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KYBERNETIKA — VOLUME 37 (1995), NUMBER t, PAGES 65 - 82

VARIATIONAL THEOREMS IN GNOSTICAL THEORY
OF UNCERTAIN DATA

JAN SINDELAR!

Gnostical theory of uncertain data (GT) is a new approach to the processing of data
influenced by uncertainty. For G, as for any theory of data processing, the problem of
characterizing optimality principles leading to estimators is of primary interest. Solving of
the problem is the main topic of this paper. The optimality principles are formulated as

spectfic variational theorems.

INTRODUCTION

Mai ' objection of any theory dealing with estimation is to find “good” estimators.
But how to justify that estimators derived by mecans of the theory are realiy good?
One of the most popular methods is to choose est mators according to some opti-
mality principle. Examples of optimality principles commonly used in statistics are
maximum likelihood principle or minimum distance principle.

Let us turn to GT. Estimators are defined in G'T" also by means of specific opti-
mality principles. Particular cases of such principles were introduced by the author
of GT [6]. Qur goal is to stale a substantially more general version of the principles
covering, of coursc, all the particular ones. These principles will be formulated as
variational theorems of a specific nature.

GT has somc inspirations in measurciment theory [2], relativistic mechanics and
geometry [4]. It 1s worth mentioning that both quantification and estimation pro-
cedurcs can be modelled — or interpreted - using GT. Namely, a quantification
procedure can be interpreted i G'T as a motion along a path in the Minkowskian
plane, while an cstimation procedure can be imterpreted as a motion along a path
in the Buclidean plane. '

GT introduces various characteristics of an individual observed datum as well as
of data samples ([2, 6]). Examples of such characteristics are entropy, information
and 1rrelevance. Consider for instance the gnostical approach to entropy. In contrast
with classical information theory, entropy s not related with any probabilistic model

PThe author has been sponsored by the Academy of Sciences of the Czech Republic through
Grants No. 27560, 27 520.
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in GT. Instead, 1t is related with quantification (estimation resp.) procedure (see
[5, 6]). It results that an essential feature of GT is that the entropy depends on
specific paths in the Minkowskian (Euclidean resp.) plane. We shall show that
this feature of the entropy is, in fact, common to majority of characteristics of
data samples introduced in GT. Namely, such a characteristic can be viewed as a
functional depending on paths in the plane. For cases of entropy and information
this dependence was established by the author of GT (see [2, 5, 6]).

An optimality principle of GT regarding the entropy can be formulated as fol-
lows: find such paths in the plane that the entropy corresponding to these paths is
minimal (maximal resp.). Optimality principle concerning other characteristics of
data samples can be formulated in the same way.

Paths optimal for the cases of entropy and information were found by the author
of GT ([2, 5, 6]); they were shown to be of the same type for both cases (ibid). The
aim of the paper is to show that, under assumptions commonly applied in GT, the
same paths are optimal for all real-valued characteristics of data samples appropriate

for GT.

The paper is organized as follows.

Sections 1, 3.2 and 5.1 are devoted to modelling of quantification and estimation
procedures in GT. Ideas of the sections are used to motivate assumptions under
which the variational theorem and other resulis are derived in the paper.

Section 2 is devoted to gnostical characteristics. Important characteristics of
individual data and of data samples have been introduced in GT. Examples are en-
tropy, information and irrelevance (see [2, 3, 5, 6]). We shall call such characteristics
gnostical characteristics. Features common to a majority of gnostical characteris-
tics are extracted in Section 2. Considerations of the rest of the paper are based
on these features. Therefore, the results obtained in the paper cover all gnostical
characteristics at once.

A type of paths, called gnostical paths in the paper, plays an important role
in GT. We shall show that these paths are extremals of functionals typical for GT.
Topics related with gnostical paths are considered in Section 3.

Variational theorem of GT proved in the paper deals with gnostical functionals
introduced in Section 4.2. A one-to-one relationship between gnostical characteristics
and gnostical functionals is established.

Variational theorem of GT is stated and proved in Section 5. The theorem
states that gnostical paths are local extremals of gnostical functionals. The value of a
gnostical functional over a path can be interpreted as the overall change of gnostical
characteristic during a procedure modelled by means of the path, i.e. during the
quantification or the estimation procedure. Therefore, under the interpretation,
gnostical paths are optimal models of quantification and estimation procedures.

Section 6 is devoted to a notion of residuum. A residuum is introduced to char-
acterize the overall change of a gnostical characteristic during a process consisting of
both quantification and estimation procedures. It is shown that the residuum takes
on tts local extremal value when both procedures are modelled by gnostical paths.

Main results of the paper concern extracting of fundamental features of gnostical
characteristics of data samples (Section 2), stating and proving variational theorems
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of GT (Sections 5 and 6).

NOTATION

The following notation s used throughout this paper.

The symbol R denotes the field of real numbers endowed with the topology of
the real line, the symbol Rt denotes the set of positive real numbers. The symbols
z,y, z, r,  denote real numbers.

Let f and g be functions, M and M’ be sets. Then Dom f and Ran f are the
domain and the range of the function f. The expression f : M — M’ means that f is
a total mapping (hence Dom f = M, Ran f C M’), while f : M— — M’ means that
f is a partial mapping (hence Dom f C M, Ran f C M'). The symbol f | M denotes
the restriction of the function f to the set M; hence f | M = fN[M x Ran f].
Composition of the functions f and g is denoted by go f; hence (go f)(m) = f(g(m)).

Let f be a real-valued function. We put sup |f| := sup{|f(m)||m € Dom f}
and inf [f| := inf{|f(m)||m € Dom f}. The expression sg(f) denotes the “sign”

of the function f; we put sg(f) = 1 if f is nonnegative and takes on a positive
value, sg (f) = —11if f is not positive and takes on a negative value, sg(f) = 0
otherwise.

Fundamental considerations of GT are related to two varieties — the Minkowskian
and the Euclidean plane represented by two algebraic structures — the algebra R; of
dovble numbers [11, 8] and the field R; of complex numbers. The indeterminate
will be denoted by j in the case of double numbers and by ¢ in the case of complex
numbers. (Thus we have j2 = 1,4i% = —1))

Both the algebra R; of double numbers and the field R; of complex numbers have
many properties in common. The indeterminate will be denoted by s when dealing
with such properties. Thus in the following we have s € {7, i}.

We shall assu 1e that the algebra R, is endowed with the Euclidean topology.
The modulus of z + ys € R, will be denoted by |z + ys|;. Hence we have |z+ys|s =
V22 — s2y2. For z € R negative we put /z := i\/[z].

Exponential function exp,, hyperbolic sine sinh;, cosine cosh; and tangent
tanh; are defined in the customary way. Polar coordinates are used in GT as a
tool. Any z + ys € exp,(R;) can be rewritten in the form z + ys = r - exp,(£2s),
where 7 € Rt and Q € R are polar coordinates of z + ys. If moreover z # 0, then

1
¥ = Ztanh,(Qs). - (0.1)
xz S

1. MODELLING OF QUANTIFICATION AND ESTIMATION IN GT

As stated in the introduction, quantification and estimation procedures are modelled
in GT as motions along paths. Namely, a quantification procedure is modelled by
a motion along a path in the Minkowskian plane represented by the algebra R; of
double numbers. An estimation procedure is modelled as a motion along a path in
the Euclidean plane represented by the field R; of complex numbers. More precisely,
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the procedures are modelled by paths in specific parts of the planes [6]. The aim of
the section s to define these parts.

Notation. We put
Ups = {4+ ys|a >yl }.

A quantification procedure is modelled as a motion along a path in Uy;. An
estimnation procedure is modelled as a motion along a path in Up;.

Facli point i Uy, can be expressed by means of polar coordinates,; because Uy, C
exp,(125). 1L is a matter of an casy calculation that we have

Up, = {rexp (Qs)|r € RY Q€ Lo},
where : .

]()7‘ = R

T T
ly; = <”‘*’~ —> :
14 ‘ >

2. GNOSTICAL CHARACTERISTICS

Various characteristics of individual data and of data samples have been introduced
in G'T. Examples are cntropy, information and irrelevance (see [2, 3, 5, 6]). We
shall call such characteristics gnostical characteristics below. Some of them are
summarized in Table 1.

Propertics of particular gnostical characteristics were thoroughly investigated by
the author of G'T (ibid}. The aim of the scction s o cxtract features common to a
majorily of gnostical characteristics and relevant from our point of view. Consider-
ations of the rest of the paper are based on the features just mentioned. Thercfore,
instcad of dealing with particular gnostical characteristics, theorcms stated below
cover all gnostical characteristics al once.

A gnostical characteristic will be denoted by G;.
The first property mentioned above reads
(a) A gnostical charactcristic is a mapping from the sct Uys into the sct of real
numbers.
['he second property relevant from our point of view is the following.
(by A gnostical characterisive ws a homogencous function of the order 0.

It means that the value of a gnostical characteristic at a pomnt 2 + ys € Ups
depends only on the value of the ratio £,

- ’ . B . .

When the polar coordinates are considered, then the value of a gnostical char-
acteristic at the point rexp,(§2s) depends only on the value of Q. This property is
cquivalent with (b), as follows from (0.1}, Hence there 1s a function Gy @ Tyy — IR
such that

Vo4 ys = rexp (Qs) € [y 0 Golr + ys) = G(9). (2.1)

If (2.1} 1s true, then we say that the funetinn ¢ represents the gnostical char-
acteristic G, . ’
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Table 1. Gnostical characteristios

gnostical The value of Gnostical characteristic
characteristic at r + ys at 7 exp (§2s)
(Cartesian coordinates) {polar coordinates)
25292 |
Entropy e cosh«(280s) — L
22 — 5242 (2629)
2xy 4y %+ y !
- — In — In — 3 SR
72 4 y? =y 22 - y? :
Information ﬁ 250 tanh«(2Qs) —~ In(cosh.(2Qs))
4zy y oyt
—-— arctan = 4 In Ve
.'1;2 - y© r
21, |
Irrelevance —/ — sinh(24s)
:I,'z - 521/2 s
Pj - 15 () — tanh, (2€2))
Kernel () s 'cosh"Q(‘zSZj)

(2) [ puble case.

() Complex case.

(¢) Double casc only; p; is the gnostical distribution functio  (see [5]).

(d) Double case only; S is a positive constant called parameter of scale {ibid).

Assume that a [unction (75 represents a gnostical characteristic. The third of the
propertics mentioned above reads

(¢) The function (75 is continvously diffcrentiable on Iys.
The last property 1s given by

(d) The Junction Gy is strictly monotonc on cach of the intervals Ins 0 (—oo, 0]

and Ins N0, 00) .
Morcover, we shall consider gnostical characteristics satisfying
(e) G4(0) = 0.

If G! represents a gnostical characteristic G and G1(0) # 0, we can consider the
function Gy given by

G.() = Gi() = GH(1).

Clearly, G, is a gnostical characteristic differing from G} up to an additive constant
and satisfying (a) and (b). Moreover, the conditions (¢), (d) and (e) are valid for
the function G representing G,.
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3. GNOSTICAL PATHS

The section is related to gnostical paths playing an important role in the text.

Problem regarding the optimality principles of GT is the main topic of the pa-
per. Optimality principles of GT will be formulated as variational theorems. The
corresponding functional operates on paths which are characterized in this section.
Specific paths shown to be local extremals of the functional (Section 5.2) will be
called gnostical paths.

The section is organized as follows. Gnostical paths are defined in Section 3.1,
their basic properties are stated. Quantification and estimation procedures can be
modelled (or interpreted) in GT as motions over specific paths. This topic is consid-
ered in Section 3.2. A topology on a set of such paths is introduced in Section 3.3.
To be able to state variational theorems of GT in Section 5.2, paths from a neigh-
bourhood of gnostical paths are analyzed in Section 3.4. ~

3.1. Gnostical paths

Paths® of special type, called gnostical paths below, play an important role in GT.
- We shall show that gnostical paths are optimal trajectories from the viewpoint of
quantification and estimation procedures (see Section 5.2).

Consider a path C in Uy, expressed in polar coordinates. It means that there are
two continuously differentiable? functions

c:[0,]=RY Qc:[0,]]—-R GRS

such that C(t) = re(t)exp,(Qc(t)s) | (3.2)

is true for all ¢ € [0, 1]. Moreover, the function r¢ and the derivatives r¢, Qc are
determined unambiguously.

Notation. Gnostical paths introduced below are parametrlzed by a monotone and
continuously differentiable? function

s - [0, 1] — ]Os-

The function 7; is assumed to have a nonzero derivative at each point in [0, 1], hence

no := inf ;| > 0.

Let us proceed to a definition of a gnostical path.

1A path is usually defined as a piecewise continuously differentiable curve (see [9], p. 202). We
shall limit our considerations to continuously differentiable curves only. See Footnote 1 on p. 74

for details.
2One-side derivatives are considered at the end-points of an interval here and in the foregoing

text.
‘ Id
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Definition 3.1. Let r € RT. The symbol D,; denotes a path called a gnostical
path defined by

Vt € [0,1] :  Dys(t) := rexp,(ns(t)s). (3.3)

Clearly, a gnostical path D, is a path in Ug,. If polar coordinates are considered,
then

rp,, (1) =7, Qp, (1) = (1) (3.4)

is true for all ¢ € [0, 1].-

3.2. Modelling of quantification and estimation in GT

Considerations on modelling of quantification and estimation procedures in GT start-
ed in Section 1 are continued in this section.

Each of quantification and estimation procedures is modelled in GT as a motion
along a path (cf. [2, 5]). Let us start with modelling of quantification. The motion
starts at some point in Up; representing the precise value of the measured quantity.
This point always lies on the real axis, i.e. it has the form r; + 0j. The motion
finishes at some point u € Up; characterizing, in a sense, the particular observed
value of the measured quantity, when observation may be influenced by uncertainty.
The point u has the form r; exp; (Q;7) , where Q; € Io;.

Therefore the quantification procedure can be modelled in GT by means of a class
of paths in Up; having the same “end points” (denoted r; + 0j and u above).

Assume that Q; # 0. Hence the point u does nce lie on the real axis. It results
that there is just one gnostical path D,; having r; 4+ 05 and r; exp; () as starting
and ending points!. The path D; (rj, ;) defined by

/€ [0,1] 0 Dj(ry, Q) (t) = rjexp; (5 -15) (3.5)

is of this type. = =

The estimation procedure is modelled as a motion along a path in Up;. The
motion starts at some point in Up;; let us denote it by r; exp;(£:¢). It finishes at
a point in Up;, which always lies on the real axis, namely at the point 7; + 0z. It
follows that an estimation procedure may be modelled by means of paths in Up;
having the same end points. If ; # 0, then there is just one gnostical path having
r; exp;(€;1) and r; + 0i as starting and ending points!. The path D; (r;, ;) defined
by

vVt e [0,1] : D;(ri, %) () := riexp;(Q - (1 — t)i) (3.6)

is of this type.

! More precisely, the mentioned gnostical path is unique up to a parametrization by the function
Ne; on the other hand reparametrization of a gnostical path does not affect our results, as it does
not affect results on integrals over paths in complex analysis (see [9], p. 202).
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3.3. A topology on a sct of paths

Optimality principle of G'T can be interpreted as a characterization of paths mod-
elling quantification and estimation procedures in an optimal manner. To be able
to state this principle we need a topology on a set of paths in Uy, having the same
end points. We shall consider the Cj-topology. The aim of the section is to state a
metric producing the topology.

Notation. Consider a fixed path D in Ups. We put
Us(D)
equal to the set of all paths € in Up; satislying C

rc(0) = rp(0), re(l) = rp(1), Qc(0) = Qp(0), Qe (1) = Qp(l).

Hence U,(D) is the class of all paths in Ups having the same “cnd points™ as 1),

Assume that the symbols € and €7 denote paths in U (D). Clearly, C;-topology
on the set U, (D) of paths is produced by the metric

p(C, C") = suplre — red| + sup [re — 7er| + sup |S7( — Qe

Notation. Tor any path D in Uy, and (0 < § € R we put

U(D, §) = {C U (D)|p(C, D) < 8}.
Hence Ug(D, 6) is a neighbourhood of the path D in Us (D).

3.4. On ncighbourhoods of gnostical paths
We shall show in the foregoing text that gnostical paths are local extremals of
functionals typical for GT. For this reason we derive properties of paths lying i a
neighbourhood of a gnostical path. '

Recall that the symbol sg(f) denotes a “sign” of a real-valued function f (sce

scction Notation).
Lemma 3.1. Let r € RT. Consider

b1s 1= min{n—o, o™ } R

and a path C € U(D,y, b15)-
Then Q¢ is strictly monotone on [0, 1], Ran¢ = RanQp,_, and

-1
~—

Sg (QC) = sg (1),

sg ([QC - }:—Sl> = 1.
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Proof. Consider a path C € U (Drs, 61). Let us denote D := Drs, 8 1= b1,

and put
w=7rc—rp, W = QC - QD- (38)

Then w and w are continuously differentiable on [0, 1]. We have
sup |lw| < §, sup|w| <6, suplw|<s, _ (3.9

because C' € Us(D, 6).
It holds rp(t) = r for all t € [0, 1] by (3.4). Moreover r > § according to (3.7),
so that
re(t) =r 4+ w(t) >r—6>0. (3.10)

For all ¢ € [0, 1] we have .
[Fe)] = |w(t)] < 6 (3.11)

by (3.10) and (3.9).
It holds Qp = 7, according to (3.4), hence

Qc =05 + w. (3.12)

by (3.8). Moreover for all ¢ € [0, 1] we have |w(t)] < § < no and 7o < [ns(?)], so
that the function Q¢ is strictly monotone and sg (2¢) = sg (%), as follows from
(3.12). Therefore also RanQ¢ = Ran{p,,, because C has the same “end” points
21 Dys. _

Further on, for all t € [0, 1] we have |Qc(t)] > [ns(t)] — |lw(t)| > no — é by
(3.12) and (3.9), hence

rs)

Qe > T,

by (3.7), so that

Tc(t) 2 r—2=6

|QC(t)l _ lfc(t)l > 7o 6

fo”
2+710 615 )

2(1” - 613)
> 0

(2 + mo)

is true, where the former inequality follows from (3.10) and (3.11), the latter one
from (3.7) and (3.10). Therefore Lemma 3.1 is valid. o

4. GNOSTICAL FUNCTIONALS

We shall show that a value of a gnostical characteristic can be interpreted as a
value of a specific functional on a gnostical path. Such a functional is called a
gnostical functional below. The aim of the section is to define gnostical functionals
and show their basic properties. The functionals play an important role in the paper
- variational theorems stated in the next two Sections 5 and 6 are based on gnostical
functionals.
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The section is organized as follows. An auxiliary functional E is introduced in
Section 4.1, its basic properties are stated. A gnostical functional is defined in
Section 4.2 as a specific type of the functional E. A one-to-one relationship between
gnostical functionals and gnostical characteristics is established in the section.

4.1. Functional E

We introduce a functional E, which is a slight modification of the integral over a
path?. The reason of the modification is to overcome problems raised by complex
values of integral over a path in the double case.

Definition 4.1. Assume that C is a path in R;. Let g, : Rs— — R be continuous
on RanC. We put

B(g., C) = Isl. ~/Cgs(l)dl = Isl, /O 6(C@) - ICOLA.  (41)

We shall view E(gs, ) as a functional operating on paths C' in Up,.

Notation. To give some formulas stated below more readable, we sometimes omit
arguments of functions under an integral sign.

Applying this convention to (4.1) we obtain

1
E(gs, C) :/ Cogs-|s(j'|3dt.
0

Finally, we express the functional E(g,, -) via the polar coordinates and state the
values of the functional on the gnostical paths. These results are applied below as a
tool.

Lemma 4.1. Assume that C is a path in Up, given by (3.1) and (3.2). Let g, :
R,— — R be continuous on RanC'. Then

E(gs, C / Cog, \/riQ% —srgdt

Recall that D, denotes a gnostical path given by (3.3), while D,(r, Q) denotes
the specific gnostical path given by (3.5) and (3.6).

2 An integral of a continuous function over a piecewise continuously differentiable curve is studied
in complex analysis (see [9]). We shall limit ourselves to integrals of continuous functions over paths
(i.e. over continuously differentiable curves) only. The reason is that obtained formulas are of
simpler form in this case. Nevertheless extension of our results to a more general case of piecewise
continuity is quite simple, as it is in complex analysis, too.
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Lemma 4.2. Consider a function ¢, : R,— — R. Let r € Rt and Q € Io,.
a) If the function g, is continuous on Ran D,;, then

2o, (1)

E(gs, Dys) = r-sg(ns) - s(rexp,(zs))dz

g
p,,(0)

and E(gs, Dys) is a real number.

b) If the function g is continuous on Ran D(r, Q), then

o ,
E (g5, Ds(r, Q)) = rs -sign(Q) /0 gs(rexp,(zs))dz

and E (g5, D,(r, Q)) is a real number.
¢) If r € Domyg,, then
E (g5, Ds(r, 0)) = 0.

4.2. Gnostical functionals

A gnostical functional is defined in the section as a specific type of the functional E.

A cne-to-one relationship between gnostical characteristics and gnostical functionals
is established.

We start with the definition of a gnostical functional.

Definition 4.2. Suppose that g, : R;— — R is continuous on Ups.
The functional E(g;, -) is called gnostical iff the value of

E(gs, Ds(r, Q))
does not depend on r, i.e. iff E(gs, Ds(r, Q)) = E(gs, Ds(r', Q)) is true for all
r, 7 € R and Q € I,.

A. relationship between gnostical functionals and gnostical characteristics is es-
tablished in

Theorem 4.1. Consider a function g, : Rs;— — R.

a) Assume that the function g, is continuous on Up, and that the functional E(g;, -)
is gnostical.

Then there is a function G, : Iy — R such that
al G5(0) =0

a2 G, is continuously differentiable on I,

a3 It holds

1 R
Vr € RY,Q € Iy :  g:(rexp,(Q)) = - -G4(9) (4.2)
a4 For all r € Rt and Q € Iy, we have

E(gs, Dy(r, Q) = sign(Q) - G4(). (4.3)
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b) Assume that a function G : Ips — R satisfies al and a2, the mapping g satisfies
(4.2).

Then g, is defined and continuous on Up;. Moreover the functional E(g,, -) is
gnostical and a4 takes place.

Proof. a) Assume that the functional E(g, -) is gnostical. Hence, as follows
from Lemma 4.2b, ¢ there is a function

Gs Iy — R

such that for all » € R* and Q € Iy, we have (4.3). Clearly, without a loss of
generality we can assume that

G4(0) = 0. . (4.4)

Let us fix some r € Rt and Q € Iy,. We have
Q
sign () - G5(Q) = r-sign(Q) / gs(rexp,(zs))dz € R, (4.5)
0 .

as follows from (4.3), (4.4) and Lemma 4.2b. Therefore

Gs(Q) = rv/O gs(rexp,(zs))dz

is true by (4.5) and (4.4). So that
G5(Q) = r- g,(rexp(Qs))

takes place, which proves (4.2). Hence also Gs(Q) = gs(exp,(Qs)). Now g,(exp,(es))
is continuous on Iy, therefore G is continuously differentiable on Ip;.

b) Suppose that the assumptions of Theorem 4.1b are fulfilled, r € R* and Q € Io;.
Hence

E(gs, Ds(r,?)) = r-sign(Q)- / Gs(2)dz
~ : sign (Q) - G,(Q)

is true according to Lemma 4.2b, (4.2) and al, so that a4 is valid. Now a4 implies
that the functional E(g;, -) is gnostical. , O

Theorem 4.1 can be interpreted as follows. Each gnostical functional determines
a gnostical characteristic via a function G, where G, is continuously differentiable
and G;(0) = 0. Conversely, any gnostical characteristic represented by a continu-
ously differentiable function G; satisfying G5(0) = 0 determines unambiguously a
gnostical functional. Keeping in mind the conditions (c) and (e) from Section 2 a
one-to-one relationship between gnostical characieristics and gnostical functionals is
established.

We express the value of the gnostical functional E(g,, -) using the function G,
in the following corollary. It is an immediate consequence of Lemma 4.2 and Theo-
rem 4.1.



Variational Theorems in Gnostical Theory of Uncertain Data - 7

Corollary 4.1. Consider a function g, : R;— — R continuous on Ug;.
Assume that the functional E(g;, <) is gnostical. Moreover let (s be defined as in
Theorem 4.1a.

If C is a path in Ugs, then
1
E(gs, C) = /0 QcoGy - ([0 — 52 Cat. C46)

If » € RY, then
E(gs, Drs) = sg(ns) - [Gs (2p,,(1)) — Gs(Qp,,(0))] .-

5. VARIATIONAL THEOREM OF GT

The aim of the section is to state and prove basic variational theorem of GT.

Considerations on modelling of quantification and estimation procedures started
in Sections 1 and 3.2 are continued in Section 5.1. They are used to motivate
assumptions under which a vartational theorem of GT and related results will be
stated and proved.

Variational theorem of GT proved in Section 5.2 shows that gnostical paths are
extremals of gnostical functionals. Interpretation of this fact is stated at the end of
th » section.

5.1. Modelling of quantification and est.mation in GT

We shall continue considerations on modelling of quantification and estimation pro-
cedures in GT started in Sections 1 and 3.2.

Recall that juantification (estimation resp.) procedure is modelled in GT as a
motion along a path D, , starting at some point ; + 0s representing the precise value
of a measured quantity; it finishes at some point r; exp,(§2;s) € Ups characterizing
the observed value of the measured quantity. Assume for the sake of simplicity that
Qs #0.

Consider a gnostical characteristic G5 and function Gy representing it. The func-
tion G is continuously differentiable and strictly monotone on each of the intervals
Ins N[0, o) and Ips N (—o0, 0], as follows from conditions (c¢) and (d) of Section 2.
One of these intervals containing Q5 will be denoted as I;.

Hence G is continuously differentiable and strictly monotone on the interval I;.
Moreover we put

Us = {rexp,(Qs)|r € BT, Q € L}.

It follows that the whole image of D, ; lies in Uy, i.e. that D, ; is a path in Uj.
Finally, assume that g; is defined by (4.2). Then g, is continuous on U; and

sg(gs 1 Us) € {~1, 1}. - (5.1)

The relations just derived are stated as assumptions in the next two theorems, which
are the basic results of the paper.
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5.2. Extremals of gnostical functionals

Variational theorem of GT is stated and proved in this section.

The condition (5.1) stated and reasoned in the previous section is in a good
accordance with basic principles of GT. If the function g, satisfies the condition and
the functional E (gs, -) is gnostical, then gnostical paths are local extremals of the
functional, as stated in

Theorem 5.1. Variational theofem of GT.
Consider a function g; : Rs~ — R continuous on Up;.
Suppose that sg (gs [ Us) € {1, 1} and that the functional E(gs, -) is gnostical.

Let r € RT. Assume that the gnostical path D, is a path in Uy, é;; is defined by
(3.7).
a) If C € U (Dys, 615), then C is a path in U,.
b) The path D, is a local extremal of the functional E(gs, ) on U (D”, 61s)-
c) For alt C € U, (Drs, 615) we have

s

qs 'E(gs; C) S 32 q, 'E(gs, DT‘S))
where q, := sg (g5 | Us).

Proof. 1. Consider the notation of Theorem 5.1. We denote D := D,;. Let
C € Us (D, 615). Then RanQ¢c = Ran{p according to Lemma 3.1, so that C is a
path in Us, hence E(g;, C) is defined and Theorem 5.1a is true.

Theorem 5.1b is an immediate consequence of Theorem 5.1c. Let us proceed to
proof of the latter one.

2. Let G; be the mapping defined by the function g; according to Theorem 4.1a
restricted on the set I,. We have ¢, € {—1, 1} and sg (Gs) = ¢, according to the
assumptions of the theorem being proved. Hence

G| = q,-Gs . (5.2)
3. For each path C € U (D, 615) we shall consider the following integral
1 . .
J,(C) = / (c0G,) Qcdt
0
.
= [ @ a
0
= G (Qc(1) - Gs (Qc(0))-

Therefore we have

J5(C) = Gs (2(1)) = G, (2p(0)) = J:(D), - (33)
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because Q¢ (0) = Q2p(0) and Qc(1) = Qp(1) according to the definition of Us (D, b15).
4. It holds
E(gs, D) = sg (0s) - Js(D)
according to Corollary 4.1 and (5.3), so that
g, -8 (1) - J5(C) = ¢, - E(gs, D) (5.4)

by (5.3).
5. Let us consider the double case first. It holds

1 . . 1;.2
g, E(g;, C) = / choGj|-,/Qg ~ gt
0 re

by (4.6) and (5.2). Moreover

rc(t
rc (t

is true for all ¢ € [0, 1] according to Lemma 3.1, hence

;’ <@, [0c®)] = s )2

IA

. 1

| / [0 o 65| 2c] a
sg (G5) 56 (i) | (e 0G;) - dca
g, -sg (nj) - J;(C).

q; 'E(gj: C)

Therefore

by (5.4), which together with j2 = 1 gives

j2 g5 E(ng C) < jz " q; -E(g]', D)
6. Consider the complex case now. We have

1 . . 72
/ lQC oGy 1 [Q% + Sdt
0 ’ Ure

/01 !QCOG,-! : chfdt (5.5)

Il

q; 'E(gi) C)

v

by (4.6) and (5.2). Moreover |Q¢| = sg(mi) - Q¢ according to Lemma 3.1, so that

1
/ ’QCOGi
0

~’Q(;1dt = sg (Gl) -sg (n:) - Al (QC OGz’) - Qcdt
= g, -sg (7)) Ji(C).
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Hence, keeping in mind (5.4) and (5.5), we obtain
9, E(9i, C) > ¢, - E(g:, Dj,

so that
i2 g, 'E(gi) C)

IN

P -q,- E(gi, D).
) ' o

Let us proceed to an interpretation of the results obtained in Theorem 5.1. It
will be based on the ideas and notation introduced in Section 5.1.

Consider a gnostical characteristic G, and the corresponding function g;. As
follows from the considerations of Section 5.1, the function g, is continuous on Ug;
and sg (g5 | Us) € {—1, 1}. Hence Theorem 5.1 can be applied.

We can interpret the value of E(g;, C;) as the overall change of the gnostical
characteristic during the quantification (estimation resp.) procedure. The change of
the gnostical characteristic is extremal if C; is a gnostical path D, ;, as follows from
Theorem 5.1. As a rule, the “worst” type of quantification procedure is modelled by
the gnostical path D, ;; the “best” type of the estimation procedure is modelled by
the gnostical path D, ;. It means that the game of the nature is considered resulting
in maximal damage of observed value of the measured quantity. The strategy of an
estimator applying GT is such that it uses an optimal (i.e. the “best”) available
type of estimation.

6. RESIDUUM IN GNOSTICAL THEORY

The concept of residuum is introduced in GT [6] to characterize the overall change
of a gnostical characteristic during a process consisting of both the quantification
and the estimation procedures. We show that the residuum reaches its local ex-
tremal value when both the quantification and estimation procedures are modelled
by gnostical paths.

Definition 6.1. Consider a path C; in Uy; let g, : R;— — R be continuous on
Ran C;. ‘

The sum
Res (gjz gi, C]) CZ) = E(g]) C]) + E(gu Cl)

is called a residuum of the pair (g;, g;) of functions over the pair (C;, C;) of
paths.

-~

Notation. For each § > 0 we define the neighbourhood U (Cj, Ci, é) of the pair
(Cj, Ci) of paths by

U(Cj, Ci, 5) = Uj (C]‘, 5) Xui (C,', (5).

The following residuum theorem is a consequence of Theorem 5.1.
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Theorem 6.1. Consider a function g, : R;— — K continuous on Up;.
Suppose that ¢, = sg (gs | Us;) € {-1,1}, ¢; # ¢, and that the functional
E(gs, ) is gnostical.

Assume that r, € Rt. Finally, let the gnostical path D:_; be a path in Us, 61
defined by (3.7), 6 = min (6, 614).

a) If (Cj, Ci) € U (Dy,;, Dr,i, 6), then Cj is a path in U;.
b) The pair (D,jj, Dm-> is an extremal of Res (g;, 9i, -, -) on the set ¢ (Drjj, Dy, 6).

¢) For any pair (Cj, Ci) € U (Dy,j, Dy,i, §) we have

qJ' - Res (g]) gi, Cj) C,) S q]' - Res (g]a gi, DTjj) Dr,i) .

Proof. We shall prove Theorem 6.1c only.
We have ¢, € {~1, 1} and ¢, # q;, so that ¢, = sq,. Moreover

qJ'E(gsu Cs) = qusE(g57 CS)
< qusE(gsz Dr,s)
= qu(gs, Drss)
according to Theorem 5.1, so that
g, Res(gj, i, Cj, Ci) = j%q,E(Dj, Cj) + i°¢.E(gi, C:)

IA

j2qu(gja Df‘jj) + iz(IiE(gi) Dr.'i)
queS (g]) 9i, DTjj’ Dr,'i)'

0

Consider a gnostical characteristic represented by a function G,. If G; increases
on I; and G; decreases on I;, then the residuum Res(gj, ¢i, -, -) takes on its local
maximum on the pair (D, ;, D, ;) of gnostical paths. If G; decreases on I; and G;
increases on I;, then the residuum takes on its local minimum on the pair.

(Received August 6, 1993.)
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