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KYBERNETIKA — VOLUME 29 (1993), NUMBER 6, PAGES 617-627

ON THE DERIVATION OF A STATE-SPACE MODEL
OF A PERIODIC PROCESS
DESCRIBED BY RECURRENT EQUATIONS'

OsvALDO MARIA (RASSELLI, SAURO LONGHI AND ANTONIO TORNAMBE

Here the problem is considered of obtaining a periodic description in state-space form
of a linear process which can be modelled by linear recurrent equations with periodic
coefficients. A polynomial time-invariant description of such a model is used, in order to
characterize the order of the model and to introduce an equivalence relation between two
models.

1. INTRODUCTION

For processes which can be modelled by linear recurrent (or differential) equations
with constant coeflicients, Rosenbrock [1] introduced the polynomial matrix descrip-
tion in form of the following pair of vector equations

T@)E = U)u, (1.1)
y=V(E)E + W)u, (1.2)

where T(8), U(8), V(8) and W(6) are polynomial matrices in the indeterminate 6,
which for recurrent equations can have the meaning of the one-step forward-shift
operator. He showed that under the polynomial transformations on (1.1), (1.2) that
he called strict system equivalence, if T'(6) is square, det T'(6) # 0 (and has a degree
equal to the dimension of T'(8)) and the input-output transfer matrix corresponding
to (1.1), (1.2) is proper, then it is possible to obtain a description of the same process
in state-space form, i.e., in the case of recurrent equations, of the type

z(k+1) = Axz(k)+ Bu(k), (1.3)
y(k) Cz(k)+ Du(k). (1.4)
Since then, several authors studied the polynomial matrix description (1.1), (1.2)

and the procedures for the computation of a state-space realization (1.3), (1.4) strict
systemn equivalent to (1.1), (1.2) (see, e.g. [2]-[8]).

IThis work has been supported by funds of Ministero dell’Universita e della Ricerca Scientifica
e Tecnologica e Ministero della Pubblica Istruzione.
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In this paper the same kind of problem is faced for processes which can be modeled
by linear recurrent equations with periodic coefficients (whose period will be denoted
by w) of the following form:

Zr:T.'(k)E(k+i) = iU,—(k)u(lc+i), ) (1.5)
i=0 i=0

u() = 3 ViR + ) + 3 Walk)ulk + ), (1.6)

i=0

for some integer r > 0, where the matrices Ti(k), Ui(k), Vi(k) and Wi(k) (i =
0,...,7) are real periodic matrices with period w (briefly w-periodic), and T;(k)
(i = 0,...,7) are possibly square. That is, the problem considered here is that of
obtaining a description of such a process in state-space form. The case 7 = 0 is
not considered, in order to rule out the case when (1.5), (1.6) are not recurrent
equations.

For the sake of brevity, all the proofs are omitted.

2. PRELIMINARIES AND NOTATIONS

For a given matrix F, its element of position (i, j) will be denoted by (F); ;, its ith
row (colurmnn) by [FJ' ([F);). The identity matrix of dimension v will be denoted
either by I,, or simply by I if confusion does not arise.

Hereafter § will denote the one-step forward-shift operator, §=1 its inverse, A :=
6 the w-steps forward-shift operator, and A~ its inverse. Let R,(A), with v € Z*,
denote the operator represented by the following (wv) x (wv) matrix:

R,(A) = { N ’“a"“] : @2.1)

Let a vector function z(t) € R” be given, with { € Z. Then, for any k € Z,
the w-stacked form of z(t) at (the initial) time k is defined as the following (w v)-
dimensional vector function:

z(k + hw)
z(k + hw + 1)

zi(h) == , Yhel (2.2)

2(k+hw +w—1)

The vector z¢(h) can be considered a function either of k or of h. In the following,
the operator A will have the meaning of an w-steps forward-shift in the & variable,
whenever the operator R,(A) will be applied to z;(h).

Let an w-periodic matrix F(1) € RY*# be given, with ¢t € Z. Let the vector
functions z(¢) € R, and w(t) € R* be related by the linear map represented by
F(t),1.e. 2(1) = F(t)w(t), Vi € Z. Then, for any k € Z, the w-stacked (or, simply,
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stacked) form of F'(t) at (the initial) time k, which is defined as the following matrix
of dimension (wv) x (w p):

F(k) 0 . 0
Foe=| 0 FEFD 0
0 0 s Flh+w~1)

represents the induced linear map between the w-stacked forms at time k of the
vector functions z(t) and w(t), i.e. zx(h) = Frwi(h), Vh € Z.

Lemma 1. [9, 10] For any vector function z({) € R” and w-periodic matrix I"(t) €
RY*# (t € Z), and for any k € Z, the following identities hold for all ¢, j € Z:

RV (A) 2p(h) = 2rgjuriCh) = zigi(h + ), (2.3)
RYP(A) Fe R VYN A) = Fieyjuni = Frga. (2.4)

Corollary 1. [10] If in (2.1) the operator A is substituted by a scalar complex
variable s, then identity (2.4) still holds with A replaced by s.

Notice that, by (2.3), we have
Ry(A) ze(h) = 2k4w(h) = 2e(h + 1) = Azi(R), (2.5)

in accordance with the identity RY(A) = Al

3. A TIME-INVARIANT CHARACTERIZATION OF w-PERIODIC SYSTEMS
AND MODELS

Consider a linear w-periodic system described by:

z(k+1)
y(k)

where k € Z,z(k) € R® =: X is the state, u(k) € RP =: U is the input, y(k) €
RS =: Y is the output, and A(-), B(:), C(:), D(:), are real w-periodic matrices.
When w = 1, equations (3.1), (3.2) reduce to the state-space model (1.3), (1.4) of a
linear time-invariant system.

It is convenient to consider also the more general way of describing a periodic
physical process, by means of (1.5), (1.6), since, if the equations of the periodic pro-
cess are written down, they may not initially be in the state-space form (3.1), (3.2).
In (1.5), (1.6), where T;(k), Ui(k), Vi(k) and W;(k) (i = 0, ..., r) are w-periodic real
matrices, u and y have the same meaning as in (3.1), (3.2), while {(k+i) e R™ =: 2
is the vector of the internal variables needed for writing the equations describing the
behaviour of the physical process in the form (1.5), (1.6). Vector £ is termed the
pseudo-state, while equations (1.5), (1.6) are termed the model of the physical pro-
cess under consideration. Equations (3.1), (3.2) are called the state-space model of

A(k) 2(k) + B(k) u(k), 3.
C (k) z(k) + D(k) u(k), (3.2)

it
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the corresponding physical process, or, briefly, the system describing such a process.
When w = 1, model (1.5), (1.6) reduces to the polynomial matrix description (1.1),
(1.2), with the positions: T(8) := Y [_, T;6°, U(8) := Y_i_y Us6', V(6) == Y1, Vib',
and W(8) := Y[, Wi6'.

For any ko € Z, model (1.5), (1.6) can be rewritten for k = ko + hw + ¢, h € Z,
£=0,...,w— L, as follows:

S Tiko + O &lko + hw + £+ i) =

i=0
S Ui(ko + &) u(ko + hw + £+14), €=0,...,w~1, (3.3)
i=0
ylko + hw +€) = Vilko + £) E(ko + hw + €+ i)+
i=0
Y Wiko + O u(ko +hw +£+4),6=0,...,w—1. (3.4)

i=0

By introducing the w-stacked forms at time kg of vectors £(k), u(k), y(k) and
those of matrices T;(k), U;(k), Vi(k), Wi(k), i = 0,...,r, equations (3.3), (3.4) can
be rewritten in the following compact form:

3 Tokorori(h) = Yl iy taopi(h), - (35)

i=0 i=0

Yeo(h) =3 Vikobrori(h) + 3 Wi kqttkori(h), (3.6)
i=0 i=0

where &1, (h), ur(h), and yg,(h) will be called briefly, respectively, the w-stacked
pseudo-state, the w-stacked input, and the w-stacked output. Taking (2.3) into
account, (3.5), (3.6) take the form:

D Tiko Rin (D) Era(h) = > Ui g B (A) wry (h), (37
i=0 i=0
Ueo(h) = Y Vika R (8) Eko(h) + D Wino RE(A) uio(h).  * (3.8)
i=0 1=0

Equations (3.7), (3.8) are termed the w-stacked (or, simply, stacked) form at
(the initial) time ko of model (1.5), (1.6) or, briefly, the stacked model at time k,,
and can be rewritten in the following form:

Tieo(B) Eko(h) = Uno (D) ugy(h), (3.9)
Yro (R = Vg (A) €xg (1) + Wiy (A) wro(B), (3.10)
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where:

Tio(A) = Y TikoRin(A),  Ueo(A) =D Ui i, RE(A),
i=0

i=0
Vio(A) 1= 3 Vio Rin(A),  Wio(A) =3 Wi, Ri(A).
i=0 i=0

In the special case of the state-space model (3.1), (3.2), since r=1, m=n,
£(k) = z(k), equations (3.9), (3.10) reduce to

Ra(A) 2k (h) = Ak Tro(h) + B ur,(h), (3.11)
Yo (h) = Ciy Tio(B) + Dig uro(h), (3.12)

which are termed the w-stacked (or, simply, stacked) form at (the initial) time
ko of the state-space model (3.1), (3.2), or, briefly, the stacked system at time kq.
The w-stacked forms Ag,, Bk, Cko, Dk, at time ko of A(k), B(k), C(k), D(k)
were introduced in previous papers (see, e.g. [l1, 12]), and allow the notions of
invariant zeros, transmission zeros, input (output) decoupling zeros to be studied in
a direct way for the w-periodic system (3.1), (3.2) [11]. This is obtained, as far as
invariant zeros and decoupling zeros are concerned, through the matrix obtained by
substituting the operator A by the complex variable z in

Ak, — Ra(A) Bkn]

oS —
S5.(A) = o e

(3.13)
which will be called the w-stacked (or, simply, stacked) system matrix at (the initial)
time kq of system (3.1), (3.2). For w = 1 it reduces to Rosenbrock’s system matrix
[1], and, in general, it plays a similar role for the w-periodic system (3.1}, (3.2)
L1, 13).

Similarly, we can define in general the w-stacked (or, simply, stacked) system
matrix at (the initial) time ko of model (1.5), (1.6) in the following way:

M Ay . | ~Tha(D)  Uk(A)
st = [T @] @19

Notice that, for a fixed ko, equations (3.11), (3.12) can be considered as a time-
invariant description of the w-periodic system (3.1), (3.2), since they can be seen to
be similar to equations (1.1), (1.2) by formally substituting é, &, u, y, respectively,
by A, ziy(h), tk(h), Yk, (h), and by setting T(A) := R,(A) — A, U(A) := By,
V(A) := Cry, W(A) := Dy, The first n components z(ko) of z;,(0) play the role of
initial conditions at time ko for computing the solution of (3.11), (3.12) as in [9, 10].

More generally, for a fixed ko, equations (3.9), (3.10) can be viewed as a time-
invariant description of the w-periodic model (1.5), (1.6), since they are formally
similar to (1.1), (1.2). The pseudo-state and output responses £(k) and y(k) of
(1.5), (1.6), for any k > ko, can be uniquely computed in w-stacked form through
(3.9), (3.10), under the assumption that 7;,(A) is square and nonsingular (as a
polynomial matrix), from the input function ©(-) aud from some initial conditions,
as stated by the following extension of well-known tiune-invariant results [1].
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Proposition 1. [9, 10] If the polynomial matrix T,(A) is square and nonsingular,
then for each input function u(-) there exist solutions &x,(-) of equation (3.9), and
they depend on arbitrary independent initial conditions whose number is equal to
the degree of det Tp,(A).

If Tio(A) is square and nonsingular, the degree of det 7p (A) is called the order
of the model (1.5), (1.6) at (the initial) time ko. For the determination of the
initial conditions needed for the solution of (3.9), and for its effective computation,
see [9, 10].

Proposition 2. [9, 10] If 7;,(A) is not square and nonsingular, then one (or more)
of the following situations occurs:

(e) one of the rows of {3.9) can be reduced to the trivial identity 0 = 0 by a finite
sequence of elementary operations of the types (i), (ii), and (iii) that will be defined
in Section 4;

(B) there exists an w-stacked input function ug,(-) for which (3.9) admits no
solution;

() there exist solutions of (3.9) for any ug,(-), but they depend on an infinite
number of independent initial conditions.

Now, notice that in (3.9), (3.10) the time ko is arbitrary, whence similar rela-
tions hold for ko+ 1 instead of kg, involving €xo+1(h), wkot1(h), Ykot1(h), Thor1{AD),
Upg41(A), Vig+1(A) and Wy 41 (A). Notice that (2.3) can relate &1 (h), ugoq1(h),
and Yro41(h) with &, (h), ug,(h), and yi,(h), respectively. Relation (2.4) allows the
following lemma to be proved, which exhibits relations between Tgo41(A), Upyt1(A),
Vio+1(A), Wio41(A) and, respectively, T, (A), Uro(A), Vio (A), Wio(A), similar to
(2.4) written with j =0 andi=1.

Lemma 2. If 7;,(A) is square, then the following identities hold:

Tio+1(8) = Rm(A)Tho(A)RZ1(A), (
Uro+1(A) = R (A)Uky (A)R; 1 (A), (
Vios1() = Ry(A)Ver (A)R51(A), (3.17)
Wio1(8) = Ry(8)Wio (AR (A), (
det Tio41(A) = det Ti(A). (
If T1,(A) is square and nonsingular for ko = ko, then it is for all ko € Z, and the
order of the model (1.5), (1.6) is independent of the initial time k.

The following corollary of Lemma 2 follows from Corollary 1.

Corollary 2. [fin (2.1) the operator A is substituted by a scalar complex variable
z, then the identities (3.15)~(3.19) still hold with A replaced by z.

Hereafter, by virtue of Proposition 2, Ty,(A) will be assumed to be square and
nonsingular. By virtue of Lemma 2, for an arbitrary ko € Z the degree of det Tj,(A)
will be simply called the order of the model (1.5), (1.6).
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In the special case of the stacked system (3.11), (3.12), relation (2.4) of Lemma 1
yields directly relations similar to (3.16)-(3.18) for B, 41, Ckot+1, Dio+1, and relation
(3.15) reduces to:

Ra(A) = Atgrt = Ra(A) [Ra(A) — A R7H(A).

4. STRICT SYSTEM EQUIVALENCE

In the time-invariant case, a class of elementary operations on the system matrix
corresponding to equations (1.1), (1.2) was considered by Rosenbrock [1] in order
to derive a state-space description (1.3), (1.4) from the given model (1.1), (1.2). In
a similar way, it seems natural to introduce the following six types of admissible
elementary operations on the stacked system matrix (3.14) obtained from the given
w-periodic model (1.5), (1.6).
(i) Multiply any one of the first (w m) rows of (3.14) by a non-zero real constant
a.
(i1) Interchange any two among the first (w m) rows of (3.14).
(iii) Add a multiple, by a polynomial 3(A) in A with real coefficients, of any one
of the first (wm) rows of (3.14) to any other row.
(iv) Multiply any one of the first (wm) columns of (3.14) by a non-zero real
constant c.
(v) Interchange any two among the first (wm) columns of (3.14).
(vi) Add a multiple, by a polynomial 3(A) in A with real coefficients, of any one
of the first (wm) columns of (3.14) to any other column.
The operations (i), (ii), and (iii) can be generated by left multiplying (3.14) by a
polynomial matrix in A, with real coefficients, of the following form:

Y& ) (D

with M (A) square and unimodular, thus yielding:

SM(A) = ’)”((Z‘)) ]?w] SM(A). (42)

Matrix M(A) being unimodular, and taking into account that:

[A;((ﬁ)) Ifw] [ykno(h)] - [yk.,o(h)}’ (43)

we have that the solutions &k, (h), ye,(h) of

solsh]-la] e

are exactly the same of (3.9), (3.10).



624 0.M. GRASSELI, S. LONGHI AND A. TORNAMBE

The operations (iv), (v), and (vi) can be generated by right multiplying (3.14)
by a polynomial matrix in A, with real coefficients, of the following form:

[NE)A) X(A)} ’ \ (45)

I

with N(A) square and unimodular, thus yielding

& , N(A) X(A
M () = SM(A) [ (a) Ifw) . (4.6)
It is easy to check that, matrix N(A) being unimodular, the solutions Eku(h), Yko (R)
of -
s [&0]-, 0]
t (] = Lo (47)

and the solutions &, (h), ye,(h) of (3.9), (3.10) are biuniquely related in the vectors
£k, () and i, (h) by means of the following functional relationship:

Ero(h) = N(A)Ek(h) + X(A)ug, (h), (4-8)

and are exactly the same in the w-stacked output.
1t is stressed that, matrix N(A) being unimodular, the inverse of (4.8)

Eko(h) = N7H(A)eko(h) = N7 (A8) X(A)u, (k) - (49

is of the same type of (4.8).
Obviously for the following system matrix:

sy = [ Va0 st [MEY @), (t10)

with M(A) and N(A) square and unimodular, the solutions £, (), ¥k, (h) of

—=M G _T 0
Sr(A) [m(h) ‘[yk.,(h)] (.11)

and the solutions &, (h), yk,(h) of (3.9), (3.10) are biuniquely related in the vectors
&ko(h) and £, (h) by (4.8) and (4.9), and coincide in the w-stacked output. The
following definition is formally the same as the one introduced by Rosenbrock [1] in
the time-invariant case. . ) :

Definition 1. Two (mw + qw) x (mw + pw) polynomial system matrices S*(A)
and S%(A) with real coefficients of the following form:

3 -Ti(A I/,‘A .
5”(A):[v.~((A)) W] =12 (412)
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with 7;(A) of dimensions mw X mw, are said to be strict system equivalent if a
relation of the following form holds:

sz(A):[Qf((AA)) Ifw].s”‘(A)[N(OA) lej)] (4.13)

where M(A), N(A), X(A), Y(A) are polynomial in A with real coefficients, and
M(A), N(A) are unimodular.

Therefore system matrices S} (A) and EK(A) defined by (3.14) and (4.10) are
strict system equivalent.

In addition to the elementary operations (i) - (vi), the following extra operations
can be considered on the w-stacked form &k, (k) at time kg of the pseudo-state £(k)
of the w-periodic model (1.5), (1.6).

(vii) Add to each {(ko+hw+£), £=0,...,w—1, which are the vector components
of &, (h), v scalar components, v > 0, which are defined to be equal to zero for each
h>0.

(viii) Remove, if they exist, from each £(kg + hw +£€), £=0,...,w — 1, which are
the vector components of &, (h), v scalar components, 0 < v < m, which are equal
to zero for each h > 0.

Obviously operation (vii) [resp. (viii)] is equivalent to add [resp. to remove] v
scalar equations to (1.5) [resp. from (1.5)] of the following form

&.(k)=0, (4.14)

with j; € {m+1,...,m+v} [resp. ji € {1,...,m}],i = 1,...,v. The system matrix
obtained from (3.14) after the elementary operation of type (vii) have been carried
out, is strict system equivalent (through the operations of the type (i) and (v)) to
the following one:

I 0 0
SHE(A)=] 0 —Ti(A) U (A) |. (4.15)
0 Vi (A) Wi (4)

A similar characterization of operation (viii) holds.

Definition 2. Two w-periodic models of the type (1.5), (1.6) having inputs and
outputs of the same dimensions p and ¢, respectively, pseudo-states of dimensions
m;, i = 1,2, and corresponding w-stacked models M} , of the form (3.9), (3.10),
it = 1,2, at the same initial time ko, are said to be system equivalent at time ko
if there exists an operation of type (vii) or (viii) to be carried out on M} and an
operation of type (vii) or (vili) to be carried out on M}  such that the w-stacked
system matrices at time ko of the resulting w-stacked models at time ko are strict
system equivalent.

Proposition 3. The relation between two w-periodic models of the type (1.5),
(1.6) introduced by Definition 2 is an equivalence relation.
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Remark 1. By means of Definition 2 and of Proposition 3, whose proof is omitted,
given the w-periodic model (1.5), (1.6), an equivalence class of w-periodic models,
containing model (1.5), (1.6), is introduced. The solutions of each pair of w-periodic
models in such a class are biuniquely related in the pseudo-state, and are exactly
the same in the the output.

The following proposition follows from well-known time invariant results [1].

Proposition 4. Given two w-periodic models M; and Ms of the type (1.5), (1.6),
having inputs and outputs of the same dimensions p and q, respectively, pseudo-
states of dimensions m;, i = 1,2, and the following w-stacked system matrices at
time kg:

=Tio i (D) Hkn,,i(A)} i=12

Vi i(A)  Wii(A))? "7 77

if M| and My are system equivalent at time ko, then the following pairs of matrices:

SM(A) = [

Sta(B), Sty 5(A),
,T‘»'n,l(A)v Tkn.?(A)ﬂ
[=Thon(8) o1 ()], [=Tho2(8) Ura2(A)],

[—Tkn,l(A)] [—Tkn,z(A)}
Vio,1(A) |’ Vio,2(A) |7

have the same Smith forms, apart from some unit invariant polynomials, equal in
number to w|m; — my].

5. CONCLUDING REMARKS

[t is worth to mention that, for a given w-periodic model (1.5), (1.6), it is possible
to introduce, in addition to the algebraic machinery here presented, the transfer
function matrix G,(z) from the z-transform ug,(z) of ug,(h) to the z-transform
Yko(2) of yk,(h), and to show that such a model is causal only if Gy,(2) is proper
and its upper-block-triangular part is strictly proper for all ko € Z [9, 10]; in addition,
this is guaranteed if such conditions are satisfied for an arbitrary k¢ € Z.

In a subsequent paper it will be shown that: (i) such a transfer matrix is invari-
ant under system equivalence, so that the above mentioned causality conditions are
necessary for the existence of an w-periodic system that is system equivalent to the
given model; (ii) under some additional assumptions, such conditions become also
sufficient.

(Received January 21, 1993.)
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