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0. INTRODUCTION

N. Wiener, A. Z. Zygmunt, and R. E. A. C. Paley introduced the integrals of non-
random functions with respect to the Brownian motion process in 1933. K. Itd
developed the theory of stochastic integrals and stochastic differential equations,
and discovered the renowned 1t6 formula (1944, 1946). Since then, stochastic analysis
has been perfectioned into a theory of considerable extent and completeness.
Much of its growths has been stimulated by the interest, it receives from the engineers
working in filtering theory, in control theory or in electronics, as well as from the
physicists, economists, and biologists, dealing with phenomena in which the random
noise plays an important role. Simultaneously to the “stochastization” of their
disciplines the applied scientists become familiar with more advanced parts of prob-
ability theory. This positive trend is often incorrectly reflected in textbooks, where
refined mathematical notions are subject to rather crude arguments and unnecessary
recourses to the intuition. The aim of this text is to keep uniformly the presentation
on a logical level bellow which a real understanding of stochastic analysis is hardly
possible. The author is aware that the main appeal of stochastic analysis lies for
applied scientists in the calculus it contains. I.e. in a method how to arrive to con-
clusions by means of calculating differentials, solving equations, and handling
formulas. To stress that, the text will be followed by a separate collection of problems
Exercises in Stochastic Analysis prepared jointly with V. Lanskd and 1. Viko&.

Definitions recalled in Section 1.1 show the knowledge of probability theory
expected from the reader. 1t corresponds, e.g., to M. Rosenblatt’s Random Processes,
Graduate Text in Mathematics 17, Springer-Verlag. The present text covers the
integration, the differentiation, and stochastic differential equations. Filtering theory,
control theory or statistics of random processes are not included. They are autono-
mous disciplines using stochastic analysis.

Chapters 1, 2, .. ., are divided into sections § 1.1, § 1.2, ... Reference to Theorem
2.1 recalls the first theorem of Chapter 2. Inside that chapter it is reference to Theo-
rem 1. Standard mathematical symbols are used. The meaning of the less frequent
ones is as follows:

a.s.  almost surely

const. finite positive constant

Lim. limit in mean square

plim limit in probability

R™  m-dimensional Euclidean space
Aa indicator function of 4



oa( ) o-algebra generated by random events or random processes in the brackets
[a] integer part of a, where square bracket not plausible

a A bmin (a, b)

’ transposition of vectors and matrices

O end of proof or example

1. THE WIENER PROCESS

1.1. Basic Notions

The mathematical structure for a probabilistic theory is a triple (2, , P) called
probability space.  is the set of elementary events, </ is the ¢-algebra of random
events, and P is a probability measure on &/. Random variables &(w), n{w), . . ., are
«/-measurable functions on Q. We shall mostly write only &, #, .... Integration
with respect to P gives the mathematical expectation

E¢ = J‘f dpP,
provided that the integral on the right-hand side exists.

Next we introduce conditional expectations. Let &, # be random variables on
(@, 57, P), E|¢| < 0. Assume that their joint probability distribution has density
f(x, ¥). Let

0

i) = j

fx, y)dx >0, ye(—o0, ).

The conditional expectation of & given n = y equals

J‘m x f(x, ¥) dx/f2(y) = e(y), ye(— o, o).

It is practical to transfer the conditional expectation to (Q, o, P) and to define
&(w) = e(n(w)). Random variable ¢ is the expectation of ¢ after the observation of 7.
Let us point out the characteristic properties of . Let B be a Borel set in (~ o0, o),
A = {w:neB}. Then

La dP = L e(y)fa(y)dy = J; J'Bxf (x, ) dxdy =

) :J[lx(y)xf(x, y)dxdy = E xg(n) & = L &dp.

v




x5 1s the indicator of B. Random events {1 € B}, B Borelian, form a o-algebra ¢ =
= oa(n) @ . € is the least o-algebra with respect to which g is measurable. ¢ is
%-measurable, since

{eeB} = {nee (B)}eoa(n).

This together with (1) motivates the general definition of conditional expectation.

Definition 1. Let £ be a random variable on (Q, o, P), E|i| < o0, let 4 be a o-al-
gebra ¥ < /. We call conditional expectation of & with respect to ¥ a random
variable E{¢ | %}, which is ¢-mcasurable, and

) j E{¢

(2) determines E{¢ | ¥} up to a set of probability 0. Frequently the definition is
extended to include ¥-nonmeasurable random variables equal to E{g|'6’} a.s.
(almost surely).

%}dl’:j ¢dP for Ae%.
4

Theorem 1. The conditional expectation exists provided E|¢| < oo.

Proof. Q(4) = [, ¢dP, A€ %, is a finite signed measure on %, absolutely conti-
nuous with respect to P. In virtue on the Random-Nikodym theorem

Q(A):j edP, Ae¥,

A

where & = dQ/dP is %-measurable. We set E{¢ | 4} = &. [}
The conditional probability of A e o with respect to ¥
P(A| ) = E{x,| €}
If € is generated by disjoint events Cy, ..., C,,
P(C)>0, k=1,...,n, kolck: Q,
then )

P4

%) =Y 1. P(4 0 CYP(C)! :kzlm P(4|C).
k=1 =
Let us recall some properties of conditional expectations.

Property 1. Let E|¢| < oo, E|y| < co. Then
3) E{¢ +n| €} = E{¢| €} + E{n| ¢}

We should have written a.s. in (3) But we shall regularly omit this.



Property 2. Let E|¢| < o0, # be $-measurable, E[n¢| < co. Then

E{né| 6} = nE{¢| %} .

Proof. If 4 = y¢, Ce %, then from (2)

€] Ln E{¢| 6} dP =I E{¢

AnC

€} dP =j‘ édP=J nédP for Ae%.
AnC A
(4) is extended to
n=3Ybx,, Cce%, b, constants, k=1,...,n,
k=1
and then it is established for general # by a standard approximation procedure. []

Property 3. Let E|¢] < co. Then

l5te 1)) < B(le | ).
Proof. From |¢] 4+ ¢ z 0 follows
0.2 B2 + dfe) = (el 4] = B¢ ] 4). o

Property 4. Let E

< oo, and let ¥, < ¥, < o be o-algebras. Then

) E{E{¢] 4.} [ €.} = E{¢] €.} .

Proof. We have to verify

_f E{Z|%,}dP =j E{¢|%,} dP for Ae€,.
4 A

This is true, since both sides are equal to J‘A £ dP by the definition of conditional
expectation. O

A particular case of (5) is

EE{¢|%} = E¢.
Property 5. Let E¢? < w0, 5 be %-measurable, Eq*> < 0. Then

(©) B(¢ - E{¢|€}) < B¢ —n).

Consequently, E{¢ | %} is in the mean square the best prediction of ¢ based on %

6




Proof.

™ Bl ~ 0| ) = B¢ - E(¢] €))7 |} +
+E(E(E]9) — 02 [9) + AELE]| €] - ) E(E - (] )] 9).

The last term equals 0, and hence
E((e — i [4) = E{( — Ele| 4} | ).
From here (6) follows by taking mathematical expectation of both sides. O

Property 6. Let E¢? < co. Then

®) E{& ¢} z (E{¢]9}) .
Proof. From (7) for n = 0,
E{*| %} z E{(E{¢| 6} | @) = (E{¢]4}). O

(8) is a special case of Jensen’s inequality. Let E|¢| < oo, and let f(x) be a convex
function on (— o0, o), E}f(¢)] < 0. Then

E{f(9)| €} z /(E{] %))

Consider now the notion of independence. Random event 4 € & is independent
of (the events from) @, if

P(A] %) = P(4).

From the definition of conditional probability, for C € %,
P(AnC) =f 14 dP = J P(A|%)dP = P(A)J- dP = P(A) P(C).
c c c

Random variable ¢ is independent of &, if random events {E € B}, B Borel set, are
independent of 4. It holds then E{¢ | ¥} = E¢ provided that E|¢| < oo.
A random process (random function) is a family of random variables

&

X = {X(0),teJ}.

J will be here an interval ([0, ), [0, T], etc.), t will be viewed as time parameter.
For w e Q, X (w) as function of ¢ is called the trajectory of X. Random processes are
often defined by determining their joint probability distributions

(9) P(X“ Sxp, X, £x, "“Xx,.éxn)’ ty, .t eld,

Npy ..o X, €[—o00, 00].



1f the distributions (9) fulfil obvious symmetry and consistency conditions, then
by a theorem of A. N. Kolmogorov there exists a probability space (2, .«Z, P) carrying
a family X = {X,, 1 e J} of random variables the joint distributions of which coincide
with (9).

Random processes considered in this text will be assumed mecasurable.

Definition 2. Random process X = {X (o), 1€ J} on (2, o, P) is called measur-
able, if X ,(w) is a #; x o — measurable function of (1, w) on J x Q. B, are the
Borel sets in J.

The measurability assumption is of technical nature, and has the following con-
sequences.

1. For each w the trajectory X,(w) is a Borel measurable function of .

2. The Fubini theorem is applicable,

(10) J X,(w)drde:j EX,dtzEf X, dt
JxQ J J

provided that the double integral exists. In particular,j X, dt is defined and &/-mea-
7
surable outside a set of probability 0.

Theorem 2. A random process X = {X,, ¢ J} with trajectories continuous from
the right (from the left) is measurable.

Proof. Assume X to be left-continuous. Define, forn = 1,2, ...,

kK k+1

"X, = Xy for te[
n n

)mJ, k=0,1,....

Processes "X are measurable since for any Borel set B

k k+1

(o) "X (w) e B) = U ([

)r\ J> x {w: X (w)e B e B, x o .
non

By the left-continuity lim "X, = X,. Hence, X is measurable. For X right-continuous
the proof is similar. "7 O
The operations of stochastic calculus mostly determine random processes only

up to events of probability 0. The same holds, e.g., about j X, dtin(10). It is obvious
7

to consider random processes (random variables) coinciding outside an event of
probability O as indistinguishable, and we shall make use of this convention.A ran-
dom process, say X, will be assumed to have any property which has almost surely
a process indistinguishable of X. For example, if X is defined and continuous almost

8




surely, it is indistinguishable from a continuous process X*. By Theorem 2, X* is
measurable. Hence, X will be called measurable, and will be represented by X*
in reasonings, where this property matters.

The above said extends in a straight-forward way to vector valued random variables
&=(&,...,&, ..., and to vector valued random processes {X, = (X;, ..., X7),
reJ}. The prime denotes the transposition into column vectors. In the sequel,
random variables defined without further specification will be real valued with the
exception of stopping times taking on also + co.

1.2. The Wiener Process

Without refering to it explicitely, we assume a probability space (@, <, P) to carry
the random variables and processes we are going to define.

Definition 3. We call Wiener process a random process W = {W,, t= 0} with the
following properties:

1. For t Z 0, s > 0, the increments W,,, — W, have normal distribution with
mean 0 and variance cs(c > 0).

2. For arbitrary times 0 < t; <1, < ... < t, the increments
Wtz - Wn s Wrg - Wm KRS} VVrn - th—x

are mutually independent random variables.

3. The trajectories of W are continuous (a]most surely).

Unless stated otherwise, we shallset¢ = 1, W, = 0 (means W, = 0as.).

1 and 2 are compatible. The probability distribution, which results from adding
the increments is normal with mean 0 and variance

n—1 n—1
Var (Van - th) = Zvar (vVlk“ - VVtk) = Z(tk'i'l - tk) =1, = 1,
k=1 k=1
which is in agreement with 1. Consequently, 1 and 2 define joint distributions. In
virtue of the Kolmogorov existence theorem there exists a random process W* =
= {W}, t 2 0}, WS = 0, complying with 1,2. It is a Gaussian process with mean
zero and covariance function, for0 < s < ¢,

EWIW? = E(Wf — W) WF + E(WS)? = s =min (s, 1).

Let us construct with the aid of W* a random process W satisfying 1~ 3. Define,
for n=1,2,....,"W={"W,t 2 0} by joining W5-n, k = 0,1, ..., by straight
lines, i.e.

Wy = 2[(t = k27 Wiy yaen + (K + 1) 27" = ) WS-,
k2" <t <(k+ 127"



Consider first the probability distribution of

Wr =W, =27((k + 127" = ) (W = Wis-u) — (1 = k27" (Wi 1)2-0 — W]
1t is the normal distribution with mean 0 and variance

(11) E(WF = "W)* = 2((k + 1)27" — i) (1 — k2" g 27",

The transition from "W to "*'W is the change of the straight lines joining Wp5-.,
k =0,1, ..., into triangles. Hence, for arbitrary positive integer m, and for x > 0,
P(max |"*'W, — "W,| > x) = P(_ max |[Whi_12-n-1t = "W gyz-n-1] > X) £

1e[0,m] k=1,...,m2%
m2n n+1 @
m2 )2
S Y P(Wak-vz-n-1 — "Wareryz-n-i] > x) £ - e dy £
k=1 \/(27!) xan+22
< BLZE 1 e
- \/(2 ) X 2n+2/2

Setting x, = /(n log 2/2"), one gets

IA

®
Y P(max|"*'W, — "W| > x,) < ©.

n=1 te[0,m]
From the Borel-Cantelli lemma follows that with probability 1
[ W, — W] £ x,. te[o,m],

for n sufficiently large. x,, n = 1,2, ..., are terms of a convergent series. Thus,
there exists a random process W = {W,, t Z 0} such that with probability 1

lim "W, = W, uniformly in te[0, m],

noo
where m > 0 is arbitrary. The uniform convergence implies that the trajectories
of W are almost surely continuous. From (11) by letting n — o one concludes that
for t = 0, W, = W;* a.s. Consequently, the joint distributions of W and W* are the
same. Hence, W fulfils 1 and 2.

A Wiener process W has rather irregular trajectories. One important property is

stated in Lemma 1. Li.m. means limit in mean square.

Lemmal Let ", =0<" <...<", =T,n=12...,be a sequence
of divisions of interval [0, T], T < . Denote
k=1

"= max (M =", =Y (W, — W)

J=Ch k=1 =0

10



Then

(12) E¢=T, EM—TP =E" —T><2T"4, n=12,....

Iflim”"4 =0, then Lim."¢ =T If} "4 < co, then lim "¢ = Ta.s.

no oo nm n=1 n-o
Proof.
v E" = JZE(W"':‘“ - W) = ;("thI -")=T.
B = 1) = B (Wauys = W' = (10 = ")) =
= ZE[(Woryy = WV = (s = "] = ZLEWay, = Mo —
(e =) = 2;;("5'“ - =274,

The next assertion of the lemma follows directly from (12). To establish the last one
use the Borel-Cantelli lemma. For ¢ > 0,

";P(]”é -T|lzes 12; E(e =Ty < ) fu <.

e 2 W=1

Y

Consequently, with probability 1, [*¢ — T| = ¢ holds only for finitely many n. O

The relation lim "¢ = T is stated in words by saying that the quadratic variation

n o

of Won [0, T] equals T. The first order variation is infinite.

Corollary 1. With probability 1 the trajectories of W have unbounded variation
on arbitrary interval [S,T],0 £ S < T < o.

Proof. Let S = 0, and use the denotations as above. It holds

(13) K3 (mflx Weiis, — W"z-l) le"i+( = Wl
i J

o

Assume Y "4 < oo. The sum in (13) must be unbounded as n — oo, whenever W,
n=1

is continuous on [0, T], and, at the same'time, "¢ does not tend to 0. But this occurs
almost surely. ]

In virtue of Corollary 1, with probability 1 the trajectories of W are not absolutely
continuous, since absolute continuity implies boundedness of the variation on finite
intervals. It can be shown that with probability I the trajectories are nowhere differen-
tiable.

We call r-dimensional Wiener process a vector process W = {W, = (W}, ..., W/},
t = 0} the components of which are r mutually independent Wiener processes.

11



1.3. Commentary

The random process called nowadays the Wiener process (the Brownian motion
process, the Wiener-Lévy process) was introduced by the Frenchman L. Bachelier
(1900) as a model for the price fluctuations on a stock market. He defined it as the
limit of a sequence of symmetric random walks. A. Einstein (1905) came upon the
same process when developing the theory of the random movement of small particles
in a fluid. This phenomenon was observed by the English botanist R. Brown (1826).
The mathematical theory of the Brownian motion was initiated by N. Wiener (1923).
He treated the probability distribution of the Brownian motion process as a measure
in the space of continuous functions. The discovery of many important properties
of the Wiener process is due to P. Lévy.

The Wiener process represents the integral of what is called in the applications
the white noise. To get more insight into its nature, consider a theory of the Brownian
movement, which extends Einstein’s ideas. Let X denote one coordinate of the
Brownian particle. Its evolution is described by the following equation

2
(14) md—X,+cEX,=F,.
dr? dt

m is the mass of the particle, c is the coefficient of viscous friction. F are the forces
acting on the particle in the direction of the coordinate. (According to [2], for
particles of colloidal platinum with the radius 2.5.107%cm in water: m = 2.5.
.107%5 g, ¢ = 7.5. 107° g/sec.) Take ¢ = 0 as the origin, and denote (d/d?) X, = X..
From (14) one gets

t
(15) Xr - XO e*(r/m)t + e~(c/m)t _I_J‘ e(c/m)x F, ds,
mJo .

T
X,=X0+J'Xsds, 1=0.

0
Consider F. It results from the impacts on the particle of the molecules of the fluid
in thermal motion. By the temperature of about 20 °C the mean time between the
collisions is of the order of 10™2" seconds. It is therefore difficult to imagine the tra-
jectory of F. This is expressed by saying that F has the character of the white noise,
i.e. of a process the values of which are mutually independent random variables
changing with an extremely high frequency. A more precise meaning can be given
to the integral j‘g F; ds, t = 0. The following properties are intuitively plausible.
1. The increments [}*F, ds have mean 0. (The fluid is homogeneous, the shocks in po-
sitive or negative direction equiprobable.) Their distribution is the normal. (Sum of
a large number of independent random quantities.) 2. The increments on non-over-
lapping time intervals are mutually independent, and their probability distribution

12




is invariant with respect to the time shift. 3. The integral is a continuous function
of t. Thus, we arrived to the conclusion that

t
J F,ds=0W,, t20.
0
o is a constant, whose value \/(Zk T/c) is supplied by physical theories. The reader
certainly noticed that Properties 1—3 are not plausible for time intervals having
length comparable to the mean time between the collisions.

Rewrite (15) using “Stieltjes integral”,

13
. s (e — (e, a
(16) X, = Xpe mt 4 g temr — J ems AW, .
. mJo

In the definition of the ordinary Stieltjes integral the weighting function is assumed
to have bounded variation. This is with probability 1 not true in (16) by Corollary 1.

The difficulty is easily overcome in this case, since the integrand is nonrandom and
continuously differentiable. Integrating by parts we get

Jf e(r,’m)x d[’Vs - e(m‘m)r Wt _ i “‘ e(c/m)s Ws ds.
0 mJto
Both terms on the right are well defined. However, ambiguities arise already, when
we consider [§ W, dW,.
Let us define [o W, dW, as the limit of the sums
1271
1, =k21 Wam nyz-r(Waa-n = Wom1y2-n) + Wezma—(We = Wiiamga-n) =

t!

2n)
Zl {(Waon = Wimiya-n) = (Waa-n = Wm1ya-n)} +

+ H(WE = Wiz} — W = Weama =)}

i
=1
z

k

[a] denotes the integer part of a. From here using Lemma 1 one gets

. .
(17) f W,dW, = limI, = W2 — 3t as, t20.
o

B

Notice the disagreement of (17) with the rules of ordinary calculus.
If we change the ordinates of the integrand from W _1)2-n to W, ., we get a result
different from (17). Set

[e2m]

J, = Z I/VkZ’"(WkZ"’ - W(kfl)l'") + W:(Wz - W[:z"]z-n) =
k=1

[r2)
=1, + ¥ Wan = Waerya—a)® + (We = Weampz-0)*
k=1

13



Hence,

HimJ, = 4W2 + 4t as, t=0.

n—=wo

Definition is a matter of practicality. Let us mention that the appropriate definition

of o W, dW, is the former one giving the stochastic integral in It’s sense. It can be
generalized, and the integral has good properties. Essential is the fact that Wy_ 1y5-n-
. (Wiz-n = Wy 1)2-») are products of independent random variables. 1t6’s definition
of the stochastic integral leads to a differential calculus not conformal to the ordinary
one. Namely, (17) can be written as

t
wf:zjmdw;w, t20.

0
Hence, passing to the differentials,
d(W}) = 2W,dw, + dt. -

The principal rule for dealing with stochastic differentials is the 116 formula. We
remark that

lim3(I, + J,) = W} as., t20,

n-w
in accordance with the ordinary calculus. But this advantage of the stochastic integral
in Stratonovich’s sense is overshadowed by its considerably worse mathematical
tractability.

(14) is a stochastic differential equation, the Langevin equation. The introduction

of differentials and the substitution c/m =a, a/m = b transforms (14) into

(18) dX, = —aX,dt + bdW,, t=0.
From (18), it follows

h
Koy = X,e™ 4 bj €9 W, = X, e +
Jo
h
+ (Wi — W) + abJ e (W, — W)ds, h>0, 120.
°

Since the increments of W are independent random variables, the last two terms are
independent of

X,=Xoe ™™ + bj e 94w, uel0,1],
0
provided that X, is independent of W. Consequently, X, ; depends on {X,, u € {0, 1]}
only through X,. X is therefore a Markov process.

14



2. INCREASING FAMILIES OF ¢-ALGEBRAS

2.1. Definitions

Stochastic analysis is in the first place a tool for studying the dynamics of random
phenomena or the random evolution in time. It is therefore necessary to perform
a time structuring of random events. Mostly, this structuring is inherent to the physical
interpretation of the events. Let on (Q, #, P) be defined n random processes 'X =
={'X, 120},...,"X = {"X,, t 2 0}. Consider a possibly fictive observer of
'X,...,"X. The random events about which he can tell at time t, whether they
occurred or not constitute the o-algebra

W) F,=oa('X,,5€[0,1], ...,"X,, se[0,1]) =
:(ra({‘Xséx}, se[(),t], xe(-oo,oo), i=1,...,n).

ca( ) denotes the c-algebra generated by the random events (random processes)
inthe brackets. For 0 £ t, < t,, #, < #,,. F = {#F,, 1 2 0} describes the growth
of the observer’s information in time.

Any increasing (precisely nondecreasing) family of o-algebras # = {F,, t 2 0},
F, < of, defines the time dynamics of . We interpret &, as the collection of
random events, for which at time ¢ is given — at the level of observability appropriate
to the problem under cousideration — whether they took place or not. We shall in the
sequel always assume that the basic space (Q. ., P) is equipped with an increasing
family of g-algebras # = {#,, t 2 0}. The random events from %, can be briefly
called events prior to t.

Next we consider random functions Y = {¥,, ¢ 2 0} having the property that
for t = 0 the value of Y, is fixed not later than at time ¢. The property is named
nonanticipativity. If & is defined as in (1), then the values taken by

t
Y,=f(1X,,.,.,"X,), Y,=jj'(‘Xs,,_,,"Xs)ds,
]

where f is a Borel function, are known to the observer at time . Formally we define
nonanticipativity as progressive measurability with respect to &

Definition 1. Random process Y = {Y,,z = 0} is called nonanticipative, if, for
t 2 0,{Y, se[0, {]} is a measurable random process on (Q, #,, P).

Recall our convention that a random process is a measurable process. Definition 1
enables us to use the Fubini theorem with regard to &, ,; X & .. For example, if Y
is nonanticipative, then [§f(¥;)ds is & ,-measurable provided that the integral
exists for all trajectories. The property that Y, is & -measurable for ¢ = 0 will be
stated as Y complies with #. Theorem 1.2 has the following obvious consequence.
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Theorem 1. If Y complies with & and has right-continuous (left-continuous)
trajectories, then it is nonanticipative.

Return now to the Wiener process, and let us reformulate its property of indepen-
dence of the increments. The trajectories of W = {W,, t 2 0} induce the family

FY = {F¥ = ca(W,,se[0,1]), 1z0}.

We shall verify that 2 of Definition 1.3 implies for ¢t = 0, s > 0, the independence
of W, — W,and #}”. The events

®)] {(Weps Woy = Way o, W, = W, Ve A}, 1, ..., 1,e[0,1],
1,

ty—
A BorelsetinR", n=1,2,...,

form an algebra which generates #1 . We have to demonstrate
(3 P({W,,, — W,e BN\ M).P(W,,, — W,eB)"' = P(M), MeZF).

B is a Borel set, P(W,,, — W,e B) > 0. For fixed B the conditional probability
on the right-hand side of (3) agrees with P for M of the form (2), in virtue of 2 of De-
finition 1.3. Thus, (3) is a consequence of the unicity of the extension of P to the
least o-algebra FV.

It is convenient to replace #" by the basic family &. This leads to the next de-
finition.

Definition 2. Random process W = {W,, t 2 0} on (Q, &, P) is a Wiener process
with respect to increasing family of c-algebras # = {&F,,t 2 0}, if the following
holds.

1. For t 2 0, s > 0, the increments W,,, — W, are distributed normally with
mean 0 and variance s.

2. W complies with &, and for t 2 0, s > 0, W, — W, is independent of #,.

3. The trajectories of W are continuous almost surely.

The multidimensional version of Definition 2 is straightforward.
If W satisfies Definition 2, then

0= E(W, - W,

1A

t.

F} or E(W,|F}=W, 055

This property characterizes a martingale.

2.2. Martingales

In terms of the games of chance a martingale describes a succession of fair games.
In such games the player stakes an amount equal to his expected gain. The founder
of the mathematical theory of martingales is J. L. Doob (1953), who continued
the investigations of P. Lévy (1937) and of J. Ville (1939).
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Definition 3. Random process X = {X,, 1€ J} is a martingale, with respect to
increasing family of o-algebras & = {F,, te J}, if E|X,| < o0, t€ J, and

E{X,|#}=X,, s<t, s,ted.
Example 1. Let W be as in Definition 2, and let a be a real number. Set

Y, = exp {aW, — a’t}, t20.

Then
E{Y,| #} = E{exp {a(W, = W) = 1a*(t = )} | 7} Y, = ¥,
0<s<t.
Thus Y is a martingale with respect to &. (]

Any martingale X is a martingale with respect to the family #* = {ca(X,, s £ 1),
1€ J}. If X satisfies Definition 3, then by Property 1.3 the process Y, = |X,|, 1€ J,
satisfies

(4) EY,|F}z2 Y, sigt, siel.
<.
The same holds for ¥, = X7, te J, provided EX,Z < o, teJ, in virtue of Pro-
perty 1.6.
Random process Y = {Y,, 1€ J} complying with &, and such that E|Y,| < oo,
te J, and (4) hold is a submartingale with respect to #. Submartingales correspond
to successions of fair or favorable games.

Theorem 2. (Doob’s submartingale inequality.) Let ¥ = {Y,,te[0, T]}, T < o,
be a submartingale with right-continuous (or left-continuous) trajectories. Then

(5) P(sup Y, 2x)Sx'EYy, x>0,

1€[0,T]

where Y7 = max (¥r, 0).
Proof. Set Z; = Yirjm k = 0, ..., n. First we show that

(6) P( sup Z, = x)=x"'EZ .

k=0,....n
Denote the random event in brackets by B. It is the union of disjoint events

B.=N{Z;<x}n{Z,2zx}, k=0,...,n.

i<k
It holds
{Z_,- < x} = {Y}vp/,, < x} Ey§1-/,, < 3‘7{”" , J <k,
{Zk = X} € J’flfr,m )
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Hence, B, € # 1), and consequently,

EZ: = EXBZ: Z ExpZ, = Z Ezng,, = Z EE{ZBkZ,; | ~§Zr/n} =
k=0 ¥=0

=3 ExsE{Z,| Firp} 2 Y ExsZi 2 x 3, P(B) = x P(B).
k=0 k=0 k=0
Thus, (6) is proved.
Letting n — oo, we get from (6)

P(sup Y, > x) < x"'EYS .
te[0,T]

To obtain (5), we write the above inequality for x* < x, and let x’ — x. O

2.3. Stopping Times

Let X = {X,, t 2 0} be a continuous random process, [ an open interval of real
numbers, and x a real number. Random times
ds = .\} s

have the property of being determined by X,, te [0, 7] and € [o, '], respectively.
This is, for example, not true about v = 4. The mentioned property can be stated as

1
t=inf{t:X,¢1}, 7 =inf{z:j |x,
0

{t<st)={sup X,¢1 or inf X,¢l}eF} =oa(X, se[0,1]),

5e[0,t] s2[0,t]

t
{r'gt}:{'[ |Xs|dsgx}e.9"f, t=0.
0

Definition 4. Nonnegative (possibly infinite) random variable 7 is a stopping time
with respect to family # = {F, 12 0} if{t < t}e F,t 2 0.

The independence of 7 on the future is expressed in the statement that at any time ¢
it is given, whether © < t or not. Stopping times are also called Markovian times.
Under additional hypotheses, the relations characterizing Markov processes or
martingales can be extended from nonrandom times to stopping times.

Example 2. Let W = {W,, 1 2 0}, W, = 0, be a Wiener process, a > 0, 7 = inf.
. {t W, = a}. Reflecting the trajectory around the straight line parallel to the time
axjs at distance a, one gets
P(t £t) = P(sup W, = a) = P(W, 2 a) +

se[0,1]

5e[0,1]

+ P(sup W, 2 a; W, < a) =2P(W, 2 a) = \/(2/7[),[ e D gy . 0

ajJt
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3. STOCHASTIC INTEGRAL

3.1. Simple Functions

We assume a basic space (@, <, P) with an increasing family of g-algebras # =
= {#, t 2 0}. Let #, comprise all sets of P-measure 0, and let W = {W,, ¢ = 0},
W, = 0, be a Wiener process on (2, 7, P). Everywhere in the text, without saying it,
we mean Wiener process with respect to &. Similarly, nonanticipavity, martingale
property, and property of being a stopping time refer to 4, unless stated other-
wise. We are going to define [§ @, dW, for a sufficiently broad class of nonanticipative
random functions @ = {&,, t€[0, T]}.

To begin with, consider the approach using partial integration already mentioned
in § 1.3. Let f be a nonrandom function on [0, 1] baving continuous derivative f'.
Write

5 j 1) aw, = £(1) J £(5) Wi ds

The right-hand side makes sense, and can be taken as definition of the integral.
Further,

Eﬂf(@dm — () EW, - Llf'(s) EW,ds = 0.
([ seamy - s ews « [ s pmmacas -
— 2(1) j F(5) EWW,ds = F(1) + ZLI j ;tf’(t)dtf’(S) ds —
=250 [ sr Qs = s0p =2 Lo (6 85 = [ sp 0

Denote by I2[0, 1] the Hilbert space of quadratically integrable functions on [0, 1].
(1) defines an isometric mapping of a dense subset of L*[0, 1] onto a subset of the
Hilbert space of random variables on (@, &, P) with finite second moment. The
mapping can be extended on the entire I2[0, 1]. This gives [§ f(s) dW, for f e I[0, 1].
A similar isometry can be used to define integrals of nonanticipative functions.
One has to assume

1
(2) J. Edlds < 0.
0

We shall define the integral under a weaker assumption than (2), and introduce the
isometry later on.
Take an arbitrary interval [0, T}, 0 < T < co.
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Definition 1. Random function ® = {&,,¢€ [0, T]} is a simple function, if it is
nonanticipative, and if there exists a division f, =0 <ty <t, < ... <t, =T
of interval [0, T] together with random variables ¢, . . ., @,_; such that

3) D, =0q;, t;2t<tjyq, j=0,...,n—1.

The nonanticipativity assumption implies that ¢; is F,-measurable, j =0, ...
co..h— 1.

Definition 2. Let @ be a simple function as in Definition 1. For t e [O, T] we define
its stochastic integral as

t k-1
J‘ o, AW, =j_0¢’j(Wr,H - W:,) + <Pk(Wz - W:k) if (e St=tyy.
o =
(For k = 0 the sum on the right-hand side is zero.)

The following properties of integrals of simple functions are obvious:

1. f& & dW is the same for all divisions of [0, T such that (3} holds.

2. [4(a® + a'®)dW =a [ & dW + a' [§ &' dW, te[0, T], for arbitrary con-
stants a, a'.

3. [§ @ dWis a continuous nonanticipative (random) function of ¢ on [0, T].

Random process Z introduced bellow has numerous applications in stochastic
analysis. Next it will be used to derive an inequality for stochastic integrals.

Lemma 1. Random process
Z, = cxp {[o@,dW, — 1[40} ds, te[0,T],
is a martingale with respect to &, and EZ; = 1.

Proof. The nonanticipativity of Z is easily seen. Further, take arbitrary s € [0, T).
Let (3) hold, and let t;, < 5 < t,, . It suffices to verify the martingale property for ¢
satisfying s < ¢t < t,,.4. The verification for t,,; < t < f,,, etc. follows then from
the equalities
F) = Z,.

tet 1 |

E{z,

975} = E{E{Z, | g'.m:} ] f/‘s} = E{Z
We have for s < t £ t,44
E{Z,| #,} = ZE{exp {@(W; — W) = Joi(t — 9)} [ 7} = Z,,

since ¢, is & -measurable, and the conditional distribution of ¢, (W, — W,) is normal
with mean 0 and variance @g(t — s). Finally,

EZr = EE{Z:|#,_} =EZ, ,= ... =EZy,=1. O

“tn-1
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Lemma 2. For arbitrary positive numbers a, b,

1 T 2
(4) P(sup thdW ga>§P( #*dsz b} + 2exp - 4.
0 0 2b

1e[0,T]
Proof. Apply Doob’s inequality (Theorem 2.2) to martingale

a t 1 a 2 t
Z,=exp{;j d)dW—E(l—)) J des}, te[0,T].
o 0

t t
p( sup odw— 2| o2ds) =\ p( sup z, 2
(0,71 \ J o 2b Jo 2 1€[0,T]
aZ a2 a2
zexp—)sexp{— —yEZy =exp{— —}.
= 2b> = p{ 21} TR { 2b}

From here and from the same inequality for — @ one gets

T 2
2248 a5 g oexpd - L4
2 28], 2%

0
¢ T ¢
‘Ddea}c{f desgb}u{sup AW |2
o 0 «[0,T1| J o
T
a—+i @2 dst .
2 26 ),

This together with (5) implies (4). m]
We conclude this section by computing the variance of [4& dW.

It follows

(5) P(sup l.[ o AW
(E[O,T]‘

Further,

sup
1€[0,T]

> -

Lemma 3. Let & be as in Definition 1, and let E(pf <0,j=0,...,n — 1. Then
t 2 t
6) E(quw) :EJ o2ds, 1[0, T].
] 0
Proof. If t;, £t < t,44, then

1 2 k-1
E(J- @ dW) =Y Eo;E(W,,,, — W, ) + E@iE(W, — W, )* =
ji=0

0
k-1 t t
= Y Ep3(t;er — 1)) + Eoi(t — 1) =J E®*ds = EJ @*ds,
ji=0 0 o
since,forj = 1, ..., k,is ¢;independent of W, ., — W,,j < i < k,and of W, — W,,.
[}
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3.2. Definition

Stochastic integral will be defined for nonanticipative functions @ = {®,,te
€[0, T]} satisfying

. .
() J‘ 9lds < oo as.
° 0

To its extension from simple functions the property of the convergence in probability
will be used that a Cauchy sequence has a limit. This is well known for random
variables, and obviously valid also for continuous random processes.

Lemma 4. Let "X = {"X,,1e[0,T]}, n = 1,2, ..., be a sequence of random
processes with continuous trajectories, and such that for each ¢ > 0

lim P sup |"X, —"X,| 2 ¢ =0.
m—co  te[0,T]
n—+w

Then there exists a continuous random process X = {X,, 1€ [0, T]} such that for
each ¢ > 0

lim P( sup |'X, — Xz =0.

n—o  te[0,T]

We remind the convention about indistinguishability made in § 1.1.

Nonanticipative functions, satisfying (7), can be approximated by simple functions
in the following sense.

Lemma 5. Let ¢ be a nonanticipative function, and let (7) hold. Then there exists
a sequence of simple functions {"®,n = 1,2, .. .} for which

T
® plimf (", — B)2ds = 0.

(p lim stands for limit in probability.)
Proof. If ¢ is continuous, then (8) holds for
"D, = P, 1[0, T], n=12,...,

where [a] in the subscript denotes the integer part of a. In the general case, @ is
approximated first by continuous functions

t
©) h«p,:” @,ds, 1€[0,T], h>0.
t—h



In (9) welet @ = Ofor s ¢ [0, T]. By a theorem on quadratically integrable functions,
(7) implies

B0,

T
limf ("o, — &) ds =0 as. m}

Let ® be a nonanticipative function satisfying (7). Take a sequence of simple
functions {"®, n = 1,2, ...} such that (8) holds. Then

T
(10) plim j ("B, — ") ds = 0.

m=w o
n- o

This is a consequence of (8) and of the inequality

(rensra)” s ([ ors) o ([on-ar”

Let us show that the random processes {[4"® dW, te[0,T]}, n = 1,2, ..., form
a Cauchy sequence in probability, i.e.

(11) lim P ( sup

m=o te[0,T]
-

t
J‘(”'tb—"d’)dW‘g a)= 0 for ¢>0.
0

By Lemma 2, for b > 0,

Jt("'@—"@dW!és)gﬁnP(jT('"q)—"<p)zdsgb)+

lim P ( sup
0

m- oo £e[0,T]
n—+o

From here (11) is obtained by letting b — 0.
In virtue of (11) there exists, according to Lemma 4, a continuous random process
I={I,1e[0, T]} such that

n-ew 12[0,T]

lim P ( sup

t
j@"dW—Ir‘gs)=0 for £¢>0.

0 i

Definition 3. We define

t
j o,aW, =1, te[0,T].
0

Up to indistinguishability the definition is unique. It does not depend on the
chosen sequence {"®,n =1,2, ...} of simple functions. To show it, consider

23



another sequence {"¢’, n = 1,2, ...} fulfilling (8). Form the sequence '®, '@,
29, 2¢, ..., which also fulfils (8). According to the above said, the sequence

t t t 1
J o dw, J g’ dw, j ¢ dwW, J‘ o' dW, ...
[ [ [ [

has one limit point.

We assumed the interval [0, T], 0 < T < o, to be fixed but arbitrary. If ¢ =
= {@,, t 2 0} is nonanticipative, and

1
(12) J¢fds<oﬁ, t=20, as,
[
then ﬁ@ dW is defined for ¢t 2 0, and is continuous with probability 1. Moreover, if
]
13) J. ®2ds < 0 as.,
0

we can without considerable changes use the above construction of the integral also
for T = oo. Hence, by the continuity of the integral,

t o
lim J oW = J ddW as.,
]

too Jo

if (13) holds.

3.3. Properties

Let & = {®,,te[0, T]} denote a nonanticipative function satisfying f§ &2 ds <
< oo a.s. Next we record main properties of stochastic integrals.
Property 1. { i @ dW, 1€ [0, T]} is a continuous nonanticipative function.

Proof. The continuity was established. For t e [0, T], [; @ dWis the limit in pro-
bability of a sequence of & ,-measurable functions. Moreover, &, contains all sets
of P-measure 0. Thus, [§ @ dW is & ~measurable, t € [0, T]. This together with
continuity implies nonanticipativity according to Theorem 2.1. O

Property 2.

t t t
J. (a® + a’@b’)dW:af & dW + a'J. o' dw, te[0,T],
o

0 o

for arbitrary constants a, a’.
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Property 3. Let

T
(14) E[ P2 ds < .
40

Then
14 2 7

(13) E<f¢dW) =EJ #2ds, tef0,T].
o 0

(T = o is also admitted.) If (14) holds, then {f4® dW, te [0, T]} is a martingale.
In particular,

t
EJ' Pdw=0, 1e[0,T].
0

Proof. A result analogous to Lemma 5 states that to cach & satisfying (14) a se-
quence of simple functions {"®, n = 1, 2, ...} can be found so that

T
(16) lim EJ. ("¢ — ¢)*ds=0.
n-*oo 0
(16) implies (8), and hence,
t t
(17) plimj"@dW=j@dW, tefo, T7.
nw Jo o

Moreover, in virtue of (16),

T
limEf ("® — "B ds = 0.
m= o0 0
H> 0
By Lemma 3, (15) holds for simple functions. Consequently,
t t 2

]imE(I ’”!PdW—J‘ "@dW) =0, telo0, T].

m-o 0 0
From here and from (17), it follows

(18) l.i.m.J‘r"didW:J.t@dW, refo,1].

n—o Jo 0

(15) is obtained from

t 2 '
E(J"'(PdW) =EJ. "p2ds, te[0,T], n=12,...,

0 ]

letting n — o0, and using (16), (18).

25



1t is not difficult to verify

t s
EU "¢dW|JWS}=J‘"¢dW, 0<sstsT, n=1,2,...

) o

From (18) and from the continuity of the projection operator E{ | #,} (see Property
1.5), it follows

1 5
EU q‘>dW[9",}=[¢dW, 0<s<t=<T.

o ]

Hence, {[6® dW, te [0, T]} is a martingale, and E [(@ dW = 0, te [0, T]. m]
(15) can be generalized as follows.

Corollary 1. Let
T T
EJ‘ P2dt < o, EJ. Prdt < 0.
o 0
Then

t t t
EJ' dﬁdWJ. di/dW=EJ' d9'ds, te[0,T].
0

0 ]

EJ.(:gdeﬂcb'dW: E%[(J:(@ + qS')dW>2 _
, <L’(q> —w) dwﬂ - E%[J:(ab b @) ds - J'O'(gp oy ds] _

t
=EJ o' ds, te[0,T]. O
0

Proof.

Property 4. For arbitrary positive numbers a, b,

I T 2
(19) P(sup ;jdidW _2_a)§P<J ¢2ds;b>+2exp{~ ﬁ_}_
|Jo 0 2b

1€[0,T1
Proof. (19) was proved for simple functions (Lemma 2), and is obtained in the
general case by means of the passage to the limit used to define the integral. O

Property 5. Let {"®,n = 1,2, ...} be a sequence of nonanticipative functions
such that

T T
J‘ "p2 ds < oo a.s. , n=1,2,...,p1imj' ("¢ — #)*ds =0.
[ n2w Jo
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Then

(20) plim sup

n—w 1€[0,T]

t t |
'["@dW—J. odW | =0.
o o |

Proof. Let ¢ > 0, b > 0 be arbitrary. By Property 4

t t - T
J."d)dW—J. oaw| 26>§_limP<J- (e — @) ds 2

0 0 | oo o

o2 &2
= b) + 2exp {-— };} =Zcxp{— %}

The last expression tends to 0 as b — 0. This proves (20). O,

fiﬁP( sup

new  \1e[0,T]

Property 6. Let, with probability 1, the trajectory of @ have a continuous derivative
o' = {d;, te[0, T]}, (T < ). Then

T T
j &AW = D, W, +f O(Wy — W,)dt.

] 0
Proof.
a

T
j @ dW = plim

o nm k=

1
‘I’k.r/n(W(kﬂ)'r/n - VVkT/n) =
o

p lim [@, Wy +kzl(¢kT/n = Py nyrm) (Wr — Wrp)] =

n=w

T
= B Wy +J YWy — W)dt. .o
0

Property 7. Let @ = {&,, t = 0} be a nonanticipative function satisfying (12).
Let 7 be a stopping time, and let

o
J Xes5 P ds < 00 as.
°

Then
(21) j Kooy @s AW, =j @, dW, .
] 0
(For = = oo the right-hand side is lim fo @ dW.)
1= o0

Proof. Note that {¥(>s t 2 0} is nonanticipative. It is right-continuous and
complies with &, because {t > t}e #,, t 20, by the definition of the stopping
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time. Take T > 0. Set 7' = 7 A T = min (r, T). We shall demonstrate

@) f Kirmn @, AW, =j @, dW,.

0 o

Obviously,

o
lim j (X5 ®Ps — Xgessy D)0 ds = 0 as.
T-wo Jo

Hence, (21) follows from (22) as T — oo in virtue of Property 5 and of the continuity
of the integral.

Define a sequence of stopping times {r,, n = 1, 2, ...} as follows:

ktlg o breo<ktly
n n

=0 if =0, 1,=

k=0,...,n—1.
{Xrnr>epp t Z 0}, n = 1,2, .., are simple functions. Further, let {"®, n = 1,2, ...}

be a sequence of simple functions such that

T T
J "@?ds < co as., n=1,2,‘..,plimJ‘ ("® — &) ds = 0.
]

0 n-oo

From (20) it follows

(23) plim f "gde:f o dw.
0

n=w Jjg

From the definition of the integral of a simple function it is easily checked that

Tn! 0
(24) J "@dW:J Xewoe @ AW, n=1,2, ...
0 0

Finally,

IIA

@
J. (X(t,.’>s)n‘ps e X(:'>s)‘ps)z ds
0
T T
<2 I:J ("¢ — o) ds +j (Tiw >y = Xerosy) Oi ds] — 0 in prob.
0 0
Hence, according to Property 4,
0 kel
(25) plim f Aier>5)"Ds AW, = J. Xgr>5y®s AW .
n—w o 1]

(23), (24), (25) give (22). |
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4, THE ITO FORMULA

4.1. Proof

As already mentioned in §1.3, the calculations with the stochastic differentials
follow other rules than the calculations with the ordinary ones. The basic rule,
namely the 1td formula, will be derived in the present chapter. Again we suppose
given a probability space (Q, &, P) supplied with an increasing family of ¢-algebras
F = {&,, t 2 0} such that &, contains all P-null sets. First we shall treat the one-
dimensional case, and assume a Wiener process W = {W,, t=> 0}, Wy = 0, defined
on (Q, #, P).

Stochastic differentials are defined with aid of integrals.

Definition 1. Random process X = {X,, t € [0, T} is an Itd process, if
t t
X, =X, +f A4, ds +J B,dw,, te[0,T],
o o
where 1. X, is & j-measurable.

2. A={4,te[0,T]}, B ={B, te[0, T]} are nonanticipative processes, satis-
fying

T T
f {4 dr < 0 as, J Bldt < 0 as.
0 [

The contents of Definition 1 will be briefly stated by saying that X has stochastic
differential

1) dX, = A,dt + B, dW,, te[0,T].

From Definition 1 follows that an Itd process is nonanticipative. A smooth function
of Itd processes is itself an Itd process.

Theorem 1. Let random processes ‘X = {X,, te[0, T]}, i = 1, ..., m, have sto-
chastic differentials

diX, ='4,dt + ‘B, dW,, te[0,T], i=1,...,m.

Let f(t, x', ..., x™) be a function on [0, T] x R™ with continuous derivatives

il a
=—f, fi=—f, i=1...,m,
f 0tf 5 6x‘f
5
i = /> Li=1...,m,
Ji ax' ox!
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and let Y, = f(t,X,, ...,"X,), te [0, T]. Then Y has stochastic differential

2) d¥, =fdt+ Y f;d'X, + 1 Y f;d'X,d’X,, te[0,T],
i=1 fj=1

where f = f(t,'X,, ...,"X,), ..., and

(3) d’X,d’X, ='B,’B,dt, te[0,T], i,j=1,...,m.

(2) is the Ité formula. It indicates that we have to use Taylor’s development up
to the second order terms when computing stochastic differentials. To explain (3),
let us recall Lemma 1.1, and write

diX,dX, =474 d1)* + (‘4,7B, + 'B,74,) dt dW, +
+ ‘B, 'B(dW,)> = ‘B, B, dt + o(dt).
(2) can be written in the form
ay, = (f+ Z A+ %;fB,jB,fij) dt +
+(Zi B f)dw,, tel0,T],

consistent with (1). Note that from 2. of Definition 1 and from the continuity of
fsfixfij, it follows

rlf+ Y iAfi + 1Y B IBfy | dt < oo,
0 i iJ
J.T (Z iBrfi)z dt < o0 as.
o 1

The proof of Theorem 1 will be preceded by a lemma.

Lemma 1. Let & = {&d,,1e[0,S]}, (S < ), be a nonanticipative random
function with continuous trajectories. Then

2n— S
(4) plim k% dskZ‘"S(}V(k«Ll)Z"'S - W;‘z*"s)z = J @, dt.
n=w k= 0
Proof. If & is a simple function,
D= @;, L St<tpy, where t,=0<t; <...<f{=38§,
then it is not difficult to deduce from Lemma 1.1 that
-1 ’ h-1 S
lim Y Pp-ng(Wor 1y2-ns — Wiz-ns)® = 3. @i{ti+1 — 1;) =-[ &, dt as.
no k=0 j=0 o
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To prove (4) for arbitrary @, one considers simple functions {®py, t € [0, ST},
I =1,2, ..., which approximate & so that

lim P( sup |@py — &/ 28)=0, e>0. O
I~>®  1e]0,5]
Proof of Theorem 1. Let S € [0, T be arbitrary. We have to demonstrate
) S S
O Ys— Y = J‘ (F+ X 4fi+ 1) ‘BBfy)dr +f (X 'Bfydaw.
0 7 ] 0

i

The demonstration can be reduced to the case when ‘A, ‘B are simple functions.
In the general case one takes sequences of simple functions

{idon=1,2,...}, {iBon=1,2,...0i=1,...,m,
such that

S S
ph'mj lid—id|dt=0, p]inlJ.(,fB—‘B)zdt=0, i=1,...,m.
0

n- o n=o o

If (5) holds with ‘4, ‘B replaced by 4, :B, then it remains valid in the limit as n — co.
Thus, let ‘4, ‘B, i = 1, ..., m, be simple functions. Let us divide [0, S] into sub-
intervals [s, s'], on which these functions are constant,

‘A, ='a, 'B,="B, te[s,s], i=1,...,m.
fa, B, i =1, ..., m, are F-measurable random variables. We have to show that
Y-, =J o+ Yoy + 1Y B +f (¥ 1) dw,
s i i s i

where the arguments of the derivatives are t and

X, =X, 4+ u(t —s)+ BW, = W), i=1,..,m.
Let

s'=s=h, AY-m = Yorgenz-m = Yoonz-m -

Introducing obvious further denotations, we infer as follows.

2n—1
Yo — Y =lim ¥ A¥ip-m = lim {F[fs + ke 27h, "X pugomy .- ) 27" +
n—=ow k=0 n—w k

+ Y fid Xy ppp-my + %Zfij A Kipz-m 47X y0-m] + 0(1) +
z “

+ U(ZkZ(A iXs+k2"‘h)2) = PJ:“; {zk:[f + z.fi i“] 27" +
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+ XYL B AW,z + 3L iy B I) (AWeria-m)’} =

= J.s f+ ; of, + 3 Y BIBf) dt + Y (; Bfydw,

in virtue of Lemma 1. a
The integral with respect to an It6 process is defined in a straight-forward manner.

Definition 2. Let X = {X,, t € [0, T]} have stochastic differential (1), and let & =
= {@,, 1[0, T]} be a nonanticipative random function such that

T T
2
tie > P, D,
j]¢A|dl<oo f(am)dmoo as
0 )
Then

t t t )
j ¢ dX, = J- DA ds + j' @B, dW,, te[0,T].
0 ] 0

Next we generalize the 1td formula to the case when a multidimensional Wiener
process W= {W, = (*W,, ...,"W,), t Z 0} occurs in the differentials.

Theorem 2. Let random processes ‘X = {‘X,, te[0, T]}, i =1, ..., m, have
stochastic differentials

(6) diX,=d,dt + Y "B, d'W,, te[0,T], i=1 ...,m.
=1

Let f and Y be as in Theorem 1. Then (2) holds with
(7) dix,d'x, :l;”Bt B, dt, te[0,T], i,j=1,...,m.
As in Definition 1, (6) means that X, i = 1, ..., m, are nonanticipative, and
X, = X, +j“Asds +Zlft”33dlw“ te[0, T}, i=1,...,m.
(] ]

(7) results from the following multiplication rules for differentials

®) (A =0, dtd'w=0, (d'Ww)=dr,
dwdt*w=0, LI =1,...,r, 1+1.

The proof of Theorem 2 follows the same pattern as the proof of Theorem 1. Only
the additional occurence of cross products 4 'W,, .-y 4 "W, 1s-n Tequires con-
sideration. This is done in the subsequent lemma.

32



Lemma 2. Let @ be as in Lemma 1. Set 4 'Wiy-ng = "Wy 1)3-n5 — Wiz -ns.
Then

2n—1

(9)  plim Y Pppons A Wigmns 4 Wigmns =0, LI =1,...,r, 1%1.
0

nrow k=

Proof. To establish (9), one shows first that
21 )
(10) Iim Y A'Wponsd "Wipons =0 as., &1

n—ow k=0

(10) is proved with aid of the Borel-Cantelli lemma. Namely, for ¢ > 0,

© an—1 o 2n—1
—ZxP(]k—zo 4 ’Wl.zwsA ! VVkZ“"sI P C) se? ZIE(k_ZO 4 lWAz—"sA Vsz—"s)Z =
0 2n—1 , 0
=&2Y Y E(A'Wiy-ns) E(d " Wig-ng)? =e72Y 227" < .
n=1k=0 n=1

Hence, with probability 1, the sum on the right-hand side of (10) is less than & for
all sufficiently large n.
As in the proof of Lemma 1 it is seen that (9) holds, if @ is a simple function, and
is proved for arbitrary ¢ using approximation by simple functions. ]
Lemma 2 explains the last equality in (8). Relation (10) means that the mixed
variation of two independent Wiener processes vanishes. Moreover, they yield
orthogonal stochastic integrals.

Lemma 3. Let @ = {&,, te[0, T]}, &' = {&;, 1[0, T]} be nonanticipative and
such that

T T
FJ ¢,2dt<w, Ef 'rdt < .
0 0

Then

t t
(11) EJ @d‘WJ(D’d"W:O, te[0,T], 1+17.
0 0

Proof. Remind the proof of Property 3.3. Let I  I'. Take sequences of simple
functions {*®,n = 1,2, ...}, {"®, n = 1,2, ...} such that

T t
(12) I.i‘m.J‘ "(Dd'WzJ od'w,

n=» Jjo 0

t t
].i.m.j "(D'd"W=-[ o' d'w, tefo, T].

nso Jo 0
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Using the independence of 'Wand ' Wit is seen from Definition 3.2 that
t t ,
EJ "@d’WI "o'd'W=0, te[0,T], n=12,...
0 0

From here and from (12) follows (11). O

4.2. Examples

Example 1. Let {X,, t 2 0}, X, + 0, {Y,, = 0}, have stochastic differentials
dX, = —sin &, dW,, dY, =cos ®,dW,, &, =arctg(Y,/X,), t20.
Let us compute the differential of R =X+ Y2,t =2 0. We have d(Rz) =
= d(X? + Y?) = 2X dX + 2YdY + (dX)* + (dY)* = (—=2X sin ® + 2Ycos P).
.dW + (sin® @ + cos? @) dt = dt. We conclude that for ¢ = 0 the random point
with coordinates (X,, Y;} lies in the plane at the distance R, = (/(R, + 1) from the
origin. ]
Example 2. Let ‘X = {’X,, te [0, TT}, i = 1, 2, have stochastic differentials
diX, =74,dt + ‘B, dW,, te[0,T].
From Theorem 1, it follows
d('X 2X) = 'Xd2X + 2Xd'X + d'Xd2X = 'Xd2X + 2Xd'X +
+ 'B2Bdt,
or, expressed in integrals,
t It t t .
J 1Xd2X =1X2X| —J‘ X d'x —j 'B?Bds, te[0,T].
0 o 0 0

This is the formula for partial integration of stochastic integrals. O

Example 3. Let f(x) be a continuously differentiable function on (— o0, o0). Let us
compute [§ f(W)dW. Denote by F the integral of f, i.e. (d/dx) F = f. Then

dF(W) = f(W)dW + 3/ (W) dz.

Hence,

ff(ws)dws = F(W,) — F(W,) - —'fj'f'(ws) ds, 120. 0

o ]

34



Example 4. Let @ = {&,, t€[0, T]} be a nonanticipative random function such
that [§ #2d¢ < oo a.s. Then

s t t
Z, = exp” ®dw - %f cblds}. 1ef0.T].
0 0
is the unique solution of the equation
(13) dz, = ®,2,dw,, te[0,T],
with initial condition Z, = 1
(13) follows from the differentiation

dZ = Z(¢ AW — 107 dr) + $Z&* di = GZ dW.
To prove the unicity, let Z* = {Z}, 1€ [0, T]}, Z§ = 1, be also a solution of (13).
Differentiate the ratio Z*/Z.

VA 7% 7%

d(EY=taz ~ L az - Lazraz + = (dz)* =
z Z z’ z? z?

zZ* T, VAs
DPZ¥AW — = PZ AW — — P ZZ*di + = @?Z*dr = 0.
z? z? z?

N -

Hence, Z}[Z, = 1, 1€[0, T], as.
In particular, the solution of dZ = Z dW, Z, = 1, is exp {W, — 41}. .|
An illustrative application of the It6 formula is provided by the following theorem.
Its proof involves a straight-forward use of complex valued random variables.

Theorem 3. Let random process X = {X,,1€[0, T]}, X, =0, have stochastic
differential

(14) dx, =“_il’3,d 'w,, 1e[0,T],
and let with probability 1
(15) 12'118‘2 =1 foralmostall re[0,T].
Then X is a Wiener process.
Proof. We have to show thatfor0 £t <t £ T
(16)  Efexp{iz(X, —~ X)}| F} =exp (=32 ~ 1)}, ze(—o0, »).

On the right-hand side stands the characteristic function of the normal distribution
with mean 0 and variance ¢ — 1. Thus,(l6) states that X, — X, has this distribution,
and is independent of #,.



Denote ¥, = exp {iz(X, — X,)}, u € [1, T]. Its differential is

dY, = iz¥,dX, ~ 12, Y Bl du, uel, T].
=1

Hence, because of (15),

ropr .
Y, — 1 =i:ZJ Y,"Bule,,—-}zzj Y, du, t'e[1,T].
1

=1 ¢

The conditional exception of the first term on the right is 0 by Property 3.3. Conse-
quently, v

.
E{y,,;f,}=1—%zz'[ E(Y,|#)du, (e[t T]. as
t

We see that with probability 1 E{Y, | #,} fulfils an integral equation, which has
unique solution exp { —1z%¢" — 1)}. |

Corollary 1. Let X = {X,, te[0, T]} have stochastic differential (14), and let
with probability 1

r

SiB? > 0 foralmostall te[0,T].

=1
Then
r
17) dx, = (Y 'B)\2awy, te[0,T],
=1
where W* = (W}, 1[0, T]} is a Wiener process.
Proof. Define

t r
wr=| (¥'B)Y2dX,, te[0,T].

o I=1

Then W* fulfils the hypothesés of Theorem 3, and (17) holds. O

5. STOCHASTIC DIFFERENTIAL EQUATIONS

5.1 Linear equations

Let us begin by considering as an example the model of free nutation proposed
in [1] The rotation axis of the Earth intersects the plane tangent to the Earth at the
(North or South) Pole in a point, which performs a random movement containing
a periodic component with period one year. This component being eliminated, the
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so called Chandler’s movement remains. Let X = {(1X,,%X,), t 2 1,} denote its
coordinates as functions of time. X has a period of about 14 months with slow
fluctuations of amplitude (waves of length 10— 20 years). It was suggested to under-
lay the empirical studies with a mathematical assumption about the differentials
of X. Namely,

d!X, = —1'X,dt — k2X,dt + bd 'W,,

d2X, = k'X,dt ~ 12X, dt + bd?*W,, tZ1,,
or
(1) dX, = AX,dt + BdW,, 121,.

In (1)
-1, =k b, 0
4= "), B= .
k, —1 0, b
I, k, b are positive constants, W = {W, = (‘W,, *W,), t 2 1,} is a two-dimensional
Wiener process.

(1) is a stochastic differential equation for X, a linear one. Such equations will be
dealt with in the present section. In the entire chapter we assume that an r-dimen-
sional Wiener process W = {W, = (*W,, ..., "W,)', t Z 0} with respect to # = {&#,,
t z 0} is given on a basic space (Q, o, P). #, contains all sets of P-measure zero.

We recall that ’ indicates the transposition.
First we define the concept of a stochastic differential equation. Let

o) a(t, %) = (a'(t, %), ..., a"(L, D)5 B %) = [yt DT, e
(t,x)ef0, T] x R™,

be a Borel measurable vector function, and a Borel measurable matrix function
of type m x r, respectively. Let T < co, for the sake of definiteness. Let the symbol
X ={X,=("X,...,"X,), te[0, T]} denote an m-dimensional random process.
The relation among differentials
(3) dX, = a(t, X,)dr + B(t, X,)dW,, te[0,T],
is called a stochastic differential equation.

Definition 1. Let & be an & j-measurable m-dimensional random variable. Random
process X = {X,,te[0, T]} is a solution of equation (3) with initial condition £,
if it has stochastic differential (3), and X, = & If, in addition, any solution of (3)-

with initial condition & is indistinguishable from X, then X is called unique solution.
Specialize now to linear equations. Let

a(t, %) = a(t) + A() X, B(t,X) = B(1), (t,%)e[0,T] x R",
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where
a(t) = (a'(0), -, a"(0)", AQ) = fa(O7-1
B(t) = [ ()71 s=1
are Borel measurable functions on [0, T]. Then (3) becomes
4 dX, = (a(r) + A(1) X,) dt + B(t)dW,, te[0,T].
Methods of ordinary linear differential equations can be used to investigate the
stochastic ones, as it is seen on the subsequent theorem.

Theorem 1. Let a, 4, B fulfil

T T T

5) J' laf(0)] di < oo, f lag(0)] i < oo, -[ bt dt < o0,
0 0 0
Lhj=1,....,m, k=1,...,r.

Let £ be an & p-measurable m-dimensional random variable. Then equation (4) with

initial condition ¢ has unique solution

6 X = F() (5 + f “F(s) a(s) ds + L’p(s)—' B(s)dWs>, te[o, 7],

o

where F is the fundamental matrix of the equation (d/d?) F = A() F.

Proof. F is the solution of (d/dt) F = A(f) F satisfying F(0) = I, I is the unit
matrix. From the theory of differential equations it is known that F is uniquely
defined and invertible on [0, T]. Consequently, X is well determined by (6), the inte-
grals exist in virtue of (5). Computing the stochastic differential of X, one gets from

(6
dx, = A(1) F(t)dt(E . J CF(s) a(s) ds + j.rF(s)"‘ B(s) dW,) +
+ F(t) F(f)™* a(t) dt + F(t) F(s)~* B(t) dW, = (a(?) + A(t) X,)dt + B(r) dW, .

Hence, (4) holds. Moreover, X, = £, since F(0) = I.
To establish the unicity, let X* be also a solution of (4) with initial condition &.
Then

(@) d(X, - X =A@ (X, - X dt, 1=[0,T], X,— X=0.

A linear differential equation with initial condition O has only a trivial solution.
Thus, from (7), we conclude that X, = X7, 1€ [0, T], a.s. 0
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Differential equations for the mean value and for the covariance (matrix) function
are obtainable from (6). Let E|¢]* < oo. Introduce

&(t) = EX,, R(u, 1) = E(X, — eu)) (X, — (), R(t,1) = Q(1),
u,te[0,T].

From (6) and from Property 3.3, it follows

(1) = F(1) (EE + jtf‘(s)" a(s)ds), te[0,T],

and hence,

() g;E=A(t)E+E(1), 1e[0,T]. #0) = EE.

Further, from (6) one gets for u € [¢, T]
X, =Fu)(FO)™' X, + Jm F(s)"* a(s)ds + J‘u F(s)™* B(s) dW,) .
Thus,
R(u,t) = EX(X, — &t)) = F(u) F(t)y ' EX(X, — &(1)) = F(u) F(t)™* 0(1),
©) (;iux — AR, welnT], R(1) = 0().

Before deriving an equation for Q, let us state a lemma.

Lemma 1. Let G(f) = |lg;;(1)|77, ;=1 be a Borel measurable matrix function
on [0, T] such that (7 g,;(1)*dt < 00, i=1,...,m,j=1,...,r. Then

() E f O 6(s) d, (L 6(s) dvz>' - j ") 6(sy ds, tefo, T].

o

Proof. Consider the element on position ij of the matrix on the left. From Lemma
4.3 and from Corollary 3.1, it follows

t t t t T
E(ZJ. gikde)<Zj' gjlle> =2Ej gikd"WJ‘ gjkdszzj. Judjx ds.
kJo 1o k 0 1] kJo

The last term is the clement on position ij of the matrix on the right of (10). [J
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Using (6) and Lemma 1 we get
0() = E F(1) (%o — &0) + f (:F(s)" B(s) ) (Xo — &(0) +
+ [t 3 amy Ry = ) 00) Y +

+ F(1) J o F(s)~ B(s) B(s) F(s)~"" ds (i) .
From here,
(11) (%Q =A4A()Q + Q Aty + B() B(t), te[0,T],

0(0) = E(E - E)(& — E¢) .

If & has normal distribution, then X is a Gaussian process. Its probability distribu-
tion is completely defined by & and R, obtainable from (8), (9), and (11).

Example 1. Let us calculate the covariance function of process X satisfying equa-
tion (1). Set o = 0. The fundamental matrix is

F(i) = e clos kt, —sin kt Ctzo.
sin kt, cos kt

Hence,

t
1X, = e M(¢' cos kt — &*sin ki) + bJ. e cos k(1 — 5) d'W, —
o

t
_ b,[ e """ sin k(1 — s5) d*W,,
0

t
2X, = e "(& sin kt + £ cos kt) + b‘[ e "I sin k(t — s)d* W, +

0

t
+ bf e 79 cos k(t — s) d2W, .
V]

Equation (11) for Q(f) = |g;(r)|7,-1 provides the following system of equations
for three unknown functions q,,(f), 42(%), 415(1) = g2,(f):

d
—qqy = —2lgqy —2kqy, + b*,
dt .
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—422 = — 2lq,, + 2kq,, + b?,
dt

d

afllz=k4n ~ kd,, ~2lg;,, t20.

The solution is

2

g () = %(1 — e ) + e M(q,(0) cos® ki + q,5(0) sin? ki — g,,(0) sin 2kt) ,

2
ga2(t) = %(1 — e ) + e (g, (0) sin? kt + q,,(0) cos? kt + qy,(0) sin 2ki),

415(1) = q54(f) = €7 *"(34,,(0) sin 2kt — 1q;,(0) sin 2kt + ¢,,(0) cos 2k), t = 0,
where 0(0) = E(§ — EZ) (£ — EE) .
Finally, from (9), R(u, 1) = Flu — 1) Q(t), u 2 t = 0, or

rs{u, 1) = qqa(t) cos k(u — 1) — qy,(¢) sin k(u - 1),
rao(u, 1) = gq,(f) sin k(u — 1) + g,5(t) cos k(u — 1),
roo(u, 1) = gq5(t) cos k(u — 1) — q,,(1) sin k(u — 1),
r21(s 1) = gy () sin k(u — 1) + () cosk{u — 1), uz120. m]

5.2 Nonlinear Equations

Random process X = {X,, 1€ [0, T]} is a diffusion process, if it has stochastic
differential

(12) dX, = a(t, X,)dt + B(1, X,)dW,, te[0,T],

where @, B are as in (2). In applications of diffusion processes it is often possible
to obtain functions 4, B from physical considerations. Thus, the question arises,
whether a process with the prescribed differential exists, and in what sense it is unique.

The Euclidean norm of a vector i or of a matrix M will be denoted by || and [M],
respectively. Next theorem comes from K. Itd (1946, 1951). Successive approxima-
tions used in its proof are an analogy of Picard’s method from the theory of ordinary
differential equations. We keep T < oo.

Theorem 2. Let & be an & p-measurable m-dimensional random variable, E|&|* < co.
Let functions @, B be as in (2), and fulfil

(13) |a(t, %) — a(t, 5)| + |B(t, X) — B(t, 5)| < ky|% - 3},

(14 la(t, ®)| + |B(t, ®)| < k(1 + |%

), % yeR", te[0,T],
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where ky, k, are constants. Then stochastic differential equation (12) has unique

solution X = {X,, 1€ [0, T]}. Moreover,
(15) E|X,|* < const., te[0,T].

Proof. 1. Set °X, = &, 1[0, T],

13 t
(16) "X, = ¢ +j a(s,"X,) ds +f B(s,"X)d,, te[0,T]. n=0,1,...

[ 0
The integrals in (16) exist. Further denote
d(t) = E[""'X, —"X)*, te[0,T], n=0,1,...,

and consider d°(t). It holds

() < E(Z J-(:Ez(s, E)dsr + zU;B(s, E)AW,‘lZ).

By Lemma 4.3 and Property 3.3,

t 2 t 2 t t
deW‘ =ZE(I Zb,,dfw) =ZZEJ. béds:EJ |B|? ds,
i 0 J i 0

0o 0

E

provided that the last term is finite. Hence, using Schwarz inequality and (14),
we get

t t
) £ 25:'[ a? ds + ZEJ‘ |Bl?ds £ 2max (1, T) E2k3(1 + |E) T= I, < .
o 0

Similarly, from (16) and (13),
d(t) < 2max (1, T) E(J-' |a(s,"X,) — a(s," ' X )| ds +
0
+ J”[B(s,")?,) — B(s." X))’ ds) — 2 max (1, T) &2 J" EPX, — "X ds =
1] 0
- lJ”d"“(s)ds, te[0,7], n=12,...
o
From here, it follows with aid of induction

d"(t)§lo(i?~, te[0,T], n=0,1,...
n!
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2. Let us estimate the differences of the successive terms in (16). Set
t t
j (a(s,"X.) — a(s." ' X)) ds = J " ds
o 0

T 1
J‘(B(s,")?s)—B(s,"“‘Xs))dW=j"AdW, e[0.T], n=12...
0 0

We have fore > 0

T
P( sup f "5ds gs)
tef0,7T] 0

T T
< s’ZTEJ [8]* ds < a*lrkif d(s)ds £
o 0

lIA
A

([l ses( e

Tk, (IT)"

=1,2,...
el n!

The second integral is estimated with aid of the submartingale inequality (Theorem
2.2).

] T 12 r T
ge)ge*ZE j "A dW | =s‘zEJ |"4]? ds <
| 0

0

) t
P( sup ff "AdW
ls[O,T}: 0

T 2 .
< S_Zka. d"i(s)ds £ kily QI) ,on=1,2, ...
[

T el on
From (16) we conclude that

ST+ )KL (1)

P(sup |"*'X, — "X, |z 2) < =1,2,...
16[0.7] 2l n!
Setting &, = ((IT)"/(n — 2))'/2, n=2,3, ..., we get
P( sup .:-;-1)7r _ n)?') > 26") < const._‘ L on=23, ...
te[0,T] n(n — 1)

From the Borell-Cantelli lemma and from Y ¢, < oo it follows that there exists
n=2
a random process X = {X,,te [0, T]} to which "X, n =0, 1, ..., converge with

probability 1 uniformly. In symbols,
"X,z X,, te[0,T], as.
It foliows from (13) that
a(t,"X,) Za(, X,), B(t,"X)3ZB(t,X,), te[0,T], as.
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Letting n — o in (16) and using Property 3.5, we obtain

7,=5+f'

vo

t
a(s, X)) ds + j B(s, X)) dW,, te[0,T].
0

Consequently, X is a solution of (12) with initial condition &. Further, we have the
estimate

VER[? = JE|E + $(1X, = "X 5 JEEP + 3y
n=0 n=0

< VEIEP + o ¥ J((TYin) < o0, te[0,T].

Hence, (15) is valid.

3. Tt remains to establish the unicity of X. Let X* = (X7, te[0, T]} be also
a solution of (12) with initial condition &. Assume in addition

17) E|X7|* < const,, tel0,T].

Then

X - X, = jt(ﬁ(s, X?) - als, X)) ds + [ (B(s, X2) - B(s, X,) dW,, te[0.T].

Y Jo

As in Part 1 of the proof we get

t
(18) EXF - X < zJ E[X* — X|7ds, 1[0, T].
o

Since E|[X} — X,|* < const., te [0, T], a recursive substitution into (18) gives
E|X} — X,|* £ const. (It)'[n!, n=0,1,...

We see that E|[X7 — X,|* = 0, e [0, T]. Moreover X* and X have with probability
1 continuous trajectories. Therefore

(19) Xf=X,, te[0,T], as.
If (17) does not hold, then we introduce stopping times
T, =inf{t:|Xf|zn}, n=1,2,...

(The infimum of a void set is ©.) As above we prove X},., = X,

tAth Atn

as.,n=1,2,... Fromhere(19)followsasn — oo, because lim T,
n—+w

, te [O,T],
a.s. O
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The notion of the differential generator of (12) is related to the Ité formula. To
define it, introduce the matrix

lewt, ®)T;-1 = C(t, %) = B(t, %) B(t, 7y . (1,%)e[0, T] x R,

and set

m m 2
DA A UF Ea I gy O g
Jt =1 ox’ =1

1
24, axt ox)’

L is called the differential generator associated with (12) (with the diffusion process
having stochastic differential (12)). If (12) holds, and f fulfils the assumptions of
Theorem 4.2, then

df(r, X,) = Lf(t, X,) dt + (Vf(1, X)) B(t. X,}dW,, te[0,T],
where (V/(1, X)) = (3/(t, X)[ox*, ..., of (1, X)[ox™).
Example 2. The one-dimensional version of (12) is
(20) dX, = a1, X,)dt + b(t, X,)dW,, te[0, T].

Consider the rather exceptional situation, when (20) with initial condition X, = X,
is solvable in the form u(t, W;), where u(t, y) is a sufficiently smooth function on
[0, T] x (=00, ). x, is a number.

We have
Fl 2
1) du(t,W,)=fudt+iudW,+£6—udt4
t at dy 2 d9y?
Comparing (20) and (21) we deduce
(22) (aiu — bt u), (Ly)e[0,T] x (=0, ).
y
Further,
s d i} il
——u = — blt, u)—u = b(t,u) — b(t,u).
pkilen ( )3y (t:u) — bt, u)
Hence,

(23) %u = a(t, u) — bt u):%b(t, W), (t)e[0,T] x (=, o).

We can thus assert the following: Let b be continuous together with its first derivative
with respect to x. Let function u(t, y), (, ) € [0, T] x (=0, ), have continuous
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derivatives (6/0r) u, (8]@y) u, and (62/y*) u. Let u fulfil (22), (23), and u(0, 0) = x,.
Then X, = u(t, W,), te [0, T], is a solution of (20) with initial condition X, = xo.
Under additional differentiability assumptions about a, b, equating (6%/0t dy) u
and (0/6y dt) u, one gets from (22), (23) the necessary condition for their solva-
bility:
£b+aib—bia+{;bzib=0.
ot ox Ox ox?

Apply the above said to the equation
dX, = a(t) X, dt + b(1) X, dW,, te[0,T],

where a(f) and b(t) are continuous on [0, T]. (22), (23) are

;%u =b()u, gt—u =a(t)u — %b(l)zvu.
Hence
u(t, y) = xo exp {J.O(a(s) — 3 b(s)*yds + b()) y},
(t, »)e[0, T] x (— o, ),

X, = xgexp {J:(a(s) b)) ds + b(1) W} re[o,7]. O

6. SUPPLEMENT

6.1 Random Variables on a Wiener Process

The purpose of this last chapter is to add to the introduction into stochastic
analysis an illustration of its more advanced parts. Two topics were selected. They
are the representation of random variables defined on a Wiener process by means
of stochastic integrals, and the Girsanov theorem. The former is important in filter-
ing theory, the latter is a basic tool for studying the probability densities of diffusion
processes.

Consider a probability space (2, o/, P), on which a Wiener process W = {W,,
1€ [0, T]} is defined. For the sake of simplicity assume T < co. Denote by F¥ =
={FV, te [0, T]} the increasing system of o-algebras generated by W and the
P-null sets, i.e.

FV = oa({W, < x}, se[0,1], xe(—oc, ©);

P-null sets), te[0,T].
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In this section we prove a theorem on representation of % y-measurable random
variables. Nonanticipativity refers to #".

Lemma 1. Let ¢ = g(W,,, ..., W,), with 1, =0 <1, < ... <1, £ T, and with
function g(x', ..., x") bounded, and having bounded continuous derivatives on R".
Let E¢ = 0. Then for a bounded nonanticipative function @ = {®,,1¢[0, T]},
it holds & = [} @ dW.

Proof. Write

ti

Take an i, 0 < i < n — 1. We shall show that E 5]!/""'} has stochastic differential
on [ti, I,»_,.l], and shall determine it. From the properties of the Wiener process it is
seen that E{¢|# 7} = ¥(t, W,), where

K= J ;1?<2n(r.»+l{— 0) [2(‘::—1)] ” J

D) Wi x' ™t X"
“ \/(27‘(‘“2 - ri+1))
it+2 2
.exp—[(x — l—:l‘..dx‘+1<.<dx"}.
Ativz — tie1)

(t, x) e [t; 1i41] X (=00, ).

‘I’(l, x) is a random function. However, since it is .%_:f-measurable, 1té’s formula
can be used for 7 € [1;, £;,,]. The first integrand in (1) is the fundamental solution of
the heat equation. The hypotheses made about g imply that (8/r) ¥, (6%/0x?) ¥ are
continuous on [1;, 1;4,] X (— o0, ), and that

0 1%

— ¥ + 7—~w70 t,x)e|t, t; X (—oc, ).
Zv el (69 et tini]  (~0, 0)

Moreover, (0/0x) ¥ is bounded. From the 16 formula we get

0 o
d?’(r,W,):rLWdt+~—'l’dW4-£i—‘Pdr Lyaw.
ot ox 2 dx? Ox
Thus, we obtained the representation
n=1 Mtiey Fi T
=Zj —;—WdW=J Pdw. O
i=0 },, Ox o
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Theorem 1. Let ¢ be an “Fg—measurable random variable, E¢ = 0, E¢? < .
Then there exists a nonanticipative function ¢ = {®,, t € [0, T}, satisfying [§ E$>.
.dt < o0, and such that & = [§ @ dW. & is determined uniquely up to (¢, ) from
a null subset of [0, T] x Q.

Proof. Since & is Fy-measurable, there exists a sequence {&,,n =1,2,...}
of random variables fulfilling the hypotheses of Lemma 1 such that Lim. £, = &

n-o

By Lemma 1, §, = fg "¢ dW for nonanticipative "®, n = 1,2, ... From

T
0 = Lim. B¢, — &) = lim. J B — @) dr,
m- m=w Jo

and from the completeness property of the Hilbert space IX([0, T] x €) it follows
that there exists a @ such that

"
(2) lim j E("® — ®)*dt=0.
n+w J 0

® can be made nonanticipative. It follows from (2) that

T T
i = ].i.m.J "o AW = J‘ AW,
n—m 0 0
To verify the uniqueness, let also hold ¢ = jg o* dW, ;5 E®*? dt < 0. Then
f3(@* — ®)dW = 0 as. implies {JE($* — ®)* dt = 0 as asserted in the theorem. []
Assumption [§ E®? dt is needed to achieve unicity of @, as it is seen from the next
example.

Example 1. We shall construct a nonzero & = {&,, t € [0, 1]} such that {;@ dW =
= 0. Consider

t
)7,='|' (1= st aw,, tefo.1).

0

X is a continuous Gaussian process with mean 0 and covariance

1

EX.X, =J. Xis<suy Z(sél}(l - 3)_2 ds = min {“(1 - “)71, r(1 - ')_I} ,
0

u,tef0,1).

Set Yy = X (1+4-1, S€[0, ). Y is a Wiener process, since it is continuous and
Gaussian with mean 0 and covariance EY,Y, = min (u, s) for u, s € [0, ). Intro-
duce the first passage times ‘

oy =inf{s: Y, = +1}.

From Example 2.2, it follows 0 < 04 < o0 a.s.
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Define 1, = 04(1 + 64)™". Then 0 < 7, < 1 as., and

t
7, = inf{1 :j (t—s)7"dW, = £1}.
0
Hence, 7, are stopping times, and

B, = (tesrn + X)L = D71, 1€[0,1), @, =0,

is nonanticipative. We have

0 0

1 T4 [
J‘ <I>5dW,=j (1—S)"‘dWS+J (L—s)""dW, =0 as.
0

Thus ¢ has the desired property. (]

Under the assumptions of Theorem 2, E{¢|# [} = [(@ dW, te [0, T], in virtue
of Property 3.3. Theorem 2 therefore provides representation of martingales with
finite variance.

6.2 Girsanov’s Theorem

Let on (Q, o/, P) be defined a random process X = {X,, te [0, T]}, T < oo, such
that it is the Wiener process with respect to #. The hypothesis X, = 0 is not made.
Further,let ® = {®,, 1€ [0, T]} be a nonanticipative function satisfying (3 ®* dt < oo

a.s. Introduce
t i
Z, = exp{'[ ¢ dx — %j (bzds}, tef0,T],

0 0
and assume

) EZ;=1.
Recall the use of process Z in § 3.1, where it was shown that (3) is valid whenever ¢
is a simple function.
Set Z; = {, and define probability measure P* on (Q, o) by setting
(@) P*(M)=J [P, Med.
M
Process X on probability space (2, &, P*) has the following property.
Theorem 2. (I. V. Girsanov) Let (3) hold. Then
f t
W= IW, =X, —f @,ds, 1e[o, T]}
0
is a Wiener process on (Q, o/, P¥).
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We postpone the proof to the end of this section. To explain the use of Theorem 2,
let us consider the case, when @, = a(t, X,), t€ [0, T], where a(t, x) is a Borel
function on {0, T] x (— oo, o). If X is a Wiener process on (Q, 7, P), then, accord-
ing to Theorem 2, it is on (, «, P*) a diffusion process with stochastic differential

(5) dX, = a(t, X,)dt + dW,, te[0,T].

Relation (4) thus states that a process with differential (5) has probability density
with respect to the Wiener measure equal to

®) exp {J': afs. ) ax, - ! LT afs, X,)? ds} .

For a1, x) constant, (6) can be obtained from a heuristic limit passage.

Example 2. Let a be a constant, W = {W,, 1€ [0, T]}, W, = 0, a Wiener processe
To derive the probability density of X, = at + W,, 1e[0, T], with respect to the
Wiener measure, divide interval [0, T] into 2" subintervals of length 4 = 27"T.
Random vectors

™ (Xa Xy s X))y (Wa, Wagy .., Wr)

have probability densities (with respect to the 2"-dimensional Lebesgue measure)

p(x"""x"""’x”‘)=(ﬁl)zn? { Z (x; —szé; —aA)}

and
L (x “Xj-l)
Xy ooy Xjy oees Xgn) = ————— €X s,
Moot o) = i exp - 5

respectively. Their relative density is

Px1s o X20)

2n
=exp{ X ((x; — xj-1) a — ta*4)} =exp {ax,n — 3a°T}.
P(v\'t’ «~-:x2n) Jj=1

For Xp = X, this is (6) with a(t, x) = a independently of n. As n — oo, (7) passes
into {X,,te[O, T]},{Wt,te[(), T} 0O

Next we give two lemmas.

Lemma 2. If (3) holds, then Z is a martingale on (Q, &, P) .

Proof. We have to verify
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E

or

(8) f Z,,dP=J. Z,dP, Ae#,, 0<s1<¢<T.
A A

Let {"®, n = 1,2, ...} be a sequence of simple functions such that

T T
J "p2ds < w a.s., n:l,Z,H.,plimj. ("¢ — @) ds =0.
[

o oo

Define

"Z,,=exp{J~ "d)de%j‘ ”cbzds}, uel[0,T], n=12,...

o o

By Property 3.5,

) plim"z, =Z,, ue[0,T].

n=ow
By Lemma 3.1,"Z, n = 1, 2, ..., arc martingales. Hence,
E{"Z,. \ F}="2Z, or E{"Z."Z[' | Ft=1.

From here we conclude that
-[ "Z."Z7Z,dP =J Z,dP, n=1,2,...
A A
Letting n — o0, we obtain from (9) and from the Fatou lemma

(10) j Z,.dP £ ]iLnj Ze"Z7 2, dP = '[ Z,dp.
A A A

norw

(10) shows that Z is a supermartingale. To establish the martingale prope;?;,
admit strict inequality in (10). Then

EZ, < EZ,. =j Z, dP +f Z, dP <j Z,dP +J~ Z,dp =
Q-A A N-A4 A

= EZ, < EZy=1.

This contradicts to (3). Hence, (8) holds. O

Lemma 3. Let ¢ be a random variable, E*]é] = E|¢}{ < co. Then
(1) E*{e| &) = 2] E{e&L| F), te[o,T].

51



Proof. We have to prove
(12) j fdP*:J Z7VE{EL)| F}dP*, Ae#,, 1e[0,T].
A A
Lemma 1 implies for M e %,
P*(M) =J E{{| #.}dP =J~ Z,dP.
M M

Hence, because the integrand on the right-hand side of (12) is & -measurable, the
integral there equals

j Zf‘E{fC].?f’,}Z,dP:f ggdp=j EdP* . O
A A A

Proof of Theorem 2. The proof is similar to that of Theorem 4.3. We shall
demonstrate for 0 £t <t T

(13)  E* {exp {iz (X,. —X, - j :l(bds)} | y,} —exp{— 122 — 1)),

ze(—w, ®).

Using Lemma 3 and the properties of conditional expectations we conclude that
the left-hand side of (13) equals

E{cxp {iz (X,. - X, - j: ) ds\)} E{Z | F.} 27 .07,} = E{Y,| 7},

where

Y,,:exp{iz(X"—-Xt—J‘ lDds>+J. @dX—%f <I>2ds}, uelt, T].
t t 1

The above stated is true also, if we replace ¢’ by a stopping time 7, 1 £ 1 < T. Namely,
it holds

E* {exp {iz (X, - X, - j:qs ds)} | 37,} =E{Y,|#,}.

Y has stochastic differential

dY = Y(iz(dX — ®du) + @ dX — 4@ du) + 1Y(—2* du + 2iz® du + &’ du) =
=(iz + @) YdX — 1z°Ydu.
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The integral of the before last term has expectation zero provided that Property
3.3 is valid. To achieve it introduce stopping times

1,,=inf{u:J. ‘(iz+¢)Y|zdszn}/\I', n=12,...
. 13

Then, by Property 3.7

I .
Y, —1 :j Lieaswy (iz + @) YdX — %ZZJ‘ Ydu.

t t

Property 3.3 implies that the conditional expectation of the first right-hand side
term vanishes. Therefore,

(14) E*{exp {iz (x X, - J ® ds)} | g«*,} = E{Y, | #} =
=142 E“ Y du | 7}

Forn = 1,2, ..., the random variable in the first conditional expectation in (14)
is bounded. The last random variable has an integrable majorant, since

J ! Y du
t

Furthermore,

t t H

t 1 1
gj Z,Z7 du, Ej Z,Z7 du =j EZZ 'du =1 —1t.

’

T, £ Ty, =12, limt, =1t as

Letting n — oo in (14), we thus obtain,

E* {exp {iz (X,, - X, — J:’qb ds)} | 97,} =1-1z? J:’E{Yu | #}du =
f lz {exp { <X —X, - J <p d)} | y} du, re[tT].

This is an integral equation, the only solution of which is given by (13). O

=1 -

M=
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