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NATURAL TRANSFORMATIONS OF THE COVELOCITIES
FUNCTORS INTO SOME NATURAL BUNDLES
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» Summary. In this paper are determined all natural transformations of the natural bundle
of (g,r)-covelocities over n-manifolds into such a linear natural bundle over n-manifolds
which is dual to the restriction of a linear bundle functor, if n > q.
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1. Throughout the paper manifolds are assumed to be paracompact, finite dimen-
sional, without boundary, second countable and of class C™. Maps will be assumed
to be C™, unless the smoothness should be proved.

A class of well-known functors in differential geometry can be constructed as fol-
lows. Given integers ¢, r > 1 and an n-manifold M, we put 7¢*M = J *(M,R%)o, the
set of all r-jets of M into R? with target 0. One can see that T7* M with the source

~ projection is a vector bundle over M. We call T7* M the (g, r)-covelocities bundle of
M. Every embedding f: M — N between n-manifolds induces a vector bundle ho-
momorphism T7* f: T7*M — T7°N, T7* fty) = J,(,)(7 o f~1). One easlly verifies
that the rule M — T'"M f— T" *f, is a linear bundle in dimension n in the sense
of A. Nijenhuis, [5). _

Let .#, or .# be the category of all n-manifolds or all manifolds and embeddings
or maps, respectively. Let v8 be the category of all vector bundles and vector bundle
homomorphisms. A linear natural bundle E': .#,, — v will be called admissible iff
there exists a linear bundle functor F: .# — v in the sense of I. Koléi and J. Slovik,
[3], such that E = (Fl./l,. , L.e.

(1) EM = (FM)*, the dual vector bundle of FM, for every M € .#,, and

277



(2) Ef = (Ff~')*: EM — EN for every embedding f: M — N.

In particular, T7*: .#, — vf is admissible, for T7* is isomorphic to (77 |./l,.)‘,
where T; : .4 — vf3 is the linear (g, r)-velocities bundle functor described in [2]. Of
course, the tensor product (or the fiber product, the symmetric tensor product, the
antisymmetric tensor product etc.) of a finite number of admissible natural bundles
is admissible.

2. Let E: .#, — vPB be an admissible natural bundle. Let F: # — v be a
linear bundle functor such that £ = (FI.A',.)‘. Let r, ¢ > 1 be integers such that
n > ¢. We denote by Adm(E, r, q) the vector subspace

{w € (FoR?)*: forall f: R® >R (jif = jop=>wo Fop=wo Fof)},

where p: R® = R? x R*~1 — RY is the projection. By Trans(T7*, E) we denote the
vector space of all natural transformations of 77" into E. ,

For any w € Adm(E,r,q) and M € .#, we define Ty : T;*M — EM by
T3;(iz7) = wo Frv, where j;y € T{*M and z € M.

Lemma 2.1. Ifw € Adm(E, r,g), then T* = {Ty;} € Trans(T7*, E).

Proof. First we prove that T}y is well defined. Let 41, y2: M — R? be such
that jZ71 = jz72 € T;* M. We consider two cases:

(1) rank(d;71) = q. Then there exists an embedding ¢: R® — M such that
germg(n 0 ¢) = germo(p). Since j5(12 0 ) = j5(p) and w € Adm(E, r,q), then
Ty (1) = wo Fopo Fap™! = w o Fo(1 0 9) 0 Fap™! = T (57)-

(2) rank(d:71) < q. Let h: M — R? be such that h(z) = 0 and rank(d:h) = q.
Then there exists a sequence t,, € R, m = 1,2, ..., such that rank (dz(711 +tmh)) = ¢
for all m and t,,, — 0 as m — co. By the regularity condition of F (see [3])

T (52(% + tmh)) = w 0 Fa(%i + tmh) — Ty (42%)

asm — oo fori= l,b2.l By virtue of the first case T% (JZ(71 + tmh)) = Thr (5 (72 +
tmh)) for all m. Therefore T% (jif11) = T3 (5572)-
Hence T}; is well-defined. For every embedding f: M — N we have

2.1) '  TNoT" f=EfoTy
a8 TY o T7* f(357) = T iy (v © F1)) =wo Feyo Fyeyf~' = Ef 0 Ty (i57) for
every jzy €T3 M. . o ;

It remains to show that T}y is of class C. By (2.1) it is sufficient to verify that
Te~ |(T:,"')oR" is of class C*°. By the well-known Boman theorem, [1], it is sufficient
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to show that T§. o 7 is of class C* for any 7: R — (T7*)oR" of class C*°. Consider
T:R — (T7*)oR™. Let 7: R x R* — R? be of class C* such that () = jg (+(t,.))
for allt € R. Let v € EgR". Then

R3¢t — T3 (r(t)(v) = w(Fo(x(t,))(v) €R

(and then Tg. o 7) is of class C®® because of the regularity condition for F. .a

3. Let E, F, r, q be as in Item 2. The main result is

Theorem 3.1. The function
I: Adm(E,r,q) — Trans(T3*, E), I(w)=

is a linear isomorphism. The inverse isomorphism is given by S(T') = Ta~(jgp) o Foi,
where p: R" — R? is as in Item 2 and i: R? — R" is given by i(t) = (¢,0). A
Proof. First we prove that S is well-defined, i.e. S(T') € Adm(E, r, ¢) for every
T € Trans(T7", E). Let f: R® — RY be such that j7 f = jgp. There exists a sequence
m ER,m=1,2, ..., such that rank (do(i o f + t;y idg~)) = n for all m and t,, — 0
as m — 0o. Then T.n(]op) oFo(iof+tmidas) = E(i of+t,,. ides)~! o T~ (j§p) =
Ta=(j5(po (i o f + tmidg»))) for all m,

Ta~(jop) © Fo(io f + tyidgs) — S(T) o Fof, and
Ta~ (i3 (po (i f +tmidns))) — T~ (35 f)

as m — o0o. Then S(T) o Fof = Ta~(j§f) = Ta=(j5p) = S(T) o Fop. Hence S is
well-defined. Moreover, we have proved that

(3.1) T (35p) = S(T) o Fop = T~ (j5p) 0 Foio Fop

for any T € Trans(Tg", E).

It is obvious that S is linear. We have S o I(w) = T§.(jgp) © Foi = w for any
w € EoR", i.e. Sol = id. It remains to prove that /o S = id. Consider T' €
Trans(T;*, E). Let w = S(T). Then I o S(T) = T¥. We have to show that T¥ =T.
We see that Tga (j§p) © Foi = w o Fop o Foi = S(T') = Ta~(j5p) o Foi. Then by (3.1).
it follows that

Tr~(igp) = Ta~(jgp) © Foi o Fop = TR (jgp) © Foi o Fop = T (jop).

Let j;y € T;*M. 1If rank(d:Y) = g, then there exists an embedding ¢: R® — M
such that germy(y o ) = germo(p), and then T (j77) = Ep~' o Ta=(i§(7 0 ¢)) =
Ep~! o Tas(jip) = Ep~! o T (35p) = T34 (i57). Then Tyy = T}y on dense subset
in T7* M. Therefore Ty = Thg- a
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4. Let E, F, r, g be as in Item 2. We see that Adm(E, r, q) = (FoRY)", if E is of
order < r. Then we have the following corollary of Theorem 3.1.

Corollary 4.1. dim (Trans(T}*, E)) = dim(FoRY), iford(E) < r

As an application of Corollary 4.1 we describe Trans(T3", ®*T}*), where s, k are
natural and s < r.

By Corollary 4.1 dim (Trans(T}*, ®*T*)) = (card(A))k, where A= {a € (NU
{0})': 1 < |a] < s}. On the other hand for every (a!,...,a*) € A* we have
T(@ e 2y € T&ans(T,"‘,@“T,") given by

1 ky . as a¥
TS ) (6§y) = i2(*) ® ... @ 5 (7*),

where j77'€ T7* M, M € A, 1t is easy to verify that (" vat) ,(al,...,a¥) € AF,
are linearly mdependent and then they form a basis in Trans(T;*, ®"T“) provided
n3q. (ln [4], 3. Kurek proved this fact for k = 1.)
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