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Summary. Yor a certain class of functional differential equations with perturbations
conditions are given such that there exist solutions which converge to solutions of the
equations without perturbation.
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0. INTRODUCTION
Let
Npz(t) = o(t) — z(t — o),
o > 0 being a constant, and consider the neutral functional differential equation
an
(&) T 1852 + f(Lo(e@)) =0, t> 1t
where m 2 1,n > 1, 1o > 0, and AT is the m-th iterate of A,, i.e.

m (m )
A7ty =3 (-1) (i)z(t —ig).

=0

The conditions we always assume for f and g are as follows:

(a) g: [to,o0) = [0,00) is continuous, and tlim g(t) = o0
oo
®) (b)  f: [to,00) x R = R is continuous and satisfies
el < Ftlal).  (t,2) € [to,0) x R,

* This work was done while visiting the University of Saskatchewan as a visiting Professor
of Mathematics.
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for some continuous function F(t,u) on [tg, c0) x [0,00) which is nondecreasing in u
for each fixed t > tq.

By a solution of (A) we mean a continuous function z: [T —mo, 00) = R, Ty > to,
such that A7z(t) is n-times continuously differentiable and satisfies the equation for
t > T,. The solutions vanishing in a neighborhood of infinity will be excluded from
our consideration. A solution is said to be oscillatory if it has an infinite sequence of
zeros clustering at ¢ = oo; otherwise a solution is said to be nonoscillatory.

The objective of this paper is to develop an existence theory enabling us to con-
struct various types of oscillatory and nonoscillatory solutions of neutral equations
of the form (A). We make use of the observation that the associated unperturbed

equation dd—;;AZ‘z(t) = 0 has the solutions

0.1) we W, §=0,1,...,m—1,
(0.2) ct*, k=mm+1,....m+n-1,

where w,(t) is an arbitrary o-periodic function and c¢ is an arbitrary constant, and
intend to establish the existence of solutions z;(t), zx(t) of (A) which are asymptotic
to the functions (0.1} and (0.2) in the sense that

I z;(t) =w. ()t +o(l) ast— o0, j=0,1,...,m~1,
1) zp(t) =ct* +0(1) ast— oo, k=mm+1,...,m+n—1

It is clear that the solutions of the type (II) are nonoscillatory whereas the solutions
of the type (I) are oscillatory or nonoscillatory according to whether the periodic
functions w,(t) involved are oscillatory or nonoscillatory.

The construction of solutions of types (I) and (II) of (A) is presented in Section 2.
Our main tool is the Schauder-Tychonoff fixed point theorem applied to nonlinear
operators formed by suitably chosen “inverses” of the differential operator dd—;, and
the iterated difference operator Aj*. Preliminary results needed in Section 2 are
collected in Section 1.

It seems that very little is known about the existence of solutions, oscillatory
or nonoscillatory, of neutral equations whose leading parts contain the difference
operator A, and/or its iterate. To the best of the authors’ knowledge Jaro§ and
Kusano [2] and Naito [6] are the only references dealing with this subject for the
case m = 1. For related results regarding neutral equations of the form (A) with A,
replaced by A, x, where

Apaz(t) =2(t) — Az(t —0), A#1,

we refer to Jaro§ and Kusano [1], Kitamura and Kusano [3], Naito [4, 5] and Ruan [7].
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1. PRELIMINARIES

In this preparatory section we state some results which are crucial for proving the
main existence theorems in the next section.
We denote by S[T, 00) the set of all functions ¢ € C[T, 00) such that the sequence

oo

(1.1) n(t) = &t+io), t2T-o,

i=1

converges uniformly on any compact subinterval of [T —,00). We define ¥ to be the
mapping which sends each § € S[T',c0) to a function 7(t) defined by (1.1). Further,
let T¢ denote the ¢-th iterate of ¥ which is defined on the set

SHT,00) = {€€ S*7YT,00): ¥ le € S[T— (€ - 1)o,00]}, €=1,2,...,
where it is understood that ¥° = id (identity mapping) and S°[T,00) = C[T, c0).

Lemma 1. Let € > 1 be an integer. If £ € S*[T, ), then ¥4¢ is a solution of the
difference equation
(12) Aga(t) = (-1, t>T,
and satisfies
(1.3) WE(t) = 0(1) ast — oo.

Proof. Let ¢ = 1. If £ € S[T,c0), then by (1.1) ¥¢ solves the equation
Agz(t) = —&(t), t > T, so that (1.2) holds for £ = 1. Let £ > 0 be given arbitrarily.

Since, by hypothesis, (1.1) converges uniformly on [T — ¢,T), there exists P € N
such that

i &t +io)

i=p+l

(1.4) <e¢ forallt€[T—o,T)andp> P.

Let t > t1 =T + Po and choose p € N such that t —po € [T — ¢,T). Then
t-T 4 -T
p>—=>2_~=Pp
o o

and so we have, in view of (1.4),

[wet)| =13 et +io)| = | S &(t—po + (i +p)o)
i=1 i=1
= i E(t —po +io)| <e,
i=pt1




which implies that ¥&(t) — 0 as t — oo. Thus (1.3) holds for ¢ = 1. The proof for
a general ¢ > 1 is done by an inductive argument, and we leave the details to the
reader. a

Lemma 2. Let ¢ > 1 be an integer. Let v € S[[T,oo) be nonnegative fort > T
and define

(1.5) U={ueC[T o0 [u(t) <v(t), t>T}.

Then the following statements hold.
(i) ¢ is continuous on U in the C[T,00)-topology.
(it) If U is locally equicontinuous on [T,00), then W¢(T) is locally equicontinuous
on [T — {o,00).
Proof. We give a proof for the case £ = 1.
(i) Suppose that v € S[T, 00). Let {u,} be a sequence in U converging to u € U in
C[T, ). Take an arbitrary compact subinterval I of [T — ¢, 00). Since v € S[T, 00),
given any ¢ > 0, there is p € N such that

o

(1.6) Z v(t +i0) <

i=p+1

€
=, tel
3 €

Since {u,} converges to w uniformly on I, there is vo € N such that

P
. ; 3
ZIuy(t+za)—u(t+w)| < 3 tel, v>uy.

i=1

It follows that

|u, (t) - Pult)| < Z |uu(t +i0) — u(t + io)| + i |uy (t +io)| + i luft +io)]|
i=1 i=pt1 i=p+1

<§+2'Z v(t+io) <e, tel, v=u,
i=p+1
implying that Wu, () — Yu(t) uniformly on I. Since I is arbitrary, this shows the
convergence Yu,, — Yu in the topology of C[T', o). Thus ¥ is a continuous mapping
on U.

(i1) Let I C [T — 0, 00) be any compact interval. Let € > 0 be given. Choose p € N
such that (1.6) holds. By hypothesis, U is equicontinuous on I, and so there is a
constant § > 0 such that

P

St +io) —u(s +io)| <

i=1

% for all u € T,
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provided |t — s| < 8, t,s € I. Consequently, |t —s| <4, t,s € I, implies that in
view of (1.6)

P e oo
[@u(t) - Qu(s) < O |ult +io) —u(s+io)l + Y tu(t+io)l+ Y Juls +io)|
i=1 i=p+1 i=p+1
= ke had
<3zt z v(t +io) + z v(s +ic) <e, forall U,
i=p+1 i=p+1

which shows that ¥(I) is equicontinuous on /. Because of the arbitrariness of 7 it
follows that ¥(T) is locally equicontinuous on [T — o, 00). a

Lemma 3. Let v € C[T,o0) be a nonnegative function on [T, 00) satisfying

. / 1H4Py(8) dt < oo,

T

where £ > 1 and p > 0 are integers. Then

ws) [ = truas e s,00)
t

and

(1.9) \Ilz(/too(s—t)"v(s) ds) < Ui[/:; (s — t)*Pu(s)ds, t>T —fo.

Proof. We prove the lemma for the case £ = 1. The proof for the general £
follows by induction. Suppose that (1.7) holds for £ = 1. Then

o0

\Il(/tm(s — t)Pu(s) ds) = Z /t:a(s —t—io)Pu(s)ds
i (i/”(”“"(s — t)Pu(s) ds) L t2T-o

i=1 =i Yttio

N

Interchanging the order of summation in the last term above and noting that

s—t . .
i< i s€ [t+jot+ i+ 1)),
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we find

o o pt+(j+1)e I
\Il(/ (s = t)Pv(s) (ls) = Z/ Z(s —t)Pu(s) ds
t j=1"ttie i=1
o0 i (j+l)o
= / J(s —t)Pu(s)ds
j=17Jt+io
1 & G+
<= / (s — )P u(s)ds
g =1 JtHie
1 [
== (s —t)P*lo(s)ds, t>T —o,
T Jtto
which shows that (1.9) holds for £ = 1. ' a

2. EXISTENCE OF SOLUTIONS
The main results of this paper are as follows:

Theorem 1. Let j € {0,1,...,m— 1} and let w,(t) # 0 be a continuous periodic
function of period o. If there is a constant a > 0 such that

2.1) /m tm+n1E(t a[g(t))) dt < oo,

to
then (A) has a solution z(t) satisfying
(2.2) 2(t) = cw(t)t! +o(1) ast— co
for some nonzero constant c.

Theorem 2. Let k € {m,m +1,...,m +n — 1} and suppose that there is a
constant a > 0 such that

(2.3) /lw ™R (¢, afg(6)]F) dE < co.

0

Then (A) has a solution x(t) satisfying
(2.4) z(t) = ct* +0(1) ast—> oo
for a nonzero constant c.
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Proof of Theorem 1. Choose ¢ > 0 such that c(méix]u)g(t)l + 1) < a. Let
T > to be large enough so that

(2.5) T, = min {T - mo, tig;g(t)} > max{to, 1}
and
(2.6) / tmHR(t alg(t))) < co™.

T

Let X and Y stand for the sets defined by
(2.7) X ={z € C[T\,0): |z(t)] < at’, t>T.},
Y = {y € C[T,00): ly(t)] < w(t),
ly(®) = y(s)| < lw(t) = w(s)l, t,s 2 T},

where

0 (o _ pin-l )
(2.8) w(t) = /2 %Lj)—l)!F(s,a[g(s)]’) ds, t>T.

Define Fy: Y — C[T,,00) to be a mapping which assigns to each y € ¥ a function
z(t) given by

(2.9)

2(t) = cws () + (=1)™T™y(t), t>T —mo,
z(t) = z(T — mo) (T_‘:m), , Tu<t<T—-mo,
and define Fy: X — C|[T, 00) to be a mapping which assigns to each z € X a function
y(t) defined by

= (5 — )=l
o) yo= 0 [ o) s, 13T
t (n=1)!

Finally, define a mapping F': X x Y — C[T,,00) x C[T, 00) by
(2.11) F(z,y) = (Fy, F2z), (z,9) € X xY.
We want to verify that F' maps X x Y, which is a closed subset of the Fréchet space
C[T,,00) x C[T, 00), into a relatively compact subset of X x Y.

(i) We first show that F' maps X x Y into itself. To this end it suffices to show
that Fi(Y) C X and F2(X) C Y. Let y € Y. Applying Lemma 3 to w(t) given by
(2.8), we see that y € S™[T,00) and

1 ey 0] < T < 2 [ (5= 0™ (s alg(o)F) ds
o t+ma

1 had .
<o [m 0T sagel) <6 03T - o,
T
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where (2.6) has been used. Hence, from the first equation in (2.9) we have, in view
of the choice of ¢,

|Fy(t)) < cmax\w,,( ' +c<at!, t2T —mo.

Since the above inequality implies | Fiy(T —me)| < a(T —ma)?, the second equation
in (2.9) shows that |F1y(t)| < at’ for Tu <t < T —mo. This proves that F;(Y) C X.
Now let © € X. Since |f(t,z(g(t)))| < F(t,alg(t)}?), t > T, it follows from (2.10)
and (2.8) that |Fya(t)] € w(t) for ¢ 2 T'. Further, if n > 2, then noting that

oo (g _ f)n=2
(FQ_T),(”:(_UH/ %f{s,w(g(s)))ds, (> T,
) .

we obtain

(Faz) (1) dr|

/ = ,Z _’ ;l " | (0,(s(0))) | dodr
// F(o.alg()l') dodr

Jw(t) w(s)[ for t>2s>T.

|Fa(t) ~ Faz(s)| =

Ifn=1,thenfort>s>T

\Faa(t) = Faa()] = | [ f(r2(0(r))) ]
< [ Flala)P) dr = ute) - w(s).

Thus we conclude that F(X) C Y.

(i)} Now we show that F is continuous. Let {(z.,,¥.)} be a sequence in X x Y
converging to (z,y) € X x Y in the topology of C[T,,c0) x C[T,c0). The Lebesgue
dominated convergence theorem then implies that the convergence

00 (¢ _ gyn—1 —g)n-t
/t (—s—i——f(s,l,, ds—)/ f(s,2{g(s))) ds

(n—-1)

is uniform on compact subintervals of [T, 00), which means that Foz, — Fz in
C[T,00). That Fiy, — F1y in C[T,,00) is an immediate consequence of the first
statement of Lemma 2. This proves the continuity of F on X x Y.
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(iii) Finally, we show that F'(X x V) is relatively compact in C[T.,00) x C[T, 00).
To this end it suffices to verify that Fi(Y) and F»(X) are relatively compact in
C[T.,0) and C[T, 00), respectively. The relative compactness of F3(X) in C[T, c0)
is obviojus, since by (2.10) and (2.8)

I(Bey®I< W@l t>T

On the other hand, in view of (2.7) we see that the set ¥ is locally equicontinuous on
[T, 00). Therefore ¥™(Y') is equicontinuous on [T —me, 00) by the second statement
of Lemma 2. This fact combined with (2.9) defining F; then shows that Fi(Y) is
locally equicontinuous on [T' — ma,00). Thus all the hypotheses of the Schauder-
Tychonoff fixed point theorem are satisfied, and so there exists an element (z,y) €
X x Y such that (z,y) = F(z,y), or ¢ = Fiy, y = Fyx, which implies

(2.12) z(t) = awe (O + (~1)™T™y(8), t>T,
213) = (—1)"-‘/°° 0" o a(ols) ds, 3T
. y ATy ,z(g(s)))ds, t>T.
Applying Lemma 1 and noting that AT (cw, (t)t/) = 0, we see from (2.12) that
CATz(t) =y(t), t>T and z(t) — aw,(t) = o(1) ast— co.

Combining this with ;—;y(t) = —f(t,z(g(¢))) which follows from (2.13), we conclude

that the function z(t) is a solution of the neutral equation (A) having the required
asymptotic property (2.2). This completes the proof of Theorem 1. a

Proof of Theorem 2. The proof is essentially the same as that of Theorem 1,
and so we only give a brief sketch of it. Take ¢ > 0 such that 2c < a and let T > to
be such that (2.5) holds and :

/ t™ LR (¢, afg()]F) dt < co™.
T

Define the sets X C C[T,,00) and Y C C[T’,00) by

X = {z € C[T\,00): |2(t)] < att, t=T.},
Y ={y € C[T,00): [y(®)| < w(t), |y(t) —y(s)] < |w(®) —w(s)l, t.s 2T},

and the mappings Fy : Y — C[T,, ) and F: X — C[T’ 00) by

Fy(t) = ct* + (-1)m¥my(t), t2T —mo,
Fiy(t) = Fy(T - mo) gregye, To St<T —mo,
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% (o _ $\n—1
R = ot [T S (o)) ds, 13T

Then the mapping F: X x Y — C[T},00) x C[T,00) defined by
F(z,y) = (Fiy, o), (z,y) € X xY

can be shown to be continuous and sends X x Y into a relatively compact subset of
X xY. Let (z,y) € X x Y be a fixed point of F. Then

(2.14) z(t) = ct* + (=1)™¥™y(t), t>T —mo

and
y=1

— (_1yr—-1 (st .\
vy = (- [T S faa(o(@) ds > T
Let A7* operate on both sides of (2.14). Using Lemma 1, we find that
y(t) = A7z(t) + pem(®), t2>T,
where pk,m(t) is a polynomial in ¢ of degree k — m. It follows that

Sy = S IATe(] =~ f(halo®)), ¢

\%

T,

which shows that z(2) is a solution of (A) for ¢ > T. The asymptotic behavior (2.4)
of z(t) follows from (2.14) and Lemma 1. This sketches the proof of Theorem 2. O

Remark 1. The solutions constructed in Theorem 2 are all nonoscillatory,
whereas those obtained in Theorem 1 are oscillatory according to whether the peri-
odic functions w,(t) are oscillatory or nonoscillatory. Since w,(t) does not appear
explicitly in (2.1), Theorem 1 asserts that the integral condition (2.1) is sufficient for
the equation (A) to possess both oscillatory and nonoscillatory solutions. Thus one
can easily speak of the phenomenon of coexistence of oscillatory and nonoscillatory
solutions for neutral equations. This is an aspect which is not shared by non-neutral
equations of the form Soz(t) + f(t,z(g(t))) = 0.

Remark 2. Suppose that there is a constant @ > 0 such that

(2.15) /m £ LR (1, alg(t)) ™) dt < oo.

to

Then Theorems 1 and 2 imply that (A) possesses oscillatory solutions z;(¢) which are
asymptotic to we(t)t, § =0,1,...,m — 1, w,(t) being any given oscillatory periodic
function, in the sense that

z;(t) = aws () +0(1) ast o0, j=0,1,...,m—1,
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for some constant ¢ # 0, as well as nonoscillatory solutions zx(¢) which are asymp-
totic to t*, k = 0,1,...,m +n — 1, in the sense that

zi(t) = ct* +o(1) ast— o0, k=0,1,...,m+n—1,
for some constant ¢ # 0. Simple examples of w,(t) are cos 3;&‘ and sin 3%’, p=
1,2,....

Remark 3. It would be of interest to discuss the existence of solutions for a
class of “singular” equations of the form (A) including

a

A7l +a@®e(e®)] 7 =0 t2t

as a special case, where ¥ > 0 is a constant and gq: [tp,00) — R is a continuous
function. It is to be noted that only positive solutions are admitted for such solutions.
A close look at the proofs of Theorems 1 and 2 enables us to prove the following
existence theorem for the equation (A) in which f(¢,z) is subject to the condition

(bs) [ [to, 00) x (0,00) — R is continuous and satisfies
[f(t2)l < F(t,z), (t.2) € Clto, 0) x (0,00),

where F(t,z) is a continuous function which is nonincreasing in z for each fixed
t > to. The equation (A) which is singular in this sense is referred to as (As).

Theorem 3. Let m, n, o, to and g(t) be as in Theorems 1 and 2. Let k €
{0,1,2,...,m+n — 1} and suppose that there is a constant a > 0 such that

/w t™ 1R (¢, alg(t)]F) dt < oo.

to
Theén (A;) has a positive solution z(t) satisfying
z(t) = ct* +o(1) ast— oo

for some positive constant c.

Note that, in view of the nonincreasing property of F, the condition

o
/ t™+"1P(t,a)dt < oo for some a > 0
to

ensures the existence of positive solutions of (A,) which are asymptotic to all the t*,
k=0,1,...,m+n—1, as t = oo in the above sense.
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Example. For illustration of our results consider the neutral equation

an
i
where v > 0, to > 3, and g: [to,00) = R is continuous. This is a special case of (A)
in which m = 2, 0 = 1, g(t) =t — 3 and f(t,z) = ¢{t)|z|” sgnz, and the conditions
(B) are satisfied with F(¢,u) = |q(t)lu”. Note that the conditions (2.1) and (2.3)
written for (2.16) reduce, respectively, to

(2.16) [2(t) ~ 2z(t — 1) + z(t = 2)] + q(t)|z(t - 3)|"sgna(t —3) =0, ¢ >t,

(217) [ eila <o, e o1,
N to
and i
oo
(2.18) / trHiHTE|g(t)|dt < oo, k€ {2,3,...,n+1}.
to

From Theorems 1 and 2 it follows that if (2.17) holds, then, for any given o-periodic
function we (t) # 0, (2.16) has a solution z(t) such that

(2.19) z(t) = cw, ()t +0(1) ast - o0, j€{0,1},

for some constant ¢ # 0, and that if (2.18) holds, then (2.16) has a solution z(t) such
that

(2.20) z(t) = ct* +0(1) ast— oo, k€{2,3,...,n+1},

for some constant ¢ # 0. If in particular .
00
[0 at < o,
to
then (2.16) has all the solutions listed in (2.19) and (2.20); see Remark 2.
We next apply Theorem 3 in Remark 3 to the singular equation
an
e
where v and g(t) are as in (2.16). The conclusion is that if

" e
[Tt <o, ke (oL,

to

(2.21) [z(t) - 22(t — 1) + 2(t — 2)] + q(®O) [zt - 3)] " =0, 21,

then (2.16) possesses a positive solution z(t) such that z(t) = ct* + o(1) as t =
for some ¢ # 0. In particular, there exist such positive solutions for all k¥ € {0,1,...,
n + 1} provided

/ " g(t)| dt < oo.
to

68



[
2
3l

References

J. Jaroi and T. Kusano: Asymptotic behavior of nonoscillatory solutions of nonlinear
functional differential equations of neutral type. Funkcial. Ekvac. 32 (1989), 251-263.
J. Jaros and T. Kusano: Existence of oscillatory solutions for functional differential
equations of neutral type. Acta Math. Univ. Comeniau. 90 (1991), 185-194.

Y. Kitamura and T. Kusano: Oscillation and asymptotic behavior of first order func-
tional differential equations of neutral type. Funkcial. Ekvac. 83 (1990), 325-343.

Y. Naito: Nonoscillatory solutions of neutral differential equations. Hiroshima Math. J.
20 (1990), 233-258.

Y. Naito: Asymptotic behavior of decaying nonoscillatory solutions of neutral differen-
tial equations. Funkcial. Ekvac 35 (1992), 95-110.

Y. Naito: Existence and asymptotic behavior of positive solutions of neutral differential
equations. J. Math. Anal. Appl. To appear.

J. Ruan: Types and criteria of nonoscillatory solutions of second order linear neutral

differential equations. Chinese Ann. Math. Ser. A 8 (1987), 114-124. (In Chinese.)

Authors’ addresses: Y. Kitamura, Department of Mathematics, Faculty of Education,

Nagasaki University, Nagasaki 852, Japan; T. Kusano, Department of Mathematics, Faculty
of Science, Hiroshima University, Higashi-Hiroshima 724, Japan; B. S. Lalli, Department of
Mathematics and Statistics, University of Saskatchewan, Saskatoon STN 0W0, Canada.

69



		webmaster@dml.cz
	2020-07-01T12:15:20+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




