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KYBERNETIKA — VOLUME 2] (1985). NUMBER 2

A LOCAL STRUCTURE
OF STATIONARY PERFECTLY NOISELESS CODES
BETWEEN STATIONARY NON-ERGODIC SOURCES

III: Relative Isomorphism of Non-Ergodic Transformations

STEFAN SUJAN

The general results from Part I are applied in order to extend Thouvenot’s relative isomorphism
theorem to aperiodic non-ergodic transformations and processes, and to classes of processes.

1. INTRODUCTION

This paper is a continuation of the first two parts under the same title, hereafter
referred to as [I] and [II]. Throughout the paper references to these papers are
indicated by writing, e.g., Lemma .1, formula (IL9), etc. References [1—19] are
listed at the end of [I], [20—38] at the end of [IL], remaining ones, starting with
[39], are listed at the end of this paper. The bibliographical data of [34—36] are
completed in the list of references as well, these papers being already published.

In [T, I, 35] we investigated the local structure of (mod 0) isomorphisms between
stationary non-ergodic processes and applied the general results to a number of con-
crete isomorphism problems. In this paper we address the same problem within
the setup of the relative isomorphism theory developed by Thouvenot [44].

Thouvenot studied the following generalization of Ornstein’s isomorphism problem.

Let (X, Y) be a pair process where X is a stationary and ergodic process with a finite
state space and Y is a stationary independent process statistically independent of X.
The problem is to determine all pair processes (U, V) for which there is a process Z
such that
(a) (X, Z) and (X, Y) are almost surely stationary codings of each other, and
(b) dist(X, Z) = dist (U, V). .
In this case the pair processes (X , Y)and (U, V) are said to be relatively isomorphic
(this formulation is due to Kieffer [41]; we shall use a slightly more general one).
Thouvenot proved that the conditions H(X, Y) = H(U, V), dist X = dist U, plus
a relativized version of Ornstein’s finitely determined property (FD) of V relative
to U completely characterize such processes.
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Unlike in the preceding papers we incline here to the setup of automorphisms
of Lebesgue probability spaces and processes induced by finite partitions (this setup
has been developed systematically in [12], see also [15, 42], and the recent survey
[43]) rather than the processes on sequence spaces. This allows us for avoiding
complicated notations, and the reader familiar with the “translation rules” from [43]
can without problems pass from one setup to the other.

2. ERGODIC DECOMPOSITION

In order to help an information theorist to clarify the relations between the two fra-
mes mentioned above, we describe here the ergodic decomposition (cf. [I, Section 2])
in the abstract setup of Lebesgue spaces. We assume that all spaces (X, &, u) in this
paper arc Lebesgue spaces with continuous (non—atomic) measures. T: X — X will
always be an automorphism. Partitions measurable in the sense of [15] will be
called Rokhlin measurable, while a measurable partition will always mean an at
most countable partition whose atoms are measurable sets.

Let { be a Rokhlin measurable partition of X and X | { the corresponding factor
space. We convert X | { into a probability space with the aid of the natural factor
mapping Hy : X —» X | { which assigns to each x € X that element Ce X ] { contain-
ing x. Weput #, = {E « X : H; '"Ee #} and y(E) = u(H, 'E), E € #,. The space
thus obtained is again a Lebesgue space. A family (uc; C e X l {) is said to be a canoni-
cal system of measures associated with ( if
(a) for almost any C there exists a o-field % such that (C, ¢, uc) is a Lebesgue

space, and .
(b) for each Fe# the mapping C+> uc(C n F) is almost everywhere defined,
measurable, and

uE) = [ e npya
JX|E

(see (1.21) for an analogous formula). Let { be, in addition, also invariant in the
sense that any of its elements is invariant. Thus, if Ce X ‘ { the T acts only inside C
so that we can think of Ty = T] C as of an automorphism of the Lebesgue space
(C, Z¢, 1c). We denote by {, the (mod 0) coarsest partition within the family of all
invariant, Rokhlin measurable partitions { such that T is ergodic for all Ce X | L.
The family (Tg; Ce X | ¢o) is said to be the ergodic decomposition of the auto-
morphism T.

Let P = (P, ..., P,) be a measurable partition of X. We denote by (7, P) the
corresponding process [12]. Any process (T, P) determines a factor of 7, namely,
the action of T on the measure space (X, (P)r, #), where (P)r is the invariant o-field

V T'P. We denote that factor by (T, (P)r), and call the process (T, P) ergodic

i=-w

if (T, (P)y) is ergodic, i.c., if (P)rn {Fe #:T~'F = F} = {0, X} mod 0. In parti-
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cular, if (7, P) is ergodic and P is a generating partition (that is, (P); = % mod 0;
here we allow also for countable partitions) then Titself is ergodic. In fact, its ergodic
decomposition is then mod 0 trivial.

If CeFand P=(P,,...,P,) we put P. = (P, n C, ..., P~ C). In particular,
ifCeX | ¢, then the process (T¢, Pc) defined on (C, ¢, #c) is said to be an ergodic
component of the process (T, P). (Note: any CeX |{ can be considered also as
a subset of X). Since ¢ is concentrated on C, the processes (Te, Pc) and (T; Pc) are
identical mod ye, however, they may be quite different mod p.

If P and Q are finite measurable partitions of X, the process (T, P v Q) is called
a pair process. If (X, Y) is a stationary process such that X and Y each have a finite
state space, then (X, Y) can be identified with (T, P, v P,), where P, and P, are the
state space partitions. Thus, the two descriptions of pair processes are essentially
equivalent. Of course, the ergodic decomposition result applies to stationary pair
processes as well. .

3. THE STRUCTURE OF RELATIVE ISOMORPHISMS

If P = (Py, ..., P) is an ordered partition of X, we denote by |Pl (=k) its cardin-
ality and by dist(P) the ordered k-tuple (u(Py,..., u(P;)). Given two processes
(T, P) and (T, P) (on possibly different probability spaces) we write (T, P) ~ (T, P)

if dist (V T7P) = dist (\ T P) for all n = 1.
i=1 i=1

Definition 1. Two automorphisms Tand T of Lebesgue spaces (X, #, u)and(X, Z, ji)
are said to be relatively isomorphic if there exist finite measurable partitions P, Q
of X, P, Q of X, and an isomorphism ¢: (X, &, ) - (X, Z, ji) such that
(@ (Pv Q)r=%mod0, (Pv Q)r=ZFmodo0,

(b) ¢« T=To @ mod0, and
(¢) #(Q) = Qmodo.

Remark 1. Thus two automorphisms T and T are relatively isomorphic if and
only if there exist pair processes (T, P v Q) and (T, P v Q) such that each carries
the whole information about the underlying o-field, and the processes are relatively
isomorphic (relative to the factors (T, Q) and (T, Q)). Of course, we can define also
the relative isomorphism of pair processes instead of the transformations thetmselves,
in which case the assumption that the partitions generate can be removed. It is easy
to check that we get a definition of relative isomorphism equivalent to that one
introduced in Section 1. More precisely, two pair processes (X, Y) and (U, V) are
relatively isomorphic in the sense of Section 1 if and only if the pair processes.
(T, P, v P))and (T, P, v P,) are.
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The results of this section constitute a relativized counterpart of [I]. The first
result tells us that a relative isomorphism ¢ between T and T splits into a measurable
family of “local” relative isomorphisms between the corresponding ergodic
components.

Theorem 1. Let T on (X, #, u) and T on (X, &, ji) be relatively isomorphic via
an isomorphism ¢ : X — X. Then the following assertion are true:

(a) for py, almost every Ce X | {, there is a unique Ce X | Lo and for fz, almost
every Ce X | {, there is a unique C & X | {, such that ¢(C) = C.

(b) Let us put for CeX |{o(mod p,) and for xe C(mod pe) pc(x) = ¢(x). If
CeX | {oand if Ce X [ {, corresponds to C by assertion (a) (this takes place
for almost all C), then ¢ is an isomorphism from (C, F¢, u¢) to (C, F¢, fic)
which makes T and T relatively isomorphic.

() Let F:X |, x X - X be mod 0 defined by the properties that F(C, x) =
= @c(x). Then Fis (#,, x F, F)-measurable.

Proof. The “non-relative” isomorphism part can be obtained exactly as in [I]
(in fact, the proof there was made within the frame of induced shifts on sequence
spaces but it can be translated into the present setup without problems). Hence,
for almost all C e X ’ (o, if Ce X | {, corresponds to C then we have an isomorphism
¢c from (C, F¢, pe)to (C, Fe, iig) such that ¢¢ » Ty = Tz o ¢¢. According to Defini-
tion 1 it remains to prove that
(d) there exist finite partitions P’, Q' of C and P’, Q' of C such that (P’ v Q');, =

=Fcmod0, (P v Q). = Femod 0, and

() oc(@) = Q"

In order to prove (d) recall from Section 2 that the processes (T, Pc) and (T¢, Pc)

can be considered as identical on (C, #¢, pe). If (Pv Q)r = # mod g, then for

almost all Ce X [ {o we have (P v Q)r, = & mod y (this is easy to check directly
or, consult [19]). But &# = Fmod e so that (P v Q). = Femod pc. Con-
sequently, (P v Q). = (Pc v Qc)r, mod uc. In this way we obtain

H;O{CEX l o :(Pc v QC)TC = Fcmod Mc} =1,
B {Ce X |lo: (P v Oc)rp = Femod fich = 1.
It follows that (d) is valid if P’ = P¢, Q' = Q¢, P’ = Pg, and Q' = Q. It remains

to prove that with this choice also (e) is valid. Now (c) can be rewritten in the form

(f) ﬂgo{_CEX [ {o: ‘Pc(Qc) = QC} =1,
where C corresponds to C by assertion (a).

We prove (f) indirectly. Hence, suppose there is a set G € #, with p(G) > 0
and @c(Qc) * Q¢ for any Ce G. Thus, if Ce G we find De Q¢ and D, D, e O¢
such that

() @c(D) "Dy + 9 mod 0, ¢(D) n D, + § mod 0.
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Find Q;€ Q with @, " C =D and 0,0, 0 with D, =0, nC, D, =0, nC.
Since ¢{@) = § we can find Q,, @, € Q such that ¢(Q,) = 0, and ¢(Q,) = Q..
We easily get

?(Q) N @(Q,) + Pmod 0, (@) N ¢(Q;) + P mod 0.

Because ¢(Q) is again a partition mod 0, the latter relations imply that @, = Q; mod 0
and Q; = @, mod 0. Consequently, Q;, = Q; n Q, mod 0, ie.,, Q; = P mod 0. But
this contradicts (g) so that (f) must be valid proving the theorem. [m]

Qur next aim is to deduce a converse to Theorem 1. The converse for non-relative
isomorphisms was also obtained in [l] However, because of the generating hypothesis
(a) in Definition 1 we cannot immediately use that result. Rather, we must combine
it with ideas used to get an extension of Krieger’s finite generator theorem to aperiodic
non-ergodic transformations (see [19] or [35]). To this end observe the following.
There exists an additional natural necessary condition for the relative isomorphism
of transformations T and T. If T'and T are such then (a) of Definition 1 says there
exist pairs (P, @) and (P, Q) of finite generating partitions. But if P partitions X and
if CeX | {o is given, then at most |P| atoms of P intersect C so that |P¢| < |P]
Since the partitions (P, Qc) and (Pz, Og) have been shown to fulfil the requirements
for the relative isomorphism of T, and T, a natural necessary condition reads:

esssup {|Pc v Q¢| : Ce X | {omod yp,} <K < 0,

and similarly for the second pair of partitions. Now we shall prove that if these
conditions are added to those ones obtained in Theorem I, we get a relative iso-
morphism between T and T themselves.

Theorem 2. Let Ton (X, &, u) and Ton (X, F, ji) be given. Suppose that

(a) for py, almost all CeX |{, there is an isomorphism ¢c:(C, Fc, pc) -
= (G, F¢, i) (C = ¢c(C)) which makes T and Tr relatively isomorphic,

(b) forany Fe 7,

A(F) = f (€ 0 F) dii(©)
X|%o

(in the formula, C = @¢(C) so that the expression on its right hand side makes
sense),

(c) the mapping (C, x)— ¢c(x) : X | {, x X - X is (F,, x #, F)-measurable, and

(d) if P(C), Q(C), P(C), and §(C) are finite partitions which correspond to ¢
according to Definition 1, then the functions C ‘P(C) v Q(C)| and Cr>
— |P(C) v 0(C)| are essentially bounded (relative tc the measures iz, on X | {o
and fi, on X | {,).

Then T and T are relatively isomorphic.

Remark 2 (Correction to [I]). By a misprint, a condition like (b) above was for-
gotten in the formulation of Theorem 1.2, though it was used in the proof. The point
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is that without (b) we merely can compose the local isomorphisms into a single
stationary code, but do not know whether its range is almost all of X, for without
(b) there may exists additional ergodic components in (X, Z, ji, T). Thus, (a), (c),
and (d) just entail T'is a factor of T.

Proof of Theorem 2. First consider the mappings ¢ as non-relative isomorphisms.
Then (a), (b) and (c) imply as in [I] (cf. the preceding remark) the existence of a global
isomorphism ¢ : (X, #, u) - (X, Z, i) for which ¢ « T = T ¢ mod 0.

Condition (d) ensures that the non-ergodic extension of Krieger’s finite generator
theorems works [35, 19]. Consequently, there exist finite generating partiti-
ons R of X and R of X, Since [P| . fQi = [P \ QI and since only non-degenerate
(|Q| = 2) partitions Q are of interest, it may happen that R is not expressible in the
form P v Q, where |P} =2, |Q! = 2. However, we can refine R if necessary and
thus assume that R = P v Q. Similar remarks apply to R which from now on is
also assumed to take on the form P v Q.

We are not sure that Q and Q just chosen arc appropriate. But we claim that we
always can find appropriate ones. For, suppose that for any pairs (P, @) and (P, 0)
of generating partitions the isomorphism ¢ has the property that ¢(Q) # 0. Since
Fe=FnCFe=FnC T, =T|Cand Ty = T| C, the conditions that

P(C) v QO = Fcmod 0, (P(C) v Q(C))p, = Femod 0
entail that there exist generating pairs (P, Q) and (P, 0) such that P(C) = P,
0(C) = Qc, P(C) = P¢, and §(C) = Q. From the construction of ¢ in [1] it follows
that
;tgo{CeXiCO:(p[C=(pc} =1.
Summarizing all this we get the conclusion
Ho{CeX | Lo : g is not a relative isomorphism} > 0,

and this contradicts (a). O

In particular, we get the following relative isomorphism theorem for processes
(see Remark 1).

Corollary 3. Two aperiodic pair processes (T, P v @) on (X, #, y)and (T, P v Q)
on (X, Z, i) are relatively isomorphic relative to factor processes (T, Q) and (T, 0)
if and only if the sets of their ergodic components ((T¢, Pc v Qc): Ce X | {,) and
((Te, Pe v @e) : Ce X | [o) can be mod 0 decomposed into pairs (T, Pe v Qc),
(Tes Pe v Qp) of pair processes which are relatively isomorphic relative to factor
processes (Te, Q¢) and (Tz, Oc).

Remark 3, In Theorems 1 and 2 the transformations T and T were aperiodic
because of our assumption that the measures 4 and g were continuous. However,
if Tis aperiodic then we cannot assert the same for any process (T, P), and that is
why an additional aperiodicity assumption occurs in the preceding corollary.
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4. MIXTURES OF PAIR PROCESSES

First let us recall Thouvenot’s relative isomorphism theorem. To this end we
introduce the following concepts. If P and Q are finite ordered partitions such that
|P| = ]Q] = k, then the strong partition distance is defined by

P - 0] = Y u(p 20).

where A stands for the symmetric difference. Of course, one can extend this to parti-
tions with inequal numbers of atoms.

Q) on (X, Z, ji) be ergodic

Definition 2. Let (7, P v Q) on (X, #, p)and (T, P v
~ (T, Q). The wlaIwe d-distance is

pair processes such that jP| [P] and (T, Q) ~
defined by

3,[(T,P v 0).(T.P v O)] = sup (T, P v Q). (TP v 0]

where

&[T, Pv Q),(T,Pv Q)] = mfn" Z |z//(TP - T'P|,

and the infimum is taken over all 1somorph1sms ¥ : X — X such that

m—1 m—~1

WVT Q) =VT'0, m=12...
i=0

i=0

Definition 3 [44]. An ergodic pair process (T, P v Q) is called Q-relatively finitely

determined (FD) if for each & > 0 there exists a § > 0 and a positive integer » such

that for any ergodic pair process (T, P’ v Q') the conditions that [PI = |P’L (T, Q) ~
~(T'. Q)

[H(T,P v Q) — H(T',P' v Q)| <6,

|disl(\} TP v Q) — dist(\;(r')'i(P' v o)) <sé
i=0 i=0

imply
doo(T.P Vv Q), (TP v Q)] <.

Here, |dist (P) — dist (Q)| = ZIu(Pi) —u(
Alternate definitions of relative d-distance and of relativized FD property in terms
of processes considered in the introduction are given in [41]. Our Definition 2 is
taken from [39]. Of course, several other approaches to the relative d-distance are
possible paralleling the non-relative case (for the latter consult [29] or [12. Appendix
c)).

Here is the result of Thouvenot we wish to generalize to non-ergodic automorphisms
and non-ergodic pair processes, respectively.

Theorem 4 (Thouvenot). Let (T, P v Q)on (X, #, p)and (T, P v Q)on(X, 7, ft)
be two ergodic pair processes. Suppose
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(@) (Pv Q) =Fmod0, (Pv Q)=
(b) (T, P v Q) is Q-relatively FD, (T, P
(¢) H(T) = H(T), and

(@) (1,2) ~(T. Q).

Then Tand T are relatively isomorphic relative to the factors (T, @) and (T, Q).

The following idea is valid generally. Suppose T is a non-ergodic transformation
and almost all its ergodic components T, belong to a class  of ergodic transforma-
tion for which I() is a complete numerical invariant, i.e., T, T" € 4 are isomorphic
if and only if I(T) = I(T"). Then the distribution function

t u {Ce X | Lo [(Te) < 1}

is a complete isomorphism invariant for the class of transformations having ergodic
components in 7. In [1I] this was proved when I(T) = H(T)and J was just a class of
Bernoulli shifts. This is easy to generalize to non-ergodic pair processes such that
their ergodic components each have the same factor:

Theorem 5. Let Tand T be non-ergodic automorphisms of (X, #, u)and (X, #, fi).
Suppose
(a) there exist ergodic processes (7, Q) and (T, §) such that (T, @) ~ (T, Q),
(b} there exist finite partitions P(C) of C and P(C) of C such that

(P(C) v Q)yp = Fcmod 0, (P(C)v Q). = Fcmod 0,
() (Te, P(C) v Q) is Q-relatively FD and (T, P(C) v Q) is Q-relatively FD,
(d) esssup {|P(C)| : Ce X | o mod s} < o0,
esssup {|P(C)|: Ce X

(e) forany: >0,

e, {C: H(Te P(C) v Q) £ 1} = i {C: H(Te, P(C) v 0) < ¢} .

{omod i} < o0, and

Then Tand T are relatively isomorphic relative to the factors (7, Q) and (T; Q).

Proof. It suffices to verify the assumptions of Theorem 2. Since Q and Q are
fixed, our assumption (d)is the same as (d) of Theorem 2. It remains to verify (a)—(c).
We claim that (e) implies H(T;) = H(T¢) in the following sense: for s, almost any
CeX|{, thete exists a Ce X | {y, and for ji, almost any Ce X | {, there exists
aCeX l (o such that H(Ty) = H(T;). For suppose not. For the sake of concrete-
ness suppose there is a set G = X | {o with ,u;u(G) > 0 such that for any CeG,
H(T¢) + H(T) for all Ce X | ,. But then (d) is violated.

Apply Theorem 4 to conclude that for p, almost all C € X | {, thereisa Ce X | {o,
and for iz, almost all Ce X | {, thereisa Ce X | £o such that T, and Ty are relatively
isomorphic relative to the factors (T, Q) and (T, Q). This gives immediately (a) and (b)
of Theorem 2, while (c) may be verified directly. Thus, an application of Theorem 2
concludes the proof. O
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In case when T and T are allowed to possess different factors Q(C) and Q(C) for
different ergodic components the situation becomes much more complicated. The
problem, in light of the discussion preceding Theorem 5, is to characterize the
condition that (Tg, Q(C)) ~ (Te, @(C)) by means of a numerical-like invariant.
Since this condition is determined by a total of countably many conditions placed
on finite probability vectors, we can construct a countably-dimensional distribution
function characterizing ~. Since different Q(C’)’s may possess different numbers
of atoms, however, it is not clear whether a single distribution function can work.
On the other hand, we know that a necessary condition for relative isomorphism is
essential boundedness of Ci|P(C) v Q(C)| so that the function € |Q(C)|
must be essentially bounded, too. Let K be the essential upper bound to C - |Q(C)
and Lthat to C+ |Q(C)|- Then the distributions

>

n—1

dist (V T51(C)), dist ("\}O 51 0(C))
i=0 i=

can be considered as K", resp. L-probability vectors for all Ce X |{, and all Ce
€ X | ¢ Hence, they are the elements of cubes [0, 1]*" and [0, 1}*; n = 1,2, ...
There is a natural separable topology on the spaces [0, 1]", and one can find an
ordering < such that the order topology is equivalent to the natural one. Let I7,(K)
denote the ordered set ([0, 1]¥, <). Using the same arguments as in the proof
of Theorem 5 we can derive the next assertion:

Proposition 6. Let T and T be non-ergodic automorphisms of (X, #, i) and
(X, Z, ). Suppose that
(a) almost all ergodic components T and T have generating pairs (P(C), Q(C})
and (P(C), J(C)) of finite partitions such that (T, P(C) v Q(C)) is Q(C)-rela-
tively FD, and (Tg, P(C) v Q(C)) is Q(C)-relatively FD,
(b) esssup {1P(C) v Q(C)|: Ce X |, mod g} < 0,
ess sup {[I—’(f) v Q(@)’ :CeX |, mod i} < oo, and
(c) if K =esssup|Q(C)| and L= esssup|Q(C)|, then for all 120, m e

n—

1
ell (max{K,L}),n,ell(max{K,L}),..., 1 {C: H(T¢) < 1, dist (V T¢ " Q(C)) <
w1 o

<mgn = 1,2} = i (C: H(Te) < t, dist (VT 0(0) < min =1,2,...).
i=0
Then Tand T are relatively isomorphic relative to the factors (7, @) and (T, ) such
that |Q| = || < min {K, L}.

5. CLASSES OF PAIR PROCESSES

As mentioned in the introduction to [I] (cf. [I], pp. 362~ 363). Kieffer and Rahe
[9] developed another approach to universal coding in ergodic theory. In this section
we derive results in the spirit of [9] for the relative isomorphism setup.
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Let T and T be non-ergodic automorphisms of Lebesgue spaces (X, #, p) and
(X, 7, ). Let (T, Q) ~ (T, Q) be fixed factor processes. Let ¢ ¢ #;, and {T(C):
:Ce%}c{Tc:CeX l Lo}, {T(C):Ce ¥} = {Tp: Ce X |[o}. We suppose that
for each C e % there exist partitions P(C) and P(C) such that (T(C), P(C) v @) is
Q-relatively FD, (T(C), P(C) v Q) is O-relatively FD, and H(T(C), P(C) v Q) =
= H(T(C), P(C) v Q). In particular, the processes (T(C), P(C) v Q) and (T(C),
P(C) v Q) are relatively isomorphic via an isomorphism denoted by ¢(C).

Let Ce%. By our assumptions there exist sets C. € X | {, and C. € X | [, such
that T(C) = T._and T(C) = Tc_. The problem we address in this section is whether
there is a single isomorphism ¢ : X — X such that, if Ce % and C. e X |{,, C. €
eX l Z, correspond to it, then ¢(C) = ¢¢_ (i.e., o (C.) = C.).

In other words, we ask whether there is an isomorphism independent of Ce %
such that, for each C € %, @ establishes the relative isomorphism between the pro-
cesses (T(C), P(C) v Q) and (T(C), P(C) v 0).

On the first step we shall show there exist ““universal” partitions R and R of the
two spaces such that (T(C), R v Q) = (T(C), P(C) v @)mod 0 on C, and similarly
for the second transformation. That is, we construct pair processes for which the
given classes constitute their ergodic decompositions. Then we shall apply Theorem 2
and construct from local isomorphisms (p(C) a global isomorphism ¢ which will make
the processes (T,R v Q) and (T, R v Q) relatively isomorphic. This will be the
desired ¢, for its restrictions in the sense described above in the preceding section
will be just the prescribed ¢(C)’s.

This way seems to be a little roundabout for one could directly define a probability
measure i on the space (¢, #, N %) which is the mixture of measures corresponding
to the given class of pair processes. However, in this case we would have no means
of control concerning the relations between j and the original measure u. Conse-
quently, the resulting isomorphism could not be considered, in general, as an iso-
morphism from (X, #, ) to (X, &, ji).

The existence of partitions R and R will be deduced from a universal selection
theorem of Kieffer and Rahe [9]. To this end define

J(C.R) = 84[(T(C). R v 0).(T(C). F(C) v D)].
Proposition 7. Suppose the hypotheses listed in the second paragraph of this
section are satisfied. Then the function f(_C, R) has the following properties:

(a) for each fixed Ce %, R+ f(C, R) is continuous relative to the strong partition
distance, and for each fixed R, C + f(C, R) is measurable,

(b) for each fixed C& ¥, for any & > 0 there is a & > 0 such that if f(C,R) <
then there exists a partition R with f(C, R) < eand |[R — R| < 6, and

(c) for each C e % there is a partition R(C) such that f(C, R(C)) = 0.
Proof. In order to prove (c) put R(C) = P(C). The measurability assertion in (a)
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can be verified easily. Let us check continuity. By definition,

[A(C. R(K) = F(C. R)| =

= |sop i;lfn’l:g:lnll(T(C)f R(K) — T(C) B(C)| -

n—1
— supintn™1 Y |U(T(CY R) - T(C) P(O)] .
nzl § i=0
If|R(k) — R| — 0 then |T(C)" R(k) — T(C)' R| - 0 for each i Z 0. Hence |y/(T(C)'.
. R(k)) = $(T(C)' R)| = 0, too. But Q and { are common to all Ce ¥ so that the
infima in both expressions are over the same set. Consequently, from
[W(T{C)' R(k)) = T(C)' P(C)| - [W(T(C)' R) — T(C) P(C)|
it follows that |f(C, R(k)) — /(C, R)| — 0. This proves (a).
Assertion (b) constitutes a relativized version of Ornstein’s central copying argument

[12]. It follows directly from the strong form of Thouvenot’s relative isomorphism
theorem due to Kieffer [41]. O

Remark 4. Thouvenot’s original proof of (b) (see also Ficldsteel [39] for the flow
case) is rather complicated. Kieffer [41] developed a simple proof based essentially
on only the Slepian-Wolf theorem of information theory.

Theorem 8. Suppose the hypotheses listed at the beginning of this section are
satisfied. Then there exists an isomorphism ¢ such that if Ce % and C.eX | {,
corresponds to C, then the processes (T(C), P(C) v Q) and (T(C), P(C) v Q) are
relatively isomorphic via the isomorphism ¢¢_:C. — C..

Proof. Conclusions (a) and (b) of Proposition 7 say that fis an admissible function
in the sense of Kieffer and Rahe [9]. According to one of their universal selection
theorems there is a partition R such that f(C, R) = 0 for all Ce %, i.c.,

doa[(T(C), R v Q),(T(C), P(C) v Q)] = 0.

Combine this with the fact that T(C) = T . Then we have a pair process (7, R v Q)
such that, for each Ce ¥, if C.eX | {o corresponds to C, then the processes
(Te_. Re_ v Q) and (T(C), P(C) v Q) are relatively isomorphic. Since the argument
is asymmetric, we conclude exactly in the same way that there exists a partition R
such that for each Ce %, the processes (T(C), P(C) v Q) and (T,_, Re_ v Q) are
relatively isomorphic. By triangle inequality (which can be used for all processes
involved have common factors)

dpol(Te s Re_ v O).(Tc_,Rc_ v Q)] £
£ dyol(Te_, Re_ v 9).(T(C), P(C) v Q)] +
+dy o[(T(C), P(C) v 0),(T(C), P(C) v O)] +
+do o(T(C). P(C) v Q). (Te_, Rc_ v Q)] = 0.
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Consequently, for any Ce %, if C.eX |{, and C~eflf0 correspond to C,
then the processes (Tc_, Rc_ v Q) and (Tz_, Re_ v Q) are relatively isomorphic.
It remains to apply Corollary 3. ]

Remark 5. Our proof does not seem to work for processes having different factors
for different C € €. Indeed, we used the assumption on the existence of common
factors in the proof of continuity of the function f (Proposition 7) and in the above
proof when using the triangle inequality. However, it seems likely that such a more
general result will also be valid.

6. A CORRECTION NOTE

John Kieffer kindly pointed out there is an error in Sesction L5, namely, that
Lemmas .4 and .5 are false and consequently the proofs of Theorems 1.4 and 1.3
are not correct. In this section we give another proofs without using the quoted
lemmas. We shall use notation and concepts from [1] without comments. As men-
tioned on p. 372 of [1], an isomorphism @ : A% — BZ is finitary if it has the following
properties:

(a) (@u)o is determined by u™% . where /i : 4% » N U {20} is a measurable function

Nty
with p{u : #u) < xo} = 1,( zind

(b) (¢~ v}y is determined by ™% where #i:B*— N u {00} is a measurable
function with x{v : fi(v) < w0} = I.

Theorem 1.3 asserts that if [4, ], [B, ] are aperiodic and isomorphic via a finitary

code @ : A* - B?, then the local isomorphisms @, &e Q*, are also finitary. This

follows easily from the canonical decomposition formula (1.21). Indeed, let Ee #2

correspond to the set {u e A% : 7i(u) < oo} € o2 In particular, m*(£) = 1. By (1.21)

m"(E) = J mg(fr\ &) mg(dg) =1.
o4

Since mi(_l? N €) £ 1, the latter conclusion is possible only if

(c) mg{¢e @ imgEng)=1}=1.

Similarly, if Fe %72 corresponds to the set {v e BZ : ii(v) < oo} then

(d) mi{neQ®:m(Frn) =1} =1.

Now take e Q' Let @z = @ | &, the restriction of @ onto &, and let y = G¢).
By Theorem 1.1, with probability one, @, : ¢ — # is an isomorphism. Since (c) and (d)
are true, @, is finitary.

Theorem 1.4 asserts the converse (see also Remark 2 above). Let @ denote the set
of all isomorphisms §* — BZ which have the local components (@,; ¢ € Q*). We
assume that the @.’s arc finitary, i.e., (a) and (b) are satisfied for y = m,, ¥ = m,
(1 = @E), A =iz, m = i, respectively. By Theorem 1.2, @ + 0. Suppose there
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does not exist a finitary isomorphism @ € ®. Suppose (a) is falsified for each e @
(for (b) we can proceed by symmetry). Thus we find a set E e # such that u(E) > 0
and 7i(u) = oo for any u e E. Let Ee #;) correspond to E; in particular, m*(E) =
— u(E) >0. By (1.21)

(¢) my{ée @ :mfEn &) >0} >0.

Indeed, if mg{En &) >0 only with mj-probability zero, then mfEn &) =0
m-almost everywhere, and this by (L21) leads to m*(£) = 0; a contradiction.
Take ¢ from the set in (e). ie.., m € n &) > 0. Since @, is finitary, we have
me{u : A(u) < oo} = 1. Hence

&) m{EnE)n{u:fifu) <o}]=mlEné)>0.

But if ue £ ¢ then (¢u)o = (¢§u)0 is determined only when knowing the entire
sequence u. Thus, we cannot have (f). This implies

mi{Ee Q' :mf(En &) n[h, < w]] > 0}

i
=

ie.,

It
—

mifze 0 mf(Ene) o [4, < ]] = 0)
Since m[#; < 0] = 1, we get
mi{ée 0t m(Ene) =0} =1.
Hence, again using (1.21)
mA(E) = J mo(E n Emi(de) = 0,
04
a contradiction showing that @ is a finitary code. Since the same arguments apply
to @1, @ ! also is a finitary code, i.e., @ is a finitary isomorphism.
(Received April 19, 1984.)
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