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KYBERNETIKA — VOLUME /6 (1980), NUMBER 4

Algorithmical Complexity of Some Statistical
Decision Processes |

JaN SINDELAR

Complexity of some types of statistical decision processes based on Bayesian decision functions
is studied. Each process is expressed as a sequence of operations as number addition, multi-
plication, finding inverse matrices etc. Basic type of complexity of such process is characterized
by a finite sequence of naturals {ny, n,,...»>. BEvery natural r; equals the number of executions
of the corresponding operation occurring in the process. From this basic type of complexity
some other types are derived.

Examples and applications will be given in part II.

1. In the following work these abbreviations (symbols) are used: N = {0,1,2,...},
N*={1,2,3.}2Z={.,-2-1,012,..}

All the paper is divided into the sequence of sections, which are subsequently
numbered.

STATISTICAL DECISION PROCESSES

2. In this paper algorithmical complexity of several types of decision processes
will be studied using the concept of (statistical) decision function. Statistical decision
functions have been introduced by Wald (cf. [1]). The most emphasize will be posed
on Bayesian (optimal) decision functions. We willalso study the change of algorithmi-
cal complexity of decision making caused by a simplification of structure dependence
of the set of (observed) random variables.

3. Let us introduce an abstract model (borrowcd from [4]) of statistical decision
making abstract enough to cover all particular procedures which will be explained
in the following chapters.

4. Definition D1. Statistical decision problem is a quadruple

(1) A =KX, %, Py, (¥, {Px), <D, D), W),
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where (X, Z, P) is a probability space over the parameter space X, every <Y, %, P>,
x € X, is a probability space over the observation space Y, {D, &) is a measurable
space over the space of decisions D, and w is the weight function or loss function
defined on Cartesian product X x D and taking non-negative real numbers as its
values, here w is supposed to be measurable mapping of the measurable space
(X x D, Z x @) into the Borel line {E,, B).

In our following investigation the members of the set Y always will be n-tuples
of symbols from some set Y,, i.e. Y< Y§ (neN™). Instead of “observed value
y e Y we will say “observed values yy, ..., ¥, from Y. Very often the most simple
case of loss function is used, i.e., w(x, d) = 0, if the decision d is “appropriate”
or “the best” with respect to x, and w(x, d) = 1 otherwise. Also in the case, when
X = D = {0,1} we shall often use this type of loss function, setting w(0,0) =
=w(l,1) = 0, w(1,0) = w(0, 1) = 1.

5. Definition D2. Consider a statistical decision problem A from D. Decision
function ¢ is measurable mapping from (Y, #) into {D, @}. The value

@ r(x,8) = j W, 3(3)) dP,

is called the risk connected with A and 6 under the condition that the value of para-
meter is x. Set

3) rolA, 8) = J H(x, 3) dP = f j w(x, () 4P, dP ,

r M(A, 6)

Then ry(A, 6) is called the Bayes risk and ry(A, &) the minimax risk connected with
the problem A and decision function §. A decision function J, is called a Bayes
solution (a minimax solution, resp.) to the statistical decision problem A, if

“ 5(A, 85) = 75(A, 6)
(ra(B, 80) < ru(A, 6), resp.)

for all decision functions d.

sup {r(x, 8) I xeX}.

A

6. In case of the zero-one loss function the Bayes risk reduces to the probability
of error weighted with respect to the apriori distribution and the minimax risk reduces
to the maximum of probabilities of error of both types.

7. However, in actual decision making (in statistics) usually probabilities P,(y)
are not known. It is necessary to calculate them, or in most cases to estimate them.
So we can say, that real decision process consists of the three (or four) parts:

(theoretical choosing of a decision function)



1. observation of empirical values, calculation or estimation of the values of pro-
babilities necessary for construction of the decision function.

II. construction of the decision function.

III. selection of a decision on the ground of application of decision function to
the next observed empirical values.

8. Example 1. Suppose we have found that in some decision process the decision
function is
0, if ¥p+a°) <y +r
1 otherwise,

pq(Vis ¥2) = {

where p,q are unknown parametres, y,, ¥, are observed values. (IL is the con-
struction of the decision function.)
1. We calculate (or estimate) p, 4.

II. We calculate 3(p + g*) = d, then the decision function, that we shall use
(in practice) will be
0 if d<)’1+J’z
1 otherwise .

5y v2) = {

III. If j;, 7, are the next observed values, we find j = 7, + 7, and then verify the
inequality d < y if this inequality holds, the decision is 0; otherwise the decision is 1.

In this work we shall study (algorithmical) complexity of some parts (I, IT or III)
of several types of statistical decision processes. It is not possible always to determine
precise boundaries and to divide explicitly a decision process into the three parts
according to the rules mentioned above. The separations mentioned below are only
sorme of all the possible. The details and comments on theoretical choosing of decision
function see in [1].

9. In practice many times the following fact has been observed: if we assume,
that yy, ..., y, (¢ Y,) were mutually statistically independently, then the decision
process is more simple than in the case when the independence of observations is
not assumed. The same effect has been observed also in the case when only some
observations are independent from others.

More strictly we can say:

It has been observed that the simplification of dependence structure of random
variables occurring in the decision process simplifies this decision process.

We suppose that when “the state of environment” is x € X, then observations
Y1, ..., ypare obtained by means of a random mechanism defined by random variables
Y, ..., Y, (with distribution defined by probability P.).

We shall distinguish these three cases:

Z]. The statistical dependence between Y;, ..., Y, is arbitrary.
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Z2. Random variables Yy, Y, ..., Y, are divided into several blocks; the variables
in every block can be dependent, variables from different blocks are independent;
more precisely

a) weshallassume 2 £ g < nnumbersi, ..., iqu*' sothatiy + i, + ... +i,=n
and we put i, = 0;

b) we divide random variables Y, ..., Y, in g blocks
Bi={Ysisotriiitts Yigristotnary» Where 1=12,...4

(then I-th block contains i, variables and every Y; (i=1,.., 1) occurs in just one
block);

¢) we shall assume, that blocks (sets) B, (I = 1,2,...,q) of random variables
are mutually independent.

Z3. Y\, Y5, ..., Y, are mutually independent. :
It is obvious that the case Z3 is a particular case of Z2, when g = n and iy =

=iy =..=i =1

ALGORITMICAL PROCESSES AND THEIR COMPLEXITY

10. The basis of every decision process (based on statistical decision functions)
is a certain strictly defined method (procedure). To be able to study its complexity,
we must specify the concepts “procedure” and “complexity”.

The concept “procedure” has been precised and its properties formalized in many
ways — as a normal (Markov) algorithm, Turing machine, recursive function etc.
(ef. [2]).

We shall proceed in the following way. The basis of a statistical decision process
is some calculation, i.e. a decision process (mostly) consists in a number of mathema-
tical operations. Hence, as a base of the following considerations we choose a set
S = {5y, 85, ..., 8} of these operations, and every decision process (or its part) we
write as a sequence T of operations from S. By the complexity of this decision process
(or its part) we shall understand the complexity of sequence T'in this sense: for every
operation s € S we determine how many times it has been used (executed) in realiza-
tion of operations from T; if the operation s; was executed n,-times, operation s,
n,-times, ..., operation s, n,-times, then as the complexity of the sequence T we shall
understand k-tuple of naturals {n,, nj, ..., ny).

11, Tt is obvious, that the complexity of a (statistical) decision process is not
determined unambiguously by the method mentioned above.

For example, if we want to calculate the value of an expression (a — b) . (a + b)
either we can calculate step by step a — b, a + b, (a + b).(a — b) — it means to



execute the operation + one times, operation — one times and operation - one times,
or we can use the equality (a + b).(a — b) =a® — b> =a.a — b.b and, step
by step, calculatea . a,b. b, a.a — b.b — it means to execute the operation+ zero
times, — once and - twice.

Remark. Some relation can exist between operations from S. For example, if s;
is the multiplication and s; addition of real numbers and s, is the scalar product of
two n-dimensional vectors, then operation s, can be written as some executions of
S 850

If we replace the set S of operations by a set of other operations, then it is possible
that the complexity of investigated decision processes is also changed.

The type of complexity described above is some basic type. In the following we
shall derive from this basic type other types of complexity, so this type we shall call
elementary complexity.

Let us approach, now, to a precise description of the ideas mentioned above.

12. Definition D3. By the basic set of operations is called the set S;, which elements
are these operations:

1. operations on real numbers
5 a+b,a—b,a.b a:b |a, a<b, a? loga, 4

where
(@ =min{zeZ l a £z}

other operations are used in usual sense and with usual domains,

2. operations on matrices over real numbers
(6) A+B, A—B, A™'=invd, detd

3. operation consisting in inscribing of a symbol ¢ into the j-th cell of memory

(storage)
Ujfe).

Operations from S, are called basic operations.

We shall denote operation a + bass;,a — bass,, a.bassy, a:bass,, |a|asss,
a < b as sg, a® as s;, log a as sg, [ay as So, A + B as sy, A. B as sqy, A7 as sq,,
det 4 as s,3.

We put Fy = 13. An operation U;{(c) we denote as sy34; = sp4; (JeNT).

Remark. In many calculations it is necessary to preserve some values in memory
during some time, hence we introduce the operation of inscribing of some symbol
into storage (memory); we do not ascribe any formal description to this operation,
because they usually are not self-explanatory. For the purposes of this work the opera-
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tion Uj{c) can be understood as an identity mapping, i.e. we can put U;(c) = ¢ for
every symbol ¢ (and every je N¥).

It is obvious, that the set S, is infinite. When studying a decision process we shall
always use only a finite number of cells of memory and so we shall use only a finite
number of operations from S;.

13. For the purposes of this paper we shall understand under an algorithmical
process any finite sequence of operations from S, ; more precisely.

Definition D4. A finite sequence E = (e, e,, ..., ¢,> will be called an algorithmical
process, if:

I.neN",

2. each e; is a real number or
a pair of real numbers or
a matrix of real numbers or
a pair (s, e) where s € S; and e is a result of one application of the operation S
to some members of sequence {ey, ey, ..., €;— 1), (i =1,2,..., n),
3. at least one member of sequence E has a form (s, ¢) where s e S;.

Members of sequence E we shall call members of the algorithmical process E.

Remark. 1f we want to apply an operation s; to the result of application of s;on
a number e, i.e. to find s,(s;(e)), we can describe it by

85 54€)s si(e), <siy sis(e))y ... .

Example 2. We want to calculate a/b + a? where a, b are real numbers, b + 0.
We shall proceed like this:

1. numbers a, b are put into cells 1,2 of memory;

2. we calculate a/b, the result is put into the cell 2 of memory;
3. we calculate a® and put it into the cell 1;

4. we calculate a/b + a®.

The corresponding algorithmical process can be like this:

™) E =<a, b,{Uy, a, Uy, b); < :, afby, alb, {Us, afby ;
(% a%y, a% Uy, a®); (4, afb + a3 )5

the beginning of E can also be this:

(8) {a, b, Uy, ad, a,{U,, b>, b; ...>

(particular parts of our calculation are in algorithmical process separated by
semicolon).



For a = 6, b = 3 the algorithmical process mentioned above can be written like
this:

©) E = 6,3, CUy, 65, Uy, 3 (20,2, (U, 2 5
{+2, 36,36, (U4, 365; (+,38); ).

A study of relations between algorithmical process and Turing machines (or
normal algorithms, etc.) is rather complicated and so it is not included within the
scope of this work.

Definition D5a. A result V(E) of an algorithmical process E = (e, ..., ¢,> is
1. e, if e, is a real number of a pair of real numbers or a matrix,

2. a member e of pair (s, e} ife, = (s, e) and s€ S;.

14. Definition D5b. To an algorithmical process E = ey, ..., ¢,> we ascribe
a number F(E) as follows:

(10) F(E) = Fy + max [{0} u {m I (U ey efeg, e ..nel].

It is obvious that in an algorithmical process only operations sy, 5, ..., Spgy €an
occur but none of operations s,, for m > F(E). If F(E) > F, then the operation
Srey = Upery occurs in E. The number Fy is defined in the paragraph 12.

15. Definition D6. By elementary complexity of an algorithm process E =
= ey, ..., €,» we shall understand F = F(E)-tuple (ny,...,ng), where for i =
=1,2,...,n nfeN) equals to the number of pairs of a form (s;, - ) occurring in E.

The elementary complexity of E can be found, if we determine how many times
we have applied every operation sy, ..., Sggy in E.

Remark. Here we commit to some simplification. We assume that the addition
of two one-digit numbers is equally complicated (difficult) as an addition of two
ten-digit (or thousand-digit) numbers, but in real computation it is not true. The same
situation is with respect to the other operations.

16. Hence, when studying other types of complexity the complexity of an algo-
rithmical process will be always a finite sequence of real numbers, which will be defined
by the number of operations, necessary to the realization of the algorithmical process
in question.

Remark. If {n, ..., ng)y is the (e]emenlary) complexity of an algorithmical process
Eandn; =0 (i € {1, 2,0 F}), then the operation s; does not occur in any member
of E. Hence, important for us are only those n; from {ny, ..., ny) which do not
equal zero.
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17. There are some natural requirements that should be satisfied by the concept
of complexity (if we express the complexity as a finite sequence of real numbers):

a) If {my, ..., mpy is the complexity of an algorithmical process, then m; = 0
(i=1..,F).

b) If E, E’ are two algorithmical processes and the clementary complexity of E
is n-times greater than the elementary complexity of E’, then the complexity of E is
n-times greater than the complexity of E,

c) We can easily see that if E = (e, ..., e,», E = {ef, ..., ;> are two algo-
rithmical processes, then E” = ey, e,, ..., e,, €}, ..., €,.> is an algorithmical process
and elementary complexity of E” is the sum of elementary complexities of E
and E'.

If we have some procedure that from elementary complexity of E, E’, E” compute
the complexity of E, E’, E”, then the complexity of E” is the sum of complexities of E
and E', where E, E’, E” are as mentioned above.

d) If <my, ..., mg), {mi, ..., mp) are the complexities of algorithmical processes
E,E and m; £ m] (for i=12,... F), and if we compute, by the same procedure,
new {types of) complexities {ny, ..., np.», <ni, ..., np.» of E and E' then n; £ n}

i=12..,F)
As can be shown, for every type of complexity defined below, this four requirements
are fulfilled.

18. In many applications we can assume that the realization of an addition or
substraction of two real numbers is equally difficult. Also the realizations of multi-
plication, division and square taking can be treated as equally difficult.

For a more detailed discussion on these problems cf. [3].

Let us consider a set of operations S = {f, ..., #;} (k = 2) and the complexity
{ny, ...,y of an algorithmical process E with respect to the operations ty, ..., f,.

a) If we suppose (or if we determine or decide) that one realization of an operation
from S (e‘g. operation ¢,) can be equally difficult as ¢, (joiﬂt) realizations of the
operation f,, ¢; realizations of the operation f,, ..., ¢, realizations of the opera-
tions t,, then we can consider the complexity of E only with respect to operations
S = {t;,..., t,} and write it as the (k — 1)-tuple

(11) {njc, + ny, nycs + ns, ..., ny0 + My or asa k-tuple
{0, nyca+ ny, Nyey + Mgy Ry + 1)

b) If we find out that one realization of ¢, can be replaced by c, (joint) realizations
of t, and c; realizations of ¢; etc., then the way of transformation is the same as in
the case a).

¢) We can also put ¢; = —1, then nycy + n, = 0 and we can write the complexity
of E with respect to 8" as {nyc; + ny, nycy + ny, ..., ny¢ + ny. Consequently,




if {nf, ..., ny> is the complexity of E with respect to S', then n; = nye; + n; (i =
=1,2,...,k) and the transition from operations from S to operations from S’
implies the change of complexity of E’ determined by k-tuple of numbers {cy, ¢,, ...
...,y Where ¢y = —1,¢; 2 0fori = 2,3, ..., k. If the transition from operations S
to operations S’ cannot be done or is not reasonable, we can characterize it by
k-tuple €0, 0, ..., 0>. For example if S = {Uj, +, —} then it can be inappropriate
to replace the operation U (inscribing to j-th cell of mcmory) by operations +, —.
However, if we want to find the cost of some process, then this replacement can be
of a sense.

d) With respect to the considerations in a)—c) we define:

Definition D7. The matrix C = (c;;); ;=1 » Will be called a transition tabel of order k,
if
1. keN*;
2. for i % j, ¢;; 20 holds (i,j =1,2,..., k);
3ocy=00rc;=—1,(j=12..,k);
4. if for some je{1,...,k) ¢;; =0, then ¢;; = 0 for i = 1,2, ..., k;
5. if for some je {1,...,k) ¢;; = —1, then there is i€ {1, 2, ..., k} so that ¢;; > 0.
i-th row of C shall be written as c;, 50 ¢; = <{¢;1, Cizs «-+» Cigp-

19. Definition D8. Let C be a transition table of the order F. For every GeN*
and every iy, is....,ig€{1,2,..., F} an operation Pr, .. :Ef — Ej is defined
as follows:

1. if G =1 then

(12) Pring, g, ooy npy = 0y, M, o MpY
where
(13) ny = n; 4+ cyjnyy s

{Ciyts Ciys vvor Ciypy = Ciy
2.if G =z 2 then

(14) Pri iy icfys Mgy oo Mgy = Pria(Pri‘“.ia.K"ls LTI "F>) .
Operation Pr;, is called an elementary transition, operation Pr;, ; (G e N™)atrans-
ition.

The sense of this definition is obvious from D7 and paragraph 183.

20. Definition D9. Let E be an algorithmical process, F = F(E) and N, =
= (ny, ..., nyy elementary complexity of E. Let C be a transition table of the order F.
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By algorithmical complexity of E with respect to C we shall understand any
M = {my, my, ..., mg)> satisfying the following conditions:

a) M = N,, or

b) M = Pr; ;, . .o(No) for some iy, ...,ige{l,...,F}, GeN".

We shall write

(15) M = Com E (for N = No)

M =ComC,,,  ;(E).

Definition D10. Let E be an algorithmical process, F(E) = F, C — transition table
of order F. Let HeN* and jy, j,, ....ju € {1, 2, ..., F} be different naturals.

By algorithmical complexity of E with respect to the set S = {s;,, 5}, .-.. 5}
of operations (and with respect to C) we shall understand the H-th tuple {mj, ..., mpy)
iff there is a complexity {(ny, ..., npy of E with respect to C such that:

=m,; =m

J n

a) n,
b) ny =0 for i = jy,jz eous jur-

j2 = My v oes Mgy F2 4

(Compare D10 with the remark in section 16.)

21. In our following study of statistical decision processes an important role plays
the number of occupied cells of memory, but not a number of repetitive use of
every cell. Hence we introduce a new type of complexity.

Definition D11, Let E be an algorithmical process, F(E) = F, {ny, ..., np» =
= Com E. By elementary reduced complexity (elementary r-complexity) of E we
shall understand (Fo + 1)-tuple {(n{, nj, ..., np,s>, Where

a)n;=n;...for i=1,2,...,Fp;

b) np,41 =0... for F, = F;

C) Mg,y is the number of members of {np, .y, ..., npy not equal to zero ... for

Fy < F.

Remark. Fy is defined in section 12. Compare D11 with section 14.

Definition D12. Let E be an algorithmical process, Ny = {ny, ..., Bp > an
elementary r-complexity of E, C a transition table of the order Fy, + 1. M =
= {my, my, ..., Mgy, 1) is called r-complexity of E (with respect to C), if

a) M = N, or

b) M = Pry, ;. io(N,) for some iy, iy, ..., ige{l,2,...., Fy + 1}, GeN*. We
shall write

(16) M = Com Pr(E) for M =N,




M = Com Pr C; _,,(E).

Elementary r-complexity of every decision process is a (Fo + 1)~tuplc, so when
studying every (statistical) decision process the same transition table can be applied.

Definition D13. Let E be an algorithmical process, C-transition table of the order
Fo+ 1.Let HeN* and jy, js, ..., jp € {1, 2, ..., F} be different integers.

By r-complexity of E with respect to the set S = {s;, 5;,. ..., st} of operations
(and with respect to C) we shall call the H-tuple {my, ..., my) iff there is the r-
complexity {ny, ..., np,,1» of E (with respect to C) such that

(17) a) nyo= My, N, = g, L h

i jr = Min

b) ng =0 for i+, js..0ju
(Compare with D11.)

Remark. These two concepts of complexity are used in literature: space complexity
and time complexity (cf. [3]). The concept of algorithmical complexity corresponds
to the time complexity.

If {ny, ..., g, npo4 1) s r-complexity of some process E then np, ., corresponds
to the space complexity of E.

Hence, our concepts of algorithmical complexity and r-complexity are generaliza-
tions of the concepts of time and space complexity.

As far as a reduction of space complexity to time complexity and vice versa is con-
cerned, we can (roughly) say the same as in section 18 about (gencral) reduction
between operations; cf. the last part of 18c.

22. When a misunderstanding is excluded, we shall say ‘“‘complexity” instead
of “algorithmical complexity” or “r-complexity”, and “elementary complexity”
instead of “elementary r-complexity” or “‘elementary algorithmical complexity”.

Applying the transition operation to the complexity of some algorithmical process E
we obtain (new) complexity of E. However, intuitively is obvious that a complexity
should be determined unambigiously. In order to achieve this goal we always write
the particular parts of a statistical decision process as a very detailed procedure (or
computation), and then we describe how to compile the corresponding algorithmical
process and combine its elementary complexity. We always use the same transition
table and the same transition.

23. Every decision process will be separated into three parts I, II, III as described
in section 8.

We distinquish between the three levels Z1, Z2, Z3 of the statistical dependence
of random variables (cf. section 9), hence, there are three types of simplification
of this dependence: we can transit from Z1 to Z2, from Z1 to Z3 and from Z2 to Z3.
This types of simplifications will be denoted by Z12, Z13, Z23.
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Studying statistical decision processes we consider the observed values yy, ..., y,
(cf. sections 4, 9). For different values of n we (usually) obtain different decision
functions and, hence, also different algorithmical processes E(n). So that to different
values of n we (usually) obtain different complexities M(n) of E(n).

If we consider in addition the different kinds of dependence structure of random
variables Y, ..., ¥,, we obtain two sequences E(n), E'(n) of algorithmical processes
and two sequences of its complexities M(n), M"(n).

We want to characterize the change of complexity (of a statistical decision process)
connected with the simplification of dependence structure of random variables
(occurring in the decision process). So we define:

Definition D14. Let FeN™,

(18) M(n) = {my(n), my(n), ..., mr(n)) s

M'(n) = (mi(n), m'z(n), e mj,(n))
be complexities of algorithmical processes E(n), E'(n), n =1,2,3,.... Let ie
€{1,2,..., F}. We say, that the saving of operation s, connected with the transition

from the sequence E(n) of algorithmical processes to the sequence E’(n) of algorithmi-
cal processes is asymptotically characterized by a function h: N —» E,, if

(19) lim i) 1
n>wo miyn) h(n)
exists and equals 1.

Remark. It is obvious that the function k from D14 need not be determined unambi-

guously. However, important (for us) is the type of this function (polynomial,
exponential, etc.) and not a function itself.

(Received August 31, 1979.)

REFERENCES

The list of references will be presented in the part II.

Jan Sindeld?, Ustav teorie informace a automatizace CSAY (Institute of Information Theory

and Automation — Czechoslovak Academy of Sci ), Pod voddrenskou vézi 4, 182 08 Praha 8.
Czechoslovakia.




		webmaster@dml.cz
	2012-06-05T08:05:35+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




