK, JIR LIDICKY

Optimal control of linear discrete dynamic syst'ems with quadratic performance index is
discussed. The optimal controller uses all states of the system. An additional constraint of using
only the measurable output of the system is imposed. A suboptimal controller using only the
measurable output of the system is derived. The tracking problem for a discrete system is also
solved.

1. INTRODUCTION

Recently, increasing attention has been paid to the theory of systems; this is
manifested by the great number of articles published all over the world. Application
of this theory to the problems of control has led to the construction of new algorithms
for the synthesis of dynamic systems which could not be obtained by classical methods
in control engineering. Moreover, implementation of these algorithms necessitates
utilization of digital computer.

In the well known literature [1], [2], [15], discussion is given of the synthesis of a
continuous linear dynamic system (CLDS), i.e. determination of a feedback such that
the control circuit fulfils our demands given by the specific performance criterion.

In recent literature [4], [5], [16], [13], a great deal of attention has been paid to
the problems of synthesis of a CLDS using performance criterion formed by the
integral of quadratic form of state and control of the system.

The present paper deals with the synthesis of a discrete linear dynamical system
(DLDS). For determination of optimal discrete control we can use the dynamic
programming approach [19] or the discrete maximum or minimum principle [20].
For determination of dynamic properties of a DLDS we shall use a state model which
has state equation in the form

(1.1) Xgp1 = Mx, + Nu,



(1.2) Yi = Cx,

where
Xy, U, Y are n, r, m vectors of state, control, and output respectively at time k,
M, N, Care(n x n),(n x r)and (m x n) matrices of system, control, and output
respectively the elements of which may be functions of time, and
k is discrete time, 0, 1,2 ...

For finite time K of control we assume that the performance criterion has the form

K-

1
(1.3) Jx = $x5Sxc + 3 ¥ (%1 Qx, + uiRu,)
k=0

where Q, S, R are symmetric positive semidefinitc matrices of dimension (n X n),
(n x n), (r x r) respectively (S is a constant matrix). For infinite time of control, the
performance criterion has the form

(1.4) J = —}—I‘Z_V_“U(x;"’(}x,c + ufRu)

where Q, R are constant symmetric positive semidefinite matrices.

In the second part of the present paper we shall derive relations for optimal feedback
assuming that all states of the system are obtainable — we have so-called complete
information about the state of the system. In the third part we discuss the track-
ing problem in the case of complete information.

In practical applications we cannot measure all states of the system and offen it is
not even economic to do so. In such case the designer can choose from various
possibilities:

1. use reconstruction of state by observer - see [6], [7],

2. use reconstruction of state by Kalmann-Bucy filter - see {2],

3. use only the output of system for control and thus control the system in a sub-
optimal way.

The first and sccond cases utilizing reconstruction of the state of system have the
disadvantage in increasing the order of the whole system.

The fourth part of this paper deals with the problem mentioned under item 3.
A new algorithm is derived for solution of optimal feedback from the output of the
system. In the fifth section, the tracking problem is solved in the case of incomplete
information about the state of the system.

2. SYNTHESIS OF A DLDS WITH COMPLETE INFORMATION ABOUT
THE STATE OF THE SYSTEM-CONTROL OF STATE

Given a DLDS described by state equations (1.1) and (1.2) and performance crite-
rion (1.3).  Using dynamic programming or the discrete minimum principe [8] we can
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derive the optimal control law

(2‘!) u;f = _GK—kx;k
where
(2.2) Gg_, = (R+ NKy_,_;N)™! N'K;_,_ M

is time dependent matrix of linear feedback and matrix Ky_, satisfies the discrete
form of Riccati equation

(23) Ki_p = Q + MKy M —
— MKy, N(R + N"Ky_,_,N)"* NK_,_ M.

Initial conditions for relations (2.2) and (2.3) are
24 Go=0, Ky=5.

Detailed derivation of these relations can be found for instance in [9].

In the case of infinite time of control with performance criterion in the form (1.4)
and for a time invariant DLDS (1.1) and (1.2) relations (2.1) to (2.3) can be used in
the limit for K — o0.

As shown in [8], matrices Gy _y, Ky, may converge to finite values G and K. They
really converge if the system is stabilizable. Then we have the following relation for
optimal feedback

(25) uf = —Gx}
where
(2.6) G = (R + NTKN)"! NTKM

and K is a symemtric positive definite matrix satisfying the discrete version of algebraic
Riccati equation

@7 K =Q + M'KM — MTKN(R + N'KN)~* N'KM.

Equation (2.7) has only one positive semidefinite solution if the pair (M, Q'/?) is
observable.

These relations can be solved only using a digital computer especially in the case
of systems of a higher order. Relations (2.2) and (2.3) can be programmed without
difficulties if initial conditions (2.4) are known. If § = @, we can use the initial
condition in the form

(238) » G =0,
K, =Q.

From the point of view of practical use it is more convenient to consider infinite



time of control. In that case we must solve the nonlinear matrix algebraic equations
(2.6) and (2.7); there are two ways of solving them:

1. We can use relations (2.2) and (2.3) for the initial condition K, = 0 and G, = 0

and solve these relations for time K — oo. As a terminal condition we can use the
relation

(2-9) ”KK—k - KK—:.»—]H =s
where ¢ is a preset number of the order of 1073 to 107°. Normally 30 to 40 iterations
are sufficient to satisfy relation (2.9).

2. Relations (2.6) and (2.7) can be solved using the following algorithm mentioned
in [10].

Theorem 1. Let V,, k = 0, 1, 2, ..., be the solution of the equation

(2.10) V., = MJVM, + LIRL, + Q

where

(2.11) L=(R+NV_NT'NV_M, k=12,..,
(2.12) M,=M — NL,.

The matrix L, must be chosen such that M, be stable. This implies that the pair
(M, N) must be stabilizable. Then

(2.13) K<V £V

and

(2.14) limV, = K.
ko

The proof of this algorithm is given in [10] where it is shown that the convergence
rate is quadratic, i.e.

(219) IK =V, = CIK = W

where C is a constant which does not depend on the iteration index k.

This algorithm can be easily implemented on digital computer; for solving the
linear matrix equation (2.10) the algorithm derived in [11] can be used. Solution of
many examples on a digitial computer has shown rapid convergence of this algorithm.
Usually 4 or 5 iterations are sufficient for the difference ||V, — V.|| to be less then
1073,

The only remaining problem is that of choosing the stabilization matrix L.
Evidently for a stable system L, = 0 can be chosen. Matrix L, can also be chosen
on the basis of physical interpretation of the problem. In general we can use al-
gorithms for computation of the feedback matrix L, such that eingenvalues of the
matrix M, be arbitrary. Practical algorithms and programmes are described in [12].
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3. TRACKING PROBLEM FOR A DLDS WITH COMPLETE
INFORMATION ABOUT THE STATE OF THE SYSTEM

In section 2 we assumed that the aim of control is the state vector x = 0. In
practical cases we often have to solve a problem with the target of control not in the
origin of coordinates and it is demanded that the output y, of the system should
track a given vector z, which may be either constant in time or time-dependent. For
a CLDS this problem is discussed in [1], [12], [13]. For a DLDS we give here
analogous algorithms, the derivation of which can be found in [9].

Let us define the error vector
(3.1) € = Zy — Y-

We shall try to find a control vector u, giving the minimal value of performance
index in the form

N K-1
(3.2) Jx = egSex + 13 (e{Qe, + ujRuy)
k=0

where S, Q, R are symmetric, positive semidefinite real matrices (m x m),(m x m)
and (r x r) respectively, § is a constant matrix, and K is the time of control.

Using the discrete minimum principle or dynamic programming we can derive the
optimal control law

(3.3) uf = —(R+ N'K,, N)"* (NK,, ;Mx} + N7g,,))

where matrix K, satisfies the discrete version of Riccati equation

(3.4) K, = CTQC + M™K, ., ;M — (N'K, . ;M)" (R + N'K,, ,N)"* N'K,, \ M
and vector g, satisfies equation

(3:5) g =C'Qz + [M" — MK, N(R + N"K,, ,\N)"" N"] g,

with boundary conditions

(3.6a) Ky = C'sC,
(3.6b) gx = C'Sz,.

1t is obvious from the form of the equations (3.4) to (3.6) that they can be solved
starting from k = K to k = 0. It means that this procedure can be used only if we
know the values of the desired vector z, in the whole interval in advance. Moreover
we are limited to finite time of control only.

In some cases, the tracking problem can be transformed into the problem of
control of state. Let us suppose that the desired vector z; equals the solution of the



difference equation

(3.7 z,, = Fz,.

Let us define the extended vector w, of dimension n + m

o0 2]

which will be a state vector of the system described by state equations

(39) W, = Mw, + Nu,,
Yi = Cw;

where matrices M, N, C of dimensions (n + m) x (n + m), (n + m) x r, m x
x (n + m) respectively have the form

(3.10) M=[:'g]. N:[ﬂ, c=[co].

Tracking problem with performance criterion (3.2) can be transformed into a problem
of control of state of the system (3.9) with the performance criterion

K-1

(3.11) Jg = %W{wa + 4 Zo(w,'{éwk + u,fﬁuk)
=

where matrices S, Q, R are defined by

(3.12) E:[cTsc »cTs]’ QZ[CTQC —CTQ]’ R—R.
-sCc s -QC Q

If system (3.9) is not stabilizable, functional (3.11) does not converge for K - oo
and this procedure cannot be used for infinite time of control. When F = M and
rank (C) = m = n, the tracking problem can always be transformed into a control-
of-state problem even for infinite time of control.

4. SYNTHESIS OF A DLDS WITH INCOMPLETE INFORMATION
ABOUT THE STATE OF THE SYSTEM

In sections 2 and 3 we assumed that all states of the system are measurable. It is
often not possible in praxis and it is not even economic. In such a case one of the three
possibilities mentioned in the introduction can be used. ‘

In this and the following section we derive some new algorithms utilizing, for linear
feedback, only the measurable output of the system.
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Let us have a DLDS described by equations (1.1) and (1.2) and the performance
criterion in the form

K-1
(4.1) Jx = %RZO(XIQX:; + u{Ruy)

where matrices Q, R are positive semidefinite.
Optimal control is assumed in the form

(4.2) v, = —Fy, = —~FCx,

where F, is the feedback matrix in the k-th step of control. Performance criterion (4.1)
can then be written in the form

K-1
(4.3) Je =143 x(Q + C'FRFC) x, .

. k=0
Solution of the state equation (1.1) with control (4.2) can be written in the form
(4.4) X, = DyX,
where the state transition matrix has the form

k-1
(4.5) &, =[[(M-NFC), k=12..,K
i=0

and x, is the initial state of the system.
From (4.5) it is obvious that matrix @, satisfies the equation

(4.6) @, =(M—NFC)®,, ®,=1.
Substituting relation (4.5) into (4.3) we obtain
K-t
Je=1Y x;@E(Q + CTFkRF,“C) @D, x,
k=0
and utilizing relation (x"Ax) = tr (xxTA)
K-1
(4.7) Je=1%tr ¥ xex{@(Q + CFRF.C) &, .
k=0
Functional (4.7) depends on state transition matrix @,, feedback matrix F, and also
on initial state x,.

Let us assume that the vector of initial state x, is a random variable which satisfies
the relations

(4.8) E{x,} =0, E{xox}} =1.



Criterion (4.7) is now a random variable. Evaluating the expected value of the
parformance criterion we obtain the modified performance measure in the form

K-1

(4.9) Je=3EY ®NQ + C'FIRF.C) &, .
k=0

In this way we have transformed the problem of minimizing criterion (4.1) from the
space of states to the matrix space where matrix @, corresponds to the state of the
system, matrix F, corresponds to the control of the system and the system is described
by equation (4.5). Instcad of performance criterion (4.1) we shall minimize the
expected value in (4.9).

This problem can be solved using dynamic programming [13]. Here we use the
matrix minimum principle [17]. In the following derivation we use the identities [17]

(4.10) tr [ABC] = tr [CAB] = tr [BCA],
2 [AX] = AT,
ax
I7]
—tr[AX"T] = A,
ax FAXT
a
—tr[X] =1,
X (x]
3}

—tr XT =,,
ax X

aixtr [AXBX™] = AXB + ATXBT .

Let us define the Hamiltonian function by
(411)  H =t [@](Q + CTF'RF,C) &,] + tr [P, (M — NF.C)@,].

The minimum of the Hamiltonian satisfies the condition

(4.12) H _y
oF,
From here it follows
(4.13) 0 = RFCPH,P;C" — NP, &/ CT.

Matrix P, is solution of the adjoint system

0Py
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Let us assume that the constate matrix P, has the form

(4.15) P, = K.®,
and also
Pk+1 = Kk+1‘pk+1 .

Equaling the expressions (4.15) and (4.14) we get a difference equation for K,

(4.16) K, = Q + C'FJRF,C + (M — NF,C)" K, , (M — NF,C).

Substituting (4.15) into (4.13) we can write

(4.17) 0 = RF,CP,B]CT — N'K,, (M —~ NF,C) &,0]C.

Let us introduce a matrix L, defined by the equation

(4.18) L, = ®07.

From this (considering 4.6) the difference equation for L, can be obtained as

(4.19) L,=(M~ NF_,C)L,_ (M — NF,_,C)".

Substituting relation (4.18) into (4.17) the equation for optimal feedback matrix F,
is derived F, = (R + N7K,,,N)"* NK,, ML C"(CL,C")"*. From here follows

a theorem giving a necessary condition for optimality.

Theorem 2. Let F¥ minimize the functional (4.9). Then

(4.20) Ff = (R + N'K,.,N)"' N'K,, ML CT(CLCT)"!
where

(4.21) K, = Q + CTFTRFIC + (M — NFC)T K, , (M — NF}C)
and

(4.22) ‘ L, = (M — NF,C) L. (M — NF,O)T.

Initial conditions for equations (4.21) and (4.22) are
(4.23) Lo=1, Key =Q, Fey=0.

Equations (4.21), (4.22) and (4.20) are nonlinear matrix difference equations
whose solution is difficult. Convenient algorithm for digitial computer has not been
found yet.

Let us derive simple algorithms which would enable us to solve approximately



equations (4.20) and (4.21). Equation (4.17) for the feedback matrix F, has the form 383

(4.24) A.B=20

where

(4.25) A =RFC - N'K,_. M + NK,, NF.C,
B =¢0/C.

Equation (4.24) has dimension (r x m) and has the solution for (r x m) clements
of the feedback matrix F,. Matrices A and B are divisors of zero but relation (4.24) is
satisfied whencver A = 0. This is a special solution of relation (4.24). According to

[14] we can write a matrix equation

(4.26) A=4

where 4 is the error matrix. We want the error matrix to be minimal. Let us choose
the criterion in the form

(4.27) Jy =tr(447).

Now we derive the equation for feedback matrix F, giving minimal value of criterion
(4.27). Substituting (4.25) and (4.26) into relation (4.27) we obtain

(428) Jy =1tr {[(R + NTKk+1N) F.C — NTK,,HM] .
. [CTFk(R + NTK,(HN) — MTKH,N]} .

Denote

(4.29) D=R+NK, N,

E = NTK,, M.

|

Equation (4.28) now has the form
J, = tt(DF,CCTF[D — DF,CE" — EC'FID + EET),
or )
Jy = tr (DF,CC'F,D) — 2tr (DF,CET) + tr (EE").
From the condition for J; to be minimal in every step of control it follows
9y _

4.30 =
(430) oF,

Using relations (4.10) we obtain DF,CCT — ECT = 0.
From here it follows

(431) F.= (R + N'K,, N)"' N'K,, ,MC(CCT)"".
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Utilizing criterion (4.27) in the form
(4.32) J, = tr (4V4")

where V is a symmetric positive definite weighting matrix of dimension (n x n) we
obtain the optimal value of the feedback matrix in the form

(4.33) F. = (R + N'K,N)"* NK,, MVCT(CVCT)™" .

Relations (4.31) ro (4.33) for feedback matrix F, with relation (4.21) for matrix K,
are easy to solve,

Theorem 2 gives only a necessary condition and so the uniqueness of the solution
of equations (4.20) —(4.22) remains an open problem just as in the continuous version
of this problem [ 18]. Results obtained using relations (4.31) or (4.33) do not guarantee
the minimal value of criterion (4.10). Equation (4.31) is satisfied as nearly as possible
in accordance with criterion (4.27) or (4.32).

5. TRACKING PROBLEM FOR A DLDS WITH INCOMPTLETE
INFORMATION ABOUT THE STATE OF THE SYSTEM

As in section 3 we shall now discuss the problem of trackinga given vector z,. Let us
define the error vector

(5.9) € =Zy = Yi-
The control law has the form
(52) u, = =Fy. = —FCx,.

The performance criterion for this problem has the form
K-1 .
(53 : Jg = tefSex + 1 ¥ (e/Qe; + ufRuy)
k=0

where matrices Q, R satisfy the same conditions as in section 3. After substitution and
modification criterion (5.3) has the form

(5.4) Ji = H(zgSz¢ — 2x;PLCSzy + XJBLCTSCDyx,) +
K-1
+ 1 ¥ (2.Qz, — 2xJD[CTQz, + x]B]CTQCH,x, + x]P; C'FRF,CP,x,)
k=0

where matrix @, satisfies relation (4.6),
(5.5) B = (M~ NF)B,, &, =1.

We shall now evaluate the expected values for n linear independent initial vectors x,



satisfying the relation 385
(5.6) Y Xoix3; = 1.
i=1

The modified performance criterion has now the form
n

(5.7 Je= 2—1”(”211;'511( ~ 2 x5 ®xC Szy + leg,ﬂ);CTSC(DK 2. Xo;) +
i=1 =

i=1

{ K=t " " n
+ i‘ Y (nz;Qz, — 2} X3, /€7 Qz, + 3 x5, 8, CTQCH, Y. Xoi +
nk=o i=1 =1 i1

+ 3 x5, BrC'FRF.CD, Y x,,).
i=1

=

i=1

Let us assume that
(5.8) ¥ x
i=1

As in [13] let us define a symmetric matrix of dimension (m x m)

o4

c=[1L 1],

(5.9) Z, = nz,z;

and a matrix (m x n)

=

(5.10) Z, =23 x5

[}

1
After substitution of (5.8), (5.9), (5.10) into (5.7) the performance criterion now has
the form

(5.11) Je = %tr [PICTSCD + ZS — 2Z,P(CTS] +
H

K-1
r Elvtr [ 3 (®](CTQC + CFRF,C) &, + Z,Q — 27,87C'Q)] .
n k=0

This modified performance criterion (5.11) must be minimized by F, subject to the
constraint imposed by the system equation (5,5),

For the solution we shall again use the discrete matrix minimum principle. The
constant 1/n in (5.11) has been left out for reasons of simplicity. The Hamiltonian for
this problem is

(512)  H=4u[o}(C'QC + C'FIRF.C) D, + Z,Q — 2Z,8]C'Q] +
+tr[(M — NFC) @, P, ].
Necessary condition of optimality is
éH

(5.13) o RF.C®,&]CT — NP, BICT = 0.
k



Matrix P, is the solution of the adjoint systems

(514 P, = % =(€"QC + CTFIRF,C) &, — 2C"QZ, + (M — NFC)"P, .

(3
From the transversality conditions it follows that
(5.15) Py = C'SCo, — C'SZ,.
Let us assume that the matrix P, can be written in the form
(5.16) P, = K, - C,

where the unknown matrix G, is connected with the reference input z,. Equaling
equations (5.16) and (5.14) we get difference equations for matrices K, and G,.

(5.17) K, = C'QC + C'FRF,C + (M — NF.C)TK,, (M — NF.C),
G, = 2€"QZ, + (M — NF,C)TG,,, .

From (5.15) we obtain the boundary conditions

(5.18) K, = C'SC, G, =C"SZ,.

The optimal output feedback F, follows from equation (5.13)

(519)  RFC®®TC" — N[K,, (M — NF,C) &, — G] &]C" = 0.

From here it followsl

(520)  F,=(R+ NK,, ;N)"' NT(K,.,M®, — G,) B;CT(CP,BH/CT).

The optimal feedback gain can thus be divided into two parts. One is identical with
the feedback gain designed for the state regulator problem-equation (4.20), the second
part is determined by reference input z, only.

In case where the initial value z,, of the vector z, can be considered to be a random
variable as well it can be shown that the tracking problem can be transformed into
the state regulator problem. Let us assume that vector z, is a solution of the difference

equation
(5.21) 2, = Hz, .

Let us define the extended state vector

(5.22) W, = [’z‘:]



Equation for the original system (1_1) and the equation (5.21) can be put together
and using (5.22) we obtain

5.23 = Mo w + Bu
(- ) wk+l"[o H:I & l:o] K -

Let the output of the system (5.23) be

(5.24) Y = Cw,,
Wwhere
C =[c, -I].
It follows that
(5'25) }k =Y T Z = —e,

The tracking problem for the original system is equivalent to the output regular-
tor problem for the system (5.23) and (5.24).

6. CONCLUSION

In the present paper the problem of optimal control of a DLDS with respect to
quadratic performance criterion is solved.

When all state of the system are measurable, solution of this problem is well known
and is discussed in section 2. Algorithms convenient for digital computer are also
mentioned here.

When the additional constraint of using only the measurable output is imposed we
have the so called problem of incomplete information about the state of the system.
Optimal solution of this problem uses state reconstrution by an additional dynamic
system {observer or Kalman-Bucy filter) whose dimension is specified.

In optimal solution we can use dynamic controller of a lower dimension that is
necessary for state reconstruction. In this paper the limiting problem is solved where
the regulator is only proportional and uses only the measurable output of the system.
This suboptimal controller is derived assuming the initial state of the system has some
statistical properties. Solution of this problem results in nonlinear matrix equations
solving of which is difficult. A simplified but approximate solution of this problem is
discussed at the end of section 4. Like in the continuous version [18] questions about
the existence and the uniqueness of the solution of the suboptimal proportional
feedback controller are yet to be answered.

The discrete version of the tracking problem both for complete and incomplete
information about the state of the system is also solved in the present paper.

(Received January 9, 1973.)
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