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Automatic Stochastic Control of Impulses
on a Three-Dimensional
Crystallographic Lattice
JIŘÍ BENEŠ,

JIŘÍ

GRIM

In Cybernetics there are numerous problems, requiring the modelling of the propagation of
impulses through nets of centres, communication stations or through-flow reservoirs.
Conditions for the Automatic Control of the spread of impulses on a three-dimensional
crystallographic lattice of the group I<?3 are investigated. Results are given of the mapping of the
points of the Control Space onto the State Space of the Complex using the Chapman-Kolmogorov
equation with a matrix of transition probabilities of the type (728,728) for « = 1501. On the bases
of the information theory of control, founded upon the e-entropy and the e-capacity of a certain
set, the choice of the appropriate variety of the states is done taking account of the prescribed
accuracy of Control and of the given resolution of the analyzer.
1.0 There is a class of problems in Cybernetics connected with the oriented spread
of impulses in nets with many nodes (neural nets, nets of retranslating communication
centres), the spread of means or stuff (pharmaca, catalyzers, radioactive material) in
through-flow models with interconnected perfectly-mixed reservoirs and in compartmental systems, leading to similar abstract models [6]. The spread of impulses or
means can be considered as a communication problem. At the same time there is
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Fig. 1. A specimen of the lattice considered. Gl — generator of impulses C 2 > 3 ) 3 , C 3 > 2 ) 3 , C 3 i 3 ( 2 —
counters of impulses.
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often a requirement to control this spread, thus uniting Control and Communication
and using the principle of feedback. Some of these problems have been already
treated in two-dimensional euclidean space [2], [6].
2.0 It is the purpose of this paper to describe the theoretical premisses for automatic
stochastic control of impulses on a three-dimensional crystallographic lattice. As
in [2], the following convention is introduced: translations are indicated by arrows,
which enables to pass directly to the graph of the Markov process on the lattice.
We can thus associate with the lattice on Fig. 1 a three-dimensional graph of the
pertinent Markov process of the spread of impulses.
The investigated lattice on Fig. 1 has been constructed artifically by using strata
of two-dimensional crystallographic lattices of the pgg group (in the notation of
Hermann and Mauguin), by orienting and connecting them as shown in principle
on Fig. 1. The reason for choosing planar elements of the pgg group were the good
theoretical results obtained from the point of view of control with a similar twodimensional lattice of the group pgg [2].
Ct. Novak [3] has identified the three-dimensional group as 143 m, No. 217,
according to Int. Tab. I, [4], p. 326, belonging to the Cubic System. At the same time

he has shown the relation of this group to the group 1222, No. 23, according to Int.
Tab. I [4], p. 109 (of the Orthorhombic System) and to group 142 m, No. 121,
according to Int. Tab. I [4], p. 211 (of the Tetragonal System).
The 2 later groups would visibly result e.g. from making the length of the oriented
edges of the lattice on Fig. 1 proportional to the control probabilities (all 3 edges
from a node with different lengths, or 2 with same length and the third edge with
a different length).
Fig. 1 shows only a specimen of the lattice considered, with (3 x 3 x 3) - 1
nodes, the node which has been cut away being (3, 3, 3). Impulses are repeatedly
applied to node (1, 1, l) from a generator of impulses GI. Their propagation through
the lattice is governed by 3 probabilities px, py, pz in the directions indicated by the
arrows. Notice the external connections which complete the conditions on some
peripheral nodes.
Three counters of arriving impulses are supposed at the nodes (3, 2, 3), (2, 3,3)
and (3, 3, 2) and they function as absorbing elements.
Actually the lattice used for theoretical investigation had (9 x 9 x 9) — 1 =
= 728 nodes, the node cut away being (9, 9, 9). The place of application of the
impulses is node (l, 1, l). The control of their spread is effected by the vector
O = (px, py, p7) applied to the Complex i.e. to all nodes, excepting the 3 connected
with the counters. Counters of impulses are supposed at the nodes (9, 8, 9), (8, 9, 9)
and (9, 9, 8) and their indications serve to determine the relative frequencies x* 8 j 9 ,
*s,9,9> x*,9,8> converging, when the number of applied impulses increases to oo,
towards the probabilities x 9 8 9 , x8,9,9>.v*9,9,8 which are considered as the state
variables of the Complex.
3.0 The aim of the Control is to obtain a State X of the Complex prescribed by
the vector of the Command variables R, with a given accuracy e s = R — X .
The feedback loop of the Automatic Control is as follows: the three-dimensional
lattice, the Analyser of the measured state variables of the Complex, the Control
Element acting upon the Complex through the appropriate Control vector U. The
Control Element gets information about the desired state of the Complex through
the vector R of the Command variables from the Command Element.
The spread of the impulses on the lattice is modelled by a Markov Chain. The
Chapman-Kolmogorov equation in matrix form
(1)

S(„) = S(0).[ P j ,]«

is used to determine S(n) — the vector of the probabilities of the different states of
the Complex at discrete time „.
S(n) is a row vector with 728 coordinates,
S(0) is the vector of the initial state probabilities.
Supposing, that at time 0 an impulse is applied to node (1, 1, 1), the coordinates of
this row vector are: 1 followed by 727 zeros;
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[Pjk] is the matrix of transition probabilities of type (728, 728), which has 529 984
elements;
n

is the number of steps (discrete time). Computations of eq. (l) have been
carried out till n = 1501.

The choice of the Control vector it theoretically based on the mapping of the endpoints of the Control vectors from the state-space of the Control Element into the
state space of the Complex. The cases of Control considered are on Fig. 2. The

Fig. 2. The State Space of the Control element.

corresponding points in the State Space of the Complex are on Fig. 3, but they are
shown already tilted around the axis ([1, 0, 0]; [0, 1, 0]) into the ground plane
([0, 0, 0]; [1, 0, 0]; [0, 1, 0]). The numerical values and results, obtained by applying
eq. (l) and shown on Fig. 2 and Fig. 3 are given in Tab. 1, where n is the number
of steps and £ is the sum (x 8>9>9 + x 9>8>9 + x8>8>9) for n = 1501.
The evolution of this sum £ for cases 4, 12, 19 in time is given on Fig. 4, showing
a good convergency towards the value 1.
4.0 An important problem in the design of the feedback loop for Automatic
Control is the choice of the number of the states of the Complex. Use is done of the

basic inequality, known from the work of B. N. Petrov et alii [1]
(2)

HJ0)

< log 2 J < LEut(<%)

where 0t is the set of the end-points of the vector of the Command variables,
HES
es
LCut
£„,

is the minimum e s -entropy of the set ^2,
is the admissible control deviation,
is the e„,-capacity of the set M,
is the utilitary threshold of resolution in the state space of the measured
variables of the Complex,

Fig. 3. The State Space of the Complex.
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Fig. 4. The sum £ - (x8>9>9 + * 9 , 8 , 9 + x9
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9 8) a s f u n c t i o n o f t h e

number of steps n.

J

is the number of states of the Complex, log 2 J is the variety of the number
of states.

Let us consider the mapping of the quadrilateral 2 — 3-12—11 of Fig. 2 on the
state space of the Complex as shown on Fig. 3, where the quadrilateral 2—3 — 12—11
is given in its true form (after rotation around the axis ([1, 0, 0]; [0, 1, 0]) into the
ground plane ([0, 0, 0]; [1, 0, 0]; [0, 1, 0]). The sides of this quadrilateral on Fig. 3
are <52(3 = 0-07042; <511>2 = 0-04689; <5 1112 = 0-06149; <512,3 = 0-03731. Its surface
can be approximated as 0042 x 0-066.
4.1 For a prescribed admissible deviation e s = 0-02, the minimum number of sets
in the £s-covering of the set 01 is estimated as

with the condition that both factors of the product are integers. We take N™\$)
= 2x2=4.

=

4.2 The £„t-entropy of the set 0t is then

Hzs{®)=\og2N™{0t)=2.
This is shown on Fig. 5.
4.3 The £„t-capacity of the set M is computed from the estimate of the number
]V™X(^) of the maximum number of points in the £„t-discernible subset of the set 52 as

M^)

= 1

°g2!C t x (^)-

For a selected e„t = 0015 the number A'™ax(^) is estimated as follows:
Armax/^

lO'042

\ /0-066

with the condition that both factors of the product are integers. We take N™*(&) =
= 3 x 5 = 15.
The £„t-capacity is then
Ljj%)

= log 2 15 = 3-9068906 .

This is shown on Fig. 5.
Similarly for £„t = 0-005 the £„t-capacity is 6-9772, for eut = 0-010 it is 5-1292,
for £„, = 0-025 it is 2-5849, and for eHt = 0-030 it is 2-3219. The dashed curve on
Fig. 5, connecting these isolated points indicates merely the general (rough) shape of
the upper boundary in the inequality (2).

4.4 Taking into account also the lower boundary given by Hes{&) = const. = 2
on Fig. 5, and considering for technical reasons the same subdivision of the scale of
the counters placed at nodes (9, 8, 9), (8, 9, 9) and (9, 9, 8) we choose the number
of states of the Complex for purposes of Control in the quadrilateral zone 2 — 3 - 1 2 —
— 11 of the State Space of the Complex a s J = 2 x 2 x 2 = 8, which gives a variety
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Fig. 5. The choice of the variety of States of the controlled Complex.
of states equal to 3, shown by a doubly circled point on Fig. 5, This point is well
far away from both the boundaries of the admissible variety of States given by inequality (2).
This gives an important indication for the design of the feedback control loop for
the prescribed e s = 0-020 and the chosen £,„ = 0-015.
5.0 The computations according to equation (1) with stochastic matrices with
529 984 elements raised to exponent values reaching n = 1501 have been carried
out by J. Grim on the IBM 370/135 computer of the Institute of Information Theory
and Automation of the Czechoslovak Academy of Sciences. The stochastic character
of the matrices has been constantly checked during the computation.
The authors express their thanks to Ing. Ctirad Novak, CSc. from the Institute
of Solid State Physics of the Czechoslovak Academy of Sciences for the identification,
among the existing 230 three-dimensional crystallographic groups, of the group
connected with the artificially constructed lattice shown on Fig. 1.
It is hoped that the results obtained will serve as indications and possible incentive
for further work on the oriented probabilistic propagation of impulses on other
three-dimensional crystallographic group lattices in different interdisciplinary areas
of Cybernetics.
[Received January 31, 1975)
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