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ON SOME PROPERTIES OF THE CLASS P(B,b,a)
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Summary. Let P denote the well known class of functions of the form p(z) = 1+¢12+..
holomorphic in the unit disc D and [ulfilling the condition Re p(z) > 0in D. Let 0 < b < 1
b < B, 0 < a <1 be fixed real numbers. P(B,b,«) denotes the class of functions p € P
such that there exists a measurable subset F of the unit circle T, of Lebe:gue nieasure 2nc,
such that the function p fulfils Re p(e"’) > B ae onF and Re p(e ) 2 bae on T\F.
In this paper further properties of the class P(B,b,a) are examined. In particular, the
investigations included in it constitute a direct continuation of papers [6]-[8] and concern
mainly the form of the closed convex hull of the class P(B, b, o) as well as the estimates of
the functional Re {e*p(z)}, 0 # z € D, A € (=, %), p € P(B,b,a). This article belongs
to the series of papers ([1]-{8]) where different classes of functions defined by conditions on
the circle T were studied.
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1. INTRODUCTION AND GENERAL REMARKS
As usual, we denote by C the complex plane, by D = {z:|z] < 1} the unit disc
and by T = {z; |z| = 1} the unit circle. Let S(M), M > 1, denote the class of
functions of the form

(11) fEY=:+@+ . +a 4

holomorphic, univalent and such that |f(z)] < M in D and let $ = S(+00). Denote
by Pg, 0 < 3 < 1, the class of functions of the form

(1.2) p(Z)=1+qz+. . +q2"+ ..
holomorphic in D with Re p(x) > 8 for z € D, and let P = P,
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As is well known, in the geometrical theory of functions one has studied, among
other things, properties of selected classes of functions of the form (1.1) or (1.2).
These classes were usually defined by imposing suitable geometrical conditions (e.g.
the convexity of the domain f(D)) or analytic ones (e.g. Re f'(2) > 0) in the disc
D. One can also find papers (for example [10]) in which functions (1.1) of the class
being defined were subjected to a condition they should satisfy on the circle T or for
z € D with modulus sufficiently close to 1.

The article belongs to the series of papers [1]-[8]. In these papers, some classes of
functions holomorphic in D (of form (1.1} or (1.2)) defined by two different conditions
on the unit circle T were studied.

In the paper [1] the authors investigated the class S(M,m;a), 0 <m < M < oo,
0 € a < 1, of bounded functions of form (1.1) such that there exists an open arc
I, = I,(f) C T of length 2ra such that, for each z; € /I,

mDS:A;: If(z)’ <M

and for every z, € T\ I,
D322, | f(2)] < M
Of course, S(M,m;1) = S(M), M > 1, and S(M,n;0) = S(m), m > 1.
In the paper [2], the class PBbia) CP,0<Db<1,b< B 0<a<l,of
functions of the form (1.2) fulfilling the conditions

lim inf Rep(z) 2 B for each =) € I,
D3z—z

(1.3) o , . —
liminf Rep(z) > b for each z € T\ T,
D3z

was introduced, I, = I,(p) still being an open arc of length 2ra of the circle T.
Evidently, P(B,b;1) = Pp, b < B < 1 and P(B,b;0) =P,, 0 < b < 1.

The idea of using open arcs of T of lengths 2na and 2r(1 — a) in the above
definitions has certain analogies in the papers by P.T. Mocanu (see [9] and [1]).

In the subsequent articles ([3]-[8]), various subclasses of the family P were again
considered, with the difference that in place of arcs various subsets F of the circle
T appeared. It is also known that if p € P, then Rep(z) has nontangential limits
Rep(e?) ae. on (—r,r). So, instead of (1.3) the conditions

(1.4) Rep(e®) > B a.c. on F and Rep(e) 2 b ac.on T\F

were adopted.

In particular, in the preprint [3] F is a given closed subset of T of Lebesgue measurc
2nev and the class 73(B, b, a; F) of functions (1.2) satisfying conditions (1.4) on this
set F is considered.
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In [4] and [5] F is still a given closed subset of T of Lebesgue measure 2na but the
authors consider the class P(B3., b, a; F) of functions (1.2) satistying conditions (1.4)
on the set F or on the set F, = {¢ € T: e”'"¢ € F} for some 7 = 7(p) € (-7,%). In
reports [4], [5] they also consider the class

P(B.b,a) = | JP(B,b,0;F)
F

where F C T satisfies the conditions mentioned above.

Since the rotations (I4), of the arcs I, are admissible already in the class
'ﬁ(}?, b,a), whereas T, are closed sets, therefore the replacement of the arcs I, by
arbitrary closed sets of measure 2na seemed natural. What is more, the fulfilment
of suitable conditions at each point of the set was abandoned and replaced by the
fulfilment of them almost everywhere.

It turned out ([6]) that all main results from [4], [5] are preserved when, in the
above-mentioned definitions of the classes, in place of F we take a given measurable
subset of the unit circle T of Lebesgue measure 2na. The analogous assumption
about the sets F is used also in paper [8]. The following definition was adopted
there.

Definition 1.1. Let 0 < b < 1,0 < B, 0 < a <1 be fixed real numbers. By
P(B, b, a) we denote the class of functions p € P such that there exists a measurable
set F = F(p), F C T, of Lebesgue measure m(F) = 2ra, such that the function p
fulfils (1.4) a.c. on F and T\ F.

In [8] (Ths. 4, 5) it was shown that a) P(B,b,a) is not convex, by P(B,b,a) is
not compact, i.c. not closed, in the topology given by the uniform convergence on
compact subsets of D. It was shown there that the functions p, € P(B,b,a) which
realize the maximum modulus of the n-th coefficient in the class P(B,b, &) ([6], Th.
8} converge to a function po € P not belonging to P(B,0,a). So, the following three
natural questions arise:

(a) What is the closure of P(B,0,a)?

(b) What is the closed convex hull of P(B,b, a)?

(c) Which are the compact subsets of P(B,b.a)?

The replacement of the closed sets F by measurable sets, mentioned before, not
only allowed to generalize the results known earlier, but it is just essential on account
of questions (a), (b) and (c) to be considered in the second section of this article.

In the third section we will obtain an estimate of the functional Re{ei*p(z)},
0# z€ D, \€ (—nr,=), defined in the class P(B,b,«). The theorem proved there
generalizes the corresponding results from the paper [8] (Th.3).

Questions (a), (b), (¢) and formulations of the main theorems were given in [7].
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2. THE CLOSED CONVEX HULL OF P(B,b,a)

In this section we give answers to questions (a), (b) and (c).

We denote by A(A4) the normalized Lebesgue measure on T, i.e. A(T) = 1. Denote
by xa the characteristic function of the set A. Here we trecat the function f(ei'):
T — C as the function f(¥): (—x,n) = C, too.

(a) We will need the following lemmas.

Lemma 2.1. Let a € (0,1) be a given, real number. Let ¢, pu be arbitrary real
numbers fulfilling 0 < c<1,0<p<1l, cu=a. Let I, CT Dbe an arbitrary arc
on T, M(I,) = j. Then there exists a sequence {F,, };2 of mcasurable subsets of I,
such that

(2.1) AMF,)=a, n=1,2,...,
and

(2.2)  the sequence of measurcs xr, dA converges weakly to the measure cxy, dX.

Proof. Sincec€ (0,1), cu = «, we have y > a. In the trivial case p = a put
F, =1, n=1,2,.., thus (2.1) and (2.2) are fulfilled. So, let x> a. Without loss
of generality, suppose that the midpoint of J, is the point » = 1, write [ = 2n — 1

and define
F,= U Fi
k=—n+1
where
F7(1k) = {z €T z= e““wic"i‘ —? <po< T—;Y-}
fork=—-n+1,..., -1,0,1,....n—1.

Clearly, the intervals Fg) are mutually disjoint, F,, C I, and A(F,,) = a.
Let f be a given function continuous on T. We have to show that

Jim [ e, ax0 = [efx, 00 = [ e, i
T T T
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First,

n—1

23) [rowoon= ¥ [ ouo
T

k==l

noy  (2kredam)/t 4 el o' ¥ famft &
= = = 1) —
Y[ seg=¥ [ rog
Rt opmn ey 1 LTIy
where e = exp(2krpi/l) is the midpoint of the arc FP k=-n+1,...,~10,
1,...,n—1
On the other hand, by the definition of the Riemann integral and taking into

occount that ¢ = a/u, we have

n—1

a . (o)
/cf(t)xh(t)d)\(t): Lhim Y [
o R itk
= Jim, [7 YA >] :
k=—n+l
Now, let £ > 0 be given. There exists ny such that, for n > ny,
2.4 t)x, () dA S jolt! z
(24) | [ estra,mane - T e | <=
ES =—n

Since f is continuous on the compact T, there exists 6 > 0 such that, for
{ty —t2| <6, t1,t2 € (—x,7),

25) (1) - (k)] < 5

From (2.5) we obtain, for n > ny = [na/d] + 1,

n-1 noy O ERa/l
IS} dt
AIDIRICHEIDY Jlor=
k=—n+1 k:_"*la:,”Aﬂu/l
et oM frafl
" i (k) dt e
- . " [f(e )= f(t)] 2n 2(1(Y )
=—n (k)
ol —raft

201



From this inequality and (2.3), (2.4) it follows that, for n > max(n;, n,),

| [ e mare - [ s, waxn] <<
T T
and Lemma 2.1 is proved. [}

n

Lemma 2.2. Let o € (0,1) be a given real number. Let 0 = 37 cyxy, be a step
=1

function on T such that
(i) Ix T, k=1,2,...,n, are mutually disjoint arcs with A(I,) = py, > 0,
(ii) e € (0.1),
() 3 cap = .
£=1
Then there exists a sequence {F,,}3°_, of measurable subsets of 13 I, € T such

k=1
that

(2.6) MEn) =a, m=1.2,...,
and

(2.7)  the sequence of measures xr,, dA converges weakly to the measure o dA.

Proof. Denote ar = cppp, k = 1,...,n. Because of (i), (ii), (iii), we have
ar € (0,a). By (i), ux > ay. Putting I, = I, k¥ = 1,....n, in Lemma 2.1, we
see that, for each k = 1,...,n, there exists a sequence {I*’(,,A,')},?f’:1 of measurable
subsets FE,‘.C) C I such that /\(Fs,}f)) = ar, m = 1,2,..., and the measures xr,, d\

n .
converge weakly to the measure cix;, dA. Putting F,, = 5 Fw. we see that F,,

k=1
is measurable, F,,, C {J Ji and
k=1
n n n
M) =3 MEW) =Y ar = ap=a,
k=1 k=1 k=1

50 (2.6) is fulfilled.

n
On the other hand, the measures xr,, dA = 3~ Xpu dX converge weakly to the
k=1 "

measure ( ¥ cxX1,) A\ = o dA. The proof is complete. a
k=1
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Let o € (0,1). Denote by &, the set of all step functions o = ,Z crxr, fulfilling
k=1

conditions (i), (ii), (iii) from Lemma 2.2. Denote
Lo= {f € L'(T): f(t) € (0,1) aAe.d/\./f(t) AA(F) = a}.
T

Lemma 2.3. S, is dense in L, in the metric of L' (T).

Proof. Lete > 0and an arbitrary function f € £, be given. We have to show
that there exists a function ¢ € S, such that fT If —oldy<e.

Since the set of all continuous functions on T is dense in L'(T), there exists a
continuous function g on T, g(t) # 0 on T, such that

(2.8) / If —gldy < fe

T

Put hy = min(1,¢). Then /i;(#) Z0on T and

= hldr= (1= hjar+ [ if = h]dr
Jr-mion fuzrin

where T, = {t; g(t) > 1}, T2 = {t; g(t) < 1}. So, by the fact that 0 < f < 1 and
by (2.8), we have

T/W m:u:/u—nd/\ +T/1)f gl Sf/l(yff)<1A+q_‘{]f—g}dA,

1

therefore

(2.9) /‘,f—hﬂd)xé/\j-—gld/\<%a
T T

Next we put t = max(0, hi). Then h is a continuous function and we obtain

i‘/|f—h|(lA: /lf*h|d)\+ / If = LldX

<0 0<hy <1

= [u-ons / 1 = hu

h<0 0<h €1
< /(fwl)d/w / IF~ I dx,
<O O<hi<l
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s0, by (2.9), we have

(2.10) Jir-mans fir-nia< e
T T

and

(2.11) 0<h<l, ht)£0 teT.

Because of the uniform continuity of & on T, there exists ¢ > 0 such that
(2.12) [h(ty) — h(tz)] < ke for |ty — 1] <8, 1,8, € T.

Divide T into » > 1/6 mutually disjoint congruent arcs I, A(I;) = 37’ I=1,....n
choose an arbitrary point a; € /; and put

s(t) =Nh(a) fortel,, I=1,...,n.
Of course, this choice may be made so that there exists [y such that
(2.13) h(ay,) # 0.

From (2.12) we have |A(t) — s(t)| < %¢ and so
(2.14) /|n —sldr< Le.
T

Summing up, we have constructed a step function s fulfilling (i) and, by virtue of
(2.11), (2.13), also (ii) from Lemma 2.2. Moreover, by (2.10) and (2.14),

(2.15) /|f~s|d/\</|f7h|d)\+/|h—s[d)\<§s.
T T T

It remains to take account of condition (iii). In virtuc of [ f dA = a, from (2.15)
we get
a—%5</sd)\<a+%a,
T

It fT sdA = a, the assertion is obvious. So, let first

u</sr1)\<a+%5.
T
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We have to modify s to a step function o fulfilling (i), (ii) and, moreover,

/de\zoz, /\f—didz\<54
T T

So, for ¢ € (0,1}, let us consider the function
o) = /min(s,c) da.
5
From the definition of min(s(t), ¢) we have
lo(e) — w(c + Ac)| < |Ac],
50, ¢ is continuous on (0,1). As min(s(t),0) = 0 and ¢(1) = [psd), we have
©(0) = 0 and (1) > a. By the Bolzano theorem, there exists co € (0,1) such that

w(co) = aand 0 < f.(s —min(s,co))dA < @+ Se — o = Le.
Hence, putting ¢ = min(s, ¢p), we have 0 € S and

/|f—a|d)\g/\j—s|d)\+/|3—a[d/\<e.
™ T T

If o — %s < fT sdA < «, we consider the function

P(e) = /ma.x(s,c) dA

T

for ¢ € (0,1) and obtain quite similarly the desired result. Lenuna 2.3 is proved. O

Theorem 2.1. The closure of P(B,b,a) is the set of all functions p € P which
can be represented in the form

Clt+3’

eit — 2z

B-b [
(2.16) p(z) =0b+ e / (&) dt + (1 - n)q(z),
wm ]
ze€D, n=Ba+bl-a),
where [ is an arbitrary measurable function on (—x,n) with the following properties:
(2.17) 0< f(t) <1 aec on (-1,
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(2.18) iﬁ/f(f)dr,:a,

and q is an arbitrary function in P.

Proof.  Of course, functions (2.16) are holomorphic in D, p(0) = 1 anc
Rep(z) > b in D, therefore p € P.

Let us recall the following well known fact. The set of positive measures p o
total mass 1, endowed with the topology given by the weak convergence of measures
is homeomorphic to the set P, endowed with the topology given by the uniforn
convergence on compact sets in D. .

Let now p be a given function of the form (2.16). In virtue of Lemma 2.3, the
function f can be approximated by functions o, € S, fulfilling conditions (i), (ii,
and (iii).

So, the functions

1 elt 4 =
5 /Uu(f)e‘ﬂ _— dt

-x

converge uniformly on compact sets in D to the function

x
1 et 42
— t)—= 1t.
21 / s )e" -—z(

—r

Hence the functions p, € P(B,b,a) of the form (2.16), where f = o, convergc
uniformly on compact sets in D to the function p, so the assertion of Theorem 2.1

is proved. C

(b) An immediate consequence of Theorem 2.1 is the following

Corollary 2.1. The closed convex hull of P(B, b, o) is the saune as in Theorem 2.1

It is essential here that the sct of all functions f fulfilling conditions (2.17) anc
(2.18) is convex, and that the class P is convex.

(c) Let A C P(B,b,a). Denote by Ag the set of the characteristic functions of al
sets F C T, A(F) = a, on which (1.4) holds for some p € A.

Theorem 2.2. The subset 4 C P(B.b, ) is compact if and only if the set A i
closed in L*(T).
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This theorem can be obtained by a thorough analysis of the proof of compactness
of the class P(B,b,o; F) (sec Th. 3 in [6]). Detailed considerations will be carried
out in the next paper.

3. BSTIMATION OF FUNCTIONAL Re{et*p(z)}

A. In the paper [8] (Th.3). sharp cstimates from below and from above of the
functional Rep(z), 0 # z € D, p € P(B, b, ), were established. At present, we will
take up an analogous task, but for the functional Re{e*p(z)} where ) is an arbitrary
fixed parameter from the interval (—m, x). We will also formulate some corollaries
concerning the set of values of the functional G(p) = p(z), p € P(B,b, ).

Let us first recall (see [3] Th. 4 and Th. 5, [6] Corol.2) that the extreme points in
the class 73(B,b,a; F) are of form

, Y€ER, zeD.

) B-b [ét4z . etz
(3.1) Pz, F) =b+ o /e.z‘z(“'klil))c“rfz
F
Since

P(B.b,a) = | JP(B,b,c:F)
F

where the sum is taken over all subsets F C T of Lebesgue measure 2na, it is clear
that, for z € D fixed,

(3.2)  inf(sup),ep(ms,a) Re{ep(2)} = inf(sup),r{Refe*p(z; 7, F)];
v € (-nr), FCT, n(F)=2na},

where we denote by m(E) the Lebesgue measure of a measurable set E C T, m(T) =

2r. Since with each function p € P(B, b, a) the function ¢(z) = p(ez), |¢] = 1, 2 € D,
is also contained in P(B,b, o), it is sufficient to determine

(3.3) sup{Re[e" p(r; 7. F)]}, inlg{Rc[e‘/\p(r: 7B} e (0,1).
1.F e

For z = 0 we have p(z) = 1 for cach function p € P(B, b, @), therefore the case r = 0
may be omitted.
Furthermore,

e 4y

e —r

(3.4) = P(7) +1Q.(%)
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where

1-— .,.2
(3.5) P(y) = T orcos 72 Q-(v) =

2rsiny
1—2rcosy+r?’

50, from (3.4) and (3.5) we have

(36)  Re{e TN =U.(30), ve (rm), A€ (-mn), rE(O1),

or — 1
where
(3.7) U (7, A) = Pr(v) cos A — Q-(7) sin A.
Hence our problem reduces to the following one:
Find
(3-8) sup  Uy(v,A), inf Ur(v,A)
¥€{—r,1) yE(-m%)
and
(3.9) sup { / U (t,\)dt; FcT, m(F) = 21(0},
F
(3.10) inf { / U.(t,\)dt; Fc T, m(F)= 21(0}.
F

B. We will determine (3.8) first. For this purpose, let us notice that from (3.5)-
(3.7) we obtain

ccos A+ asin A -siny
3.11 UH)=U(y,A\) = —" T " v
(3.11) ™ (r A TP—
where

2r 1-—
(3.12) a—me(o,l), =17
Consequently,
L(v)

313 U'ly) = V)
(313) o (1 —acosy)?
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where

(3.14) L(v) =: L(7,A) = (cosy — a)sin A — ¢sin-ycos A,
From (3.14) and (2.12) we have

(3.15) (14 7r%)L(y) = r2sin(y + A) — 2rsin A — sin(y — A).

Let A € (0,m). Then the right-hand side of (3.15) is treated first as a function
of the variable r with the parameters A and . Next, from the results obtained by
clementary considerations, we infer the behaviour of the function L of the variable
5. The case A = 0 is examined as a limit case of the earlier results. Consequently,
we get,

Lemma 3.1. Let 71(r,A), v2(r, A), 7 € (0,1). A € (0,n), be functions defined by
the formulae

1y
Y1(r) = i (r, A) = 2arctan (1 " : tan g) s

(3.16) R
72(r) =t y2(r,A) = ~2arctan (1 < : cot 5)
with
(3.17) 1n(r,0) =0, ~(r,n/2) = 2arctan 1 :r; = arccos H;ﬂ’
Alim mrA) =n, r€(0,1)
-

and

(3.18) lim y5(r, A) = 1/2) = 2w 1—r
3.18 i y2(r A) = -7, Ya(r, )7~_mctanl+r,

Alimﬁ Y2{r,A) =0, re€(0,1)

whereas L(v,A), ¥ € (—n,=x). is the function (3.14). Then, for any r € (0,1) and
A € {0,%), we have

<0 when —n <y < () or () <y<m,
(3.19) L(7,A) { =0 when v =7(r,A) or 7=7(A\),
>0 when v(r,A) <v < 31(r,A).
Formulae (3.11), (3.13) and Lemma 3.1 (including (3.19)) imply
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Lemma 3.2. For any v € (0,1), A\ € (0,n), the function (3.11) is (i) de
creasing in the intervals (—n,v2(r,A)), (vi(r,\),n), (il) increasing in the interva
(r2(r, A), m(r, A)), and

(1+7r2)cosA+2r

(3.20) max U(y) = U.(11(r,\),A) = T
(3.21) minU(7) = U (1a(r A), A) = (lf’i)_#‘?—,ﬁv

The functions v, (r) and ¥2(r) are defined by formulae (3.16).

Let A € (—=n,0). Then A=Atre {0,n) and from (3.7) we have

(3.22) Ur(7;A) = =Ur (71, ),
whereas from (3.16)
(3.23) RN =0 k) =5 A).
Consequently, (3.22), (3.23) and Lemma 3.2 imply
Lemma 3.3. For any r € (0,1), A € (—x,0) the function (3.11) is: (i) decreas-

ing in the interval (i (r,A),v2(r, A)), (ii) increasing in the intervals (—m, vi(r, A)),
(v2(r, A),m) , and

(14 12)cos A+ 2r

(324) maxU () = Uy (r, ), 4) = LFE
2 —92r

(3.25) minU() = U,((r, ), §) = SHCLOAZ S
—

The functions v, (r) and v(r) are defined by formulae (3.23).
The bounds (3.8) have thus been determined.

Remark 3.1. Lemmas 3.2 and 3.3 are certainly known. They can be obtained
directly from the fact that the set of values of the functional H(p) = p(z),0# z € D,
p € P, is the disc [w — s| < g where s = (1 +7%)/(1 —1?), o = 2r/(1 —r?). In the
consideration carried out here, for each A € (~=, ), the points 71 (r, A) and y2(r, A)
indispensable in further investigations and applications have been determined and

examined.
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C. We proceed to determine the bound (3.9). )

Let A € (0,x). Since U.(v) has the period 2, we may suppose that F C {c'
t € {(f2,72 + 2m)}. Denote F, = Fn {c*; ¢t € (y2,m)} and F2 = Fn{et;t e
(1,72 + 2m)}. Since (Lemma 3.2) the function U,(y) is increasing in (y2,m) and
decreasing in (v1,72 + 2r), so, applying the known lemma ([6], L. 4) to the intervals
(v2,1)s (71,72 + 2n) and to the sets Fy, F», we obtain

71
/Ur(m) dt < / U, (t,\)dt,
¥y ~1-m(F1)
(326 1+m(F2)
/La(t,x)dzg / U.(t,A) dt,
F2 "
thus by (3.26),
v1+m(Fz)
(3.27) /Uru.x) a < / Un(t.A) .
F Fyi—m(F1)

Here m(Fy) +m(F2) = 2ra, 0 < m(Fy) < 71—, 0 S m(Fe) < 2n4+v2—n- Hence

denoting m(F1} = 2nz, m(F;) = 2ny and
yit+2ny
(3.28) w(z,y) = gy \) = / U, (t, ) dt.
y1—2nx
we realize that we have to determine
(3.29) max  p(z,y)
(=, 9)EM, (@)
where
(3.30)
=2 Y72 - .
Mo = {@y) e R o<z < Lo o<y <= B F wty a}
Put
M~
(3.31) % =0 = =5

Then from (3.16)-(3.18) we have

1-
339 0 = arcta .
(3.32) Yo = arctal 5

re(0,1), A€ (0,7).
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Since € (0,1), A € (0,n) and thergfore 7o € (0,7/2) is fixed, we easily see that the
set (3.30) is given by . »

Me(e,A) = {(z,0~2); 0Kz < a} if O<a<®
T

(3.33) Mr(av)\)={(m,a~x);0<zg7—°} if Lgag1-2

T o n’
Mr(a,/\)={(z,a~x);a—1+7—°gx<l°} if1-2 ca<.
T T T
Let

(3.34) V() = plz, o — ).

By (3.28) and (3.34),

(3.35) Vi(z) = —2{U. (71 = 2nz + 2ra, \) — Un(y1 — 21z, A)),

(3.36) V(z) = 4n?[UL (71 ~ 2rz + 2na, ) — UL(y; — 2nz, A)).

By (3.33), 0 < a < o/ and consequently, v, ~ 2rz € (Y2, Y1), 50 UL (1 — 2rnx, A) > 0
-for z € (0,7/m). From (3.33) we also have v; + 2n(a — 2) € (71, 2% + 72), therefore
- Ulm — 2ne + 2ne, A) < 0 for @ € (0,v¢ /7). Consequently, from (3.36) we infer that

V' (z) < 0, i.e. that V'(z) is a strictly decreasing function in the corresponding

interval (0,a) or (0,7/m) or {& — 1 + 4o/x,vo/n). - But from (3.35) and (3.31) we
have

V'(0) = = 2r[Ur (71 + 2ra, A) — Up(11, V)],
(3.37) V'(a) = = 2n[U,(n, \) = Ur(1 = 2na, A)],
V'(v/m) = = 20U, (72 + 2na, A) = Ur (72, A)],

Via~1+v/n) = —2nU.(v2 + 21) — U (12 + 2% - 210)].

Since a € (0,1) and the function U, attains the maximum at the point v; and the
minimum at the point 72, therefore from (3.37) we have

(3.38) V'(0) > 0, V'(a) <0, V'(y0/m) <0, V'(a—1+/n).>0.

From (3.38) we see by (3.33) that, for any a € (0,1), A € (0,1), 70 € (0,7/2), there
exists a unique root zg of the equation V'(z) = 0 with zo € I, (a, A) where
(0,a0) if 0<a<yy/m,
- (339) L, A) = { (0,7%/7) if vw/r<a<l—7/m,
. ‘ ) (@ =1+7/m%%/r) if l-y/r<a<l.



Here g is from (3.32).
So, by (3.35), To = a0(r, a, A) is given by the equation

(3.40) Ur(n ~ 272 + 2na, A) = Up {71 ~ 2nz, A).
From (3.11), (3.12) and (3.40) we obtain an equation of the form
(3.41) 7*sin(m — 2nz + ra + A) — 2rsin A - cosRa — sin(y — 2rz + e — A) = 0.

Since V'(x) is a stricly increasing function in a suitable variability interval of
and V'(xo) = 0 only at the point o, therefore

(3.42) max V(z) = V(o).

In view of (3.34), (3.29), (3.28) and (3.27), we have determined the bound (3.9) for
A€ (0,n).

If A = 0, then from (3.17), (3.18), (3.31), (3.33) and, next, from (3.11), (3.35) and
(3.36) we easily conclude that

max V(z) = V(o), 7o = }a.

Hence the case A = 0 may be added to the case A € (0, ) considered before.

So we have
Lemma 3.4. For any r € (0,1), A € (0,n) we have
(3.43) max u(z,a — x) = p{To, @ — 30)

where @ = z¢ is the only root of equation (3.41) belonging to the interval I,(a, A)
defined in (3.39). The set F* C T for which the function (3.28) attains its maximum

(3.43) is of the form
(3.44) F* = {e'; t € (m(r,A) — 220, 71 (r, A) + 2nex = 2mao) }.

Let A € (~x,0). Put X=-X Then X e (0,7) and from (3.28) and Lemma 3.4 we

get ~ _
max pr (2, @ — 3 X) = pir (20, @ = To, A)

where g is the only root of the equation
r? sin( (r, X) —9na + e+ A) — 2rsin A - cosam — sin(vi (7, ) - 2n2 + na — X =0
belonging to the interval I,(¢, X)-
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It remains to use the fact that A = —A in the formulae for the above-mentione
functions. It also turns out that the case A = —x may be added to the previot
results. So, we have

Lemma 3.5. For anyr € (0.1), A € (—=,0),
(3.45) m;lx;:(m,a —z) = pla — yo, Yo)
where © = yg is the only root of the equation
(3.46) r%sin(7; (r, A)+2nz—na-+A) —2r sin A-cos ra—sin(v (1, \) +2rz —ra—\) = 0.

belonging to the interval

(0,a) if 0<a<—y/n,
(3.47) J(a Ay =< (0, =7/m) if —o/r<a < 1+/r,
(a=1=7v/m—y/r) f 1+v/r<a<l.

The set F** C T for which the function (3.28) attains its maximum (3.45) is of th
form

(3.48) F* = {5 t € (7101, A) = 2na + 2ayo. 11 (1, A) + 27y0) }.
Consequently, in order to determine (3.9), one should calculate the integral

fa
(3.49) K=K\t t) = /U,‘(L A,

t

where (t1,t2) is the interval (v, —2nzg, v — 1@ + 21 d) or {v1 + 2nyo — 2na, 11 + 210
It turns out that

i 2=t
. sin 25+ . 1 —acost;
(3.50) K =2cos\-arctan |c(—p——2———| —sin\-log —————.
cos 5t — q.cos 2 1 —acosts

Let us determine pu(zg, @ — x0) and p{a — yo,yo). From (3.28) and (3.49) we ge

w(wo, a0 — 20) = K(r, A\, v1 — 2rg, 71 — 2nag + 2na), A € (0,7
wla —yo,y0) = K(r, Ay + 2nyg — 21,41 + 2ryo), A € (-7,0



Consequently, from (3.50) and (3.51) we get

- sin e
u(xo, & = wg) = 2cos X - arctan [—.____(__—___¥]
(3.52) costa — acos(yy ~ 2nzg + na)
—sin - log — L a.c00n — 2nz)
1 —acos(n — 2nzo + 2ra)’
csinna
= = 2cos A - arcta
1o = yo, yo) cos A - arctan |~ S s
(3.53)

_ 1 — acos(m + 2nyo — 2na)

—sin A - log ————— 2 —— 2
s 8 T~ qcos(m + 2nyo)

Summing up, (3.1-3.3), (3.6), (3.27), (3.28) and Lemmas 3.2-3.5 imply

Theorem 3.1. Let p € P(B.bh,a),0#£2z€D, 2= rei?, X € (~x,%). Then

2 ;
beos A+ B2t yu(xg, a — o) + (1 — wl)LH—rllf’:J—M—r

2n

if A €(0,m),
?) cos A+2r
beosA + ﬁz;‘bu(a —yo,%0) + (1 — ’7)“" 1—Lr-/\”

if A € (—x,0),

(3.54) Re{e?p(2)} <

where p(wg, o — x0) and p(a — yo,yo) are functions of the form (3.52) and (3.53).
such that x = 29 € I (o, A), © = yo € Jo{(e, A) are the only roots of equations (3.41)
and (3.46), respectively, while

2 C_l—r7
T+ 77 142

n=aB+ (1-a);

v = 7(r, A) = 2arctan (1 " 3

7 € (0,m) when A € (0,%), T € (—=x,0) when A € (—x,0);

r
tan
r

(0, 00) if @ € (0,0 /7),
(3.55) L(a, Ay =< (0.40/7) if a € (yo/%. 1~ 70/70),

(@ =1+ %/my0/m) if a € (1~ 0/m1),
v

nA

o = arctan for A € (0,7) and vo € (0.7/2);



(0,) if a € (0,m0/n),
Jo(e, A) = ¢ (0,m0/n) if @ € (no/m, 1 — no/m),
(

a—1+n/m,m0/7) if @ € (1 = 10/m,1),
o = ~70 € (0,7/2) for A € (—~,0).

Remark 3.2.  Since the functions (3.1) belong to the class P(B,b,a), the
estimates (3.54) are sharp. If z = r € (0,1}, then in (3.1) one should put v = ~,,
while for the set F C T one should take F* or F**, respectively (see (3.44) and
(3.48)). This follows from (3.20), (3.24) and (3.28), (3.43), (3.45). If z = rci®, then
one should take into account the argument ¢ - performing suitable rotations of the
number e as well as of the sets F* and F**.

Remark 3.3. Passing A = 0and A = —nin Theorem 3.1, we obtain the well-
known estimate from below and from above of Rep(z), p € P(B,b, @), ([8], Th.3) of
the form

2(B —b) 1 T 1—r
AT ar — l-—np)— <
b+ = arctan <1+ tan 3 ) +( :;)1 o Rep(z)

2(B - b) 1+7r T 1+7r
<b4y —= t. — 1—-n)~——r0r!.
<b+ —arctan { 7— Lan 7 )+ ( 11)1 —

Remark 3.4. Putting in the above-mentioned theorem A = £7/2, we obtain
an estimate of Im p(2) in the class P(B, b, @), also well known ([8], Th.3), of the form

B-b P, (0 + 2na ~ 2mwo)

lo —(1- 5 < I
o log TR I Rt) g ) 2 <)
B-b P.(yy = 2nzo) 21’
< log =———————+(1—-19)—7
21 o8 P, (yo + 2ra — 21a0) ( ) 1—,2

where 7o € I.(a,1/2) C (0,7/r) is a root of the equation cos(yo — 2nzg + ) =
€0s Yo + cos am, cosyo = 2r/(1 + r?).

D. From Theorem 3.1 one can, of course, obtain an estimate from below of the
functional Re(e!*p(2)), that is, determine the bound (3.10).

Let, for instance, A € {0,x). Put X = A—x. Then e {—m,0). Consequently, from
(3.54) we get

(1472)cos\ + 2r

5 ~ B-b
Re(ep(z)) < beos A + ——p. (@ — yo, Yo, )+(1‘71) T s

2n
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thus

: B
Re(e*p(2)) > beos A —

b
- (= yo, g0 A+ ) + (1= 1) 1,2
Since

~ _ . 1—r A
Y1(r, A) = 2arctan <i—+7i tan /} 2—1) = — Jarctan (T:]; cot j)
=72(r, M) € (-x,0),

equation (3.46) for x = Yo assumnes the form

- (1+7%)cos A —2r

r?sin(y2(r, A) + 2nx — n@ + A) — 2rsin A - cos nor — sin(2 (1, A) + 272 — na — A) = 0.

Moreover,

1—2 11—

———— =arctan ——— = YA 0,1/2),
2rsin(A — n) ArCra 5 A %0(r; ) € (0,7/2)

Jo(@X) = I(a, A).

nolr, A) = — arctan

If A € (~,0), then A =: 1 + A € (0,x). So, from (3.54) we have

. B - = 142 _or
Re(p(2)) > beosh ~ 2L (o, — g, 3) + (1 = LH VLA
Besides,

M A) =72(r,A) € (0,x),
(1, X) = 1i0(r, A) € (0.7/2),

therefore equation (3.41) for = = z¢ will assume the form

r2sin(y(r, A) — 212 + a4+ A) — 2rsin A - cosma — sin(v2(r, A) — 2 + ree — A) =0,

and -~
I(a,X) = Jo(a, A).

From the above considerations and (3.52), (3.53) we obtain

Theorem 3.2. Let pe P(B,b,a),0#2€D, = = e\ e {(=m, ). Then
beos A — %ﬂ(“ — Yo, 40) + (1 = 1;)%‘*22

if A € (0,m),

beos A — %ﬂ((l)g,ﬂ —a0) + (1~ ,})%ﬂ

if A e (-n,0),

(356)  Ref{e*p(2)} >
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where .

€sin T

(e = yo,y0) = — 2cos A - arctan
Bi(e = g0, y0) [cos ra — acos(y2 + 2ryo — wa)

1 —acos(y2 + 2wyp — 2
+siu)\-log—~———~—a (2 + 2o ~ 2na)

)

1 - acos(y2 + 2myo)

csin na

{To,a — xp) = — 2cos A - arctan
{ ) T Leosna — acos(ry — 2Zrwy + ma) |

1 — acos(ya = 2nx0)

+ sin A - lo, ;
s 51—« cos(ye — 2nxo + 2na)
x = yo € I(a, ) satisfies the equation
12 sin(Y2 + 2nx — na 4+ A) — 2rsin A - cosna — sin(yz + 2rr — ma — A) =0,

=19 € Jr(a, \) satisfies the equation

r?sin(y — 2ne + o + A) = 2rsin A - cosmar — sin(ye — 2nw + o — A) = 0;

1—-r A
2 = 12 \) = —2arctan (1 T i cot —2—> .

72 € (—7,0) for A € (0.%), 72 € {0,7) for A € (—=%,0);

1
2rsin A’
Yo € (0,n/2) for A € (0,7), v € (—x/2.0) for A € (—=,0),

Yo = ‘:’0(7'»/\) = arctan

1o = 10(r, A) = =03

I(a,A) and J.(a,\) are defiued by the formulac from (3.55). Estimates (3.56) are
sharp.

E. Let B <1 and po(z) = 1. Then po € P(B, ), ) for any admissible parameters
band a. As we know, functions (3.1) belong to P(B.b,a) (of course, for sets F C T
of measure 2ra). It follows directly from the definition that the functions

(3.57) qs(z;7,F) = Bp(ziv, F) + (1 = B)po(z). 2 € D, 3 € (0,1),

belong to this class, too.

Let
(3:38) 2 cos At
» (b—1)cos A+ B=tp(xo,a — x0) + (1 — u)‘iﬂ%}'ﬁi)—r, A€ (0.n),
w()) = . o
(b—1)cos A+ ';"/l(yo,(\' —yo) + (1~ l])“iw, A€ (—n,0).
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with the notation and conditions from Theorem 3.1 being valid. Making use of the
theorem just mentioned, we will determine the set

(3.59) P={pz)-1, peP(B,ba)}, 0£2€D, BL1
We have

Theorem 3.3. The boundary of the set P of values of the functional H(p) =
p(z) =1, p € P(B,b,a), B <1, is a curve with the equation

(3.60) w=wNe ™ A€ (-m,7),

where w is defined by formula (3.58).

Proof. Let0# z € D, :=re?. In virtue of Theorem 3.1 and (3.58), for any
function p € P(B,b,a), A € (=i, n),

(3.61) Refe (p(z) — 1)} € w(M),

so that, in accordance with Remark 3.2, there exists v* and a set F* C T of measure
2na such that, for a function p* defined, by formula (3.1),

(3.62) Re{eM(p*(z) = 1)} = w(\).

Since the function pg € P(B, ), «r), therefore 0 € P. Moreover, this and (3.61) imply
that w(A) > 0 for A € (—x,n).

If w(hg) = 0 for some Ag, then Refe™ (p(z) — 1)} < 0 for all functions p €
P(B,b. ). Hence all points p(z) —1 of the set P lie in one half-plane passing through
the point 0 and inclined under the angle of ©/2 — A to the real axis. Consequently,
the point w(Ag)ei™ = 0 is a boundary point of the set P.

Let w(A) > 0 and p*(z) — 1 = |p*(z) — 1]e"*". Then, by (3.62),

(3.63) PHE) =1 = w(N)e .

Since p* € P(B,b,a), the point (3.63) belongs to the set (3.59). Besides, from (3.57)
we deduce that, for each 8 € (0,1), the function g3 = Bp* + (1 — B)po € P(B,b.av),
therefore the point g4(z) —1 = A(p*(2) = 1) + 1 = B(po(z) — 1) = w(N)e ™™ € P
for each 8 € (0,1).

Let p be an arbitrary fixed function of the class P(B,b.a). Put p(z) -1 =
|p(z) — 1}ei¥. Choose A = —¢. From (3.61) we then have |p(z) — 1| < w(~%), hence
the point p(z) — 1 lies on the segment (0,w(—¥)el¥) = (0,w(N)e™ ) C P.

Since w is a continuous function, w(A) > 0, w(—n) = /\li’;‘, w(A), Theorem 3.3 has

been proved. o
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Corollary 3.1. If B < 1, then the set Q of values of the function p(z), p €
P(B,b,«a), results from the set P by translation by 1.

Remark 3.5. Separate considerations are needed in the case B > 1. In the

proof of Theorem 3.3 we were using, among other things, the fact that po € P(B, ), «)

and we managed to avoid an obstacle caused by the lack of convexity of the class

P(B,b,a).
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