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GRASSMAN MANIFOLD V;# IN THE PROJECTIVE SPACE P;
WITH CHARACTERISTICS CONSISTING OF A QUADRIC
AND TWO PLANES

JOSEF VALA, Brno

.(Received May 17, 1990)

Summary. Some results in the geometry of four-parametric manifolds of three-dimen-
sional spaces in the projective space P; are found. The properties of such a manifold V3
with characteristics consisting of a quadric and two planes are studned The properties of
the manifold dual to V4 are found.

Some results in the geometry of linear spaces from [1], (2], [3], [4] are used. The notation
of the quantities is the same as in [4].

Keywords: Differential geometry of systems of linear spaces

AMS classification: 53A20

Let us consider a four-parametric manifold V3! in the projective seven-dimensional
space P7. Let the three-dimensional linear spaces P3 be the generators of V3. With
each space P3 we associate a frame consisting of independent points A; € Pa, i =
1,2,3,4, A; ¢ Ps. The fundamental equations of the moving frame are ‘

dA; =wiA, +&F A,

- o k,s=1,2,3,4
dA; =1QfAk +GfAk, ‘

where the forms w}, @¥, &F, & satisfy the structure equations of the space P; and
&F are principal forms.

In all calculations we set i, j, k,r,s = 1,2,3,4. The tangent space of V3! at a point
M € P; (the space T((V3!, M)) is the linear space determined by the points A; and
the points dM. The point M is called a focal point of order q of V4! if the dimension
of T(V3!, M) is equal to 7—q (0 < g < 4). We assume that Q is a principal form. Q is
the torsal form corresponding to the focal point M € Ps of order g if the dimension
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of the subspace = 0 of T'(V4!, M) is less than 7 — q. We shall assume that there
are two focal points of order 3 in each space P3. We locate A;, A, at these points.
We locate A3, A4 at the focal points in general of order 1 of the space P.

The forms & are linear combinations of one principal form only. We denote this
form by wy. Similarly & are linear combinations of one principal form. We denote
this form by w;. We assume that w;, ws are linearly independent and that they are
torsal forms of A3, A4, too. The forms @% are linear combinations of three principal
forms wy, w3, w3, the forms &% are linear combinations of three principal forms wy,
w3y, wg. We assume that w;, w2, w3, wy are linearly independent. Hence we obtain

dA; = UfAk + U1¢1klzk
dAz = Wi A + w25 Ap
dAs = wE Ap + w15 A + w252 Ar + w3ph3 A,
dAs = Wi A + w15 Ap + waph2 Ak + wapkt A

(1)

where f" are functions of the parameters of the frame.
The characteristic of the space Pj is the set of the focal points of V3! in P3. We
find the equation of this characteristic. Let M = zf A;. Then

dM = w [z ¥ Ap + 2305 As + 2 h AL) 4 wal22052 A + 220k% AL + 2tpk? A,
+ w3zt AL + wazit AL + .. )

where [...] are linear combinations of the points A,, Ay, A3, A4. M is a focal point
of P if

2zl + 275" + 2L, 2705 + 2207 + el 0%, k) = 0

holds. The rows of the determinant on the left hand side of the equation are deter-
mined by k =1,2,3,4. This equation implies

224 {212 (o}, 937, 03°, 4" + 212l 057, 5%, 04%) + 2 2 (et 0l 050, 0l )
+2223(p5", 052, 053, 05 Y) + (22)2 (05!, 052, 083, 5 %) + 222 (51, 2, 53, kY
+(p5', 052, 53, o5 Y] + 2224 (051, 082, 052, 05 Y) + (%) (wh1, 02, 83, k) } = 0.

- Proposition 1. If there exist two focal points Ay, A of order three with different
torsal forms wy, wy and two focal points A3, A4 of order one with common torsal
forms w, wa in P3, then the characteristic of Py consists of the planes (Ay, A2, A3),
(A1, Aa, A4) and a quadric. All points of the plane (A1, A2, As) have the torsal forms
w1; wa, ws, all points of the plane (A), A3, A4) have the torsal forms w;, w2, ws.
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This follows from the preceding equation and (1).

We consider the section of the quadratic characteristic of P; with the plane
(A1, Az, A3). We obtain the equation '
#1220, %, 8, o) 4 2T, o 5 )+ e, 5, )

+=*)2 (o5, P52 5%, ph") = 0.

We shall assume that Aj is the pole of the line (A1,43) with respect to this conic.
Hence b ‘ o o
(P}, 052 5%, #5") = O A T(05!, 937 5%, i) = 0.

The functions @52 are linear combinations of 3, 54, 51, while X! are linear
combinations of 53, Y44, 52 Hence

k2 _ 12 k1 4 .32 k3 , A2, k4
P3° = K3'py +K3°p3" + K3'py

(2 ’ s

o = T+ il
We consider the section of the quadratic characteristic with the plane (A, Az, Ayg).
We obtain the equation ‘

k
'z (ef", 057, 8% ohh) + 22t (o}, oh%, 8% 95%) + 272 (], 07, 5%, )
+=*) (05" o 08% i) = 0

We shall assume that A, is the pole of the line (A1, Az) with respect to this conic.

Hence

(051, 52, 52, 051 = O A (0}, 5%, 083, k) = 0.

The functions 5?2 are linear combinations of 53, Y44, !, the functions k! are
; e k3 k4
linear combinations of %3, 44, p52. Hence

k2 _ .12 k1, .32 k3, ,42 k4
Pa- =Kqp1 +KgP3" + Kgpy

(3) L

A A AR AT AR A
We locate the point A; in the space T'(V, Al), the point A; in the space TV}, A),
the point A3 in the subspace w; = wa = 0 of T(Vy}, As), the point A4 in the"su‘bsp"ace
w1 = wz =0 of T(V4!, Ag). 1t is possible to use the specification

Pl =gl =gt =0npli =1

12 32 42 _ 232 o 1. \
P2 =9y = =0Ap" =1 -
(4) :

P’ =P = =0np’=1
Pl =l =t =00 =1
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Using the relations (1), (2), (3), (4) we obtain the following equations of the frame:

dA; = wa), + w4,
dA; = wiAr + wa Ay
dAg = wi A + k3w, 4, + k3'w1 Ay
(5) + (k3'w; + K32wq + wa)As + (k3lw) + K32ws) A4
dAq = WAL + k3w, A, + k3w Ay
+ (k3'w1 + &3%w7) A3 + (k3'wy + K320, + we) Ay
dA; = O Ar + G A,

We determine the exterior derivative of the coefficients at Ay, Ay, As, A4 from the
first four equations of (5). From (5) and from the structure equations of P; we obtain

dwy = (W] - @1) Awr + (5%03 + rj%wf) Awe

dwy = (k3'wd + K3'W3) Aw; +(w? - T2) Aw,

81, 31 1 -1 _ = 3_ .32 21
dws = [ - dx3’ + #3' (—wi + w3+ @] — @3) — #3k3'w] — kK117

4 = -
+ ni”w:, - nglwg - ngluﬂ Awy

3 -2 _ = 3
+ [ = a3 4 K32} + w3 +03 - 33) - K3} ~ W3t
+ xi’zwg - x:l,z&‘;’ - xgzdif,’] Awz
+ [w3 - @3] Aws
42 .21 3 42 .21 4

dwy = [~ du}! + £ (0! +wi + 3} - 3F) - x$2630] — k§263W)

(6)

+ kdlwd - k3158 - k@3 Awr

2 1,123 _ 41,12, 4
+ [ - e + k(0] +wi + 33 - @7) - w3 R3%0] - k31 K3%0]
+ 3w} — k123t — k3233 Awe '

+ [U: - FI:] A wq.

Using these equations we conclude.

)
[s3'wi + 3'wl -G} Aws +wl AWz =0
(63! + 60! - B Awy + [x320? + xPPui] A +wd Aws =0

(xd'w? + w30 - N Aw + (32w} + k2wl Aws +wi Awg=0

w3 Aw +[s3203 + xi2wi -Gl Awr =0 :
; 31 4 . .32 . 4
[Kg‘wg + K3 wa] AWy & [ngzwg + 522‘*’2 - Gg] Aw2 + ug Awz=0

(x§'w? + xi'wi] Awr 4+ (x3203 + kﬁ’h’g — 3 Awr+wiAwg=0
[x37(s3' w3 + w3'wd) — W} + w310} + s3' T + w31 05) Ay

+ [de8? + m37(w3 - o — @3 + @}) ~ wi%wd + k3705 + #3%01] Awz + D3 Aws =0
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1 - -
[dn3" + w3 (w] — wf - @} +@3) - w3 0] + w333 + 305 Ay
1 -
+ [n?; (n:‘;zw? + nizw'}) - wg + n;‘,’&? + n?,’a?; + n?,’wi] Awg + wg Awg=0
12, 21 _
[x8%(s3'w3 + s3'w3) — wi + x3'@) + x3'@3 + §' 5] Ay

+ [and? + k2 (W} - i -3+ a)) - x320d + nP2al + kol Awp + @i Aws =0

[4r3" + a3' (Wi - wd - @] +@3) - w3'w] + s1'0 + al'a0] Ay

+ [63! (R5%0] + w3%0]) - od + 6370 + 63703 + 62200 A + Bl Awa =0

[dn?,‘ + n?;l (w% - wg - G} +.63) + x?,’(x%‘u? + nzlwg) - nzlwg + n%‘&; + ngld'g] Awy

+ (4o + k870 — o = 3 + ) + w8 (s8] 4 w32ud) = w208 + b0 4 n308] Ao
+Gg/\w3—wg/\w.4 =0

(0621 + 31— — 43 + T (308 + wF) - 3 4 3108 4 s810] A

32, 3 4 _ 3. . 31,12 1 3 3, 42.3
+ [d63? + k32 (W] — wd - @3 + 33) + K3 (370 + k2201) — k320 + k1200 + K220 A w2

—wf/\w3+02/\w4=0.

The system (7) consists of 12 equations, these equations contain 32 forms wf, ¥

(i # k),

A+ -t 4ol =a) a4 ad(o] - uf-al 4]

®) dkd! + k2 w] —wd -3} + 32 dr3? + k3wl -l - 32 + af
a4l i 401 = 0]) Al 4 Aol - o - 01 4+ 03
AN B 40D deT ] - i - 53 4 )

According to the Cartan lemma these forms are principal forms. It follows that the

forms
k323 k3lk)? k31kd?  Kk31x32
2112 @ GlTar P L T )

are also principal forms. The expressions

n%’x{’ x31x3?
Jl = W T ce—
1 ’ 2 31,.42

K3"K3 : Ky K3

are invariants.
For the quadratic characteristic of P; we obtain

(9) z'2? — (23)2k31 k1% — 2324 (k31612 + k3'63%) - (24)2 k312 = 0.

If k3142 — x3'%32 = 0 (or J; = 1) holds, then the quadric is sin‘ul’ar. "We shall
eliminate this case. L .
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Proposition 2. The polar line of (A;, A2) With respect to the characteristic
quadric of Ps intersects this quadric at points My, M,. The anharmonic ratio of
As, Ay, M3, M, is equal to J;.

Proof. For the intersections of the line (As, A4) with the quadric (9) we obtain

( ) 21 l2+ ‘(,‘21 ;2_‘_”4 5;1;2)-{-}621 12 _ =0.

[FOE
It follows that
My = k}%A3 — k32 A4, Mz = —k31Aq + k3 A3.
The anharmonic ratio of Az, Aq, M3, M; is equal to J;. a

We shall find a condition that M = ziA; be a focal point of V3! of the second
order. 1t is necessary to study the rank of the following matrix:

z! 233! _'*_zale 2363 + 29k 234 + 24!
. 312 4 z4k)? 22 2232 + 24532 1.3K42+x nu
(10) 0 0 z3 0

0 0 0 z!

If M = z%A; is a focal point of order 2, then the rank of this matrix is equal to 2.
This is satisfied for all points of the line (A, A2) except the points A1, A;. These
points are focal points of the third order. Let N3 be a focal point of the second order
in the plane z* = 0 that does not belong to (A, A2). For this point the matrix

z! zsrcgl Ngl
33"‘;2 22 “7432

has rank 1. We find the following conditions:
2'z? — (2%)2x123! = 0/\::1 12 31281 — 0 A 2268 — 2%x21k82 = 0.

The first relation is the equatlon of the section of the quadratic characteristic
with the plane z* = 0. From the other relations we find the coordinates of Nj:
N3(k32(x31)?, k31 (x3%)?, k31%42,0). For these coordinates the first relation is satis-
fied, too. Similarly in the plane z* = 0 there exists one focal point Ny (x12(x31)2,

x31(x3%)2,0, x3'x3?) of the second order. Ny belongs to the section of the quadratlc
charactemtlc of P, with the plane z3 = 0.

Propaosition 3. In the space Ps there exist the following focal points of V3! of the -
second order: all points of the line (A;, Az) (except Ay, A3) and the points N3, Nj.
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The points N3, N4 belong to the characteristic quadric of P3. The tangent planes of
the quadratic characteristic of P3 at the points N3, N4 intersect the line (A,, A3) at
the points Ry, Ry. For the anharmonic ratio D(A;, A2, Ry, R2) we have

D(AI:A'le, Rp) = -'lf
J3

Proof. Ifafocal point of the second order does not belong to the planes z3 = 0,
= 0 then

2Bkl + %2 =0A 2'+:|:‘ H=0Az2 #0A2 =0A22 =0

holds. A non-trivial common solution of these relations exists in the case x}2x3! —

k32k3! = 0. The quadratic characteristic of Py is singular. This case has been
eliminated. The tangent plane at the point N3 of the characteristic quadric has the
equation

3 4,41
lngl(’cg2)2 + 17206:1,2(1531)2 K:‘;2K§1K41I€42 k3 K;2(K§1xi2+ nZIK:I’Z) =0

Similarly for the tangent plane of this surface at the point N4 we have
131 (k32)2 4 22x12(k31)? — 233 k32(k21 k12 + k21K12) — 22412621 n31K32 = 0.
The points R;, Ry have the coordinates
Ri(— x32(x8)%, k231 (x39)2,0,0),  Ro(— <3%(x31)%, £31(x32)2,0,0).

This implies
x3! (k42)2k12(k31)? 1
D(A1, Az, Ry, Ry) = W

o

Proposition 4. The frame associated with V3' by (5) depends on two functions
of four parameters.

Proof. Thesystem (7) is not involutive. It is necessary to find the prolongation
of (7). Using the Cartan lemma we calculate the left members of the exterior products
in the equations (7) as linear combinations of the forms w1, wy, w3, ws. We denote
the coefficients in these combinations by a’ a’,- = ,.» ¢g=1,2,...,12. q determines

the serial number of the equation of the syst.em (7). Weobtain a system of equations.
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From this system it is possible to calculate the forms w¥, &¥, i #.k and the forms (8).
We obtain

(1)
3_ 2 2 _ 1 1
wil = a3jwy wi = az1wy + azew?
wf = agl“’l w% = 0?1«’1 + atow;
3_ 5 2 21 2 1 21 3 1
w3 = agzaws @1 = wi[x3 a3; — aiy + k3 agy] — ajaws
4_ 6 6
w2 = aqows @} = —adw1 + wal—ads + r}?ady + xi%aly)

_3 2 31 2 , 313 32 2 . 323 2
@1 = wifag1k3" — a1y + K agy] — [x37a3; + x4 ag)wr — a3ws
4 41 2 3 , 4.3 42 2 3 42 3
@1 =wi[x3 a3y — ayy + kg afy] — [k3°a3) + a1k4" Jwr — aj4ws
3 31 5 316 5 , 325 ., 326 5
@3 = w1[—K3 a3z — K7 aq2] +wal—a2z + K3"a32 + ki agy] — azaws

4 41 5 41 6 6 , 425 , 42 6 6
@3 =wi[—-K3 agz — kg agr] +wal—a2; +x3%a3; + ki agy] — az4w4

1 7 7 7 -1 9 9 9

@3 = azjw) + agaw2 + azzws G4 = agyw) + agows + agqwy
2__ 8 8 8 2 _ 10 10 10

@3 = azjw) + azawz + azzws @y = a41w t+ aqawz + oqqwy
4 11 11 11 11

w3 = —a4]W) — Q43W32 — 43W3 — A44W4

3 12 12 12 12
Wq = —a31Ww] — a32wW2 — a33W3 — 34W4q

@3 = adlwi + adhws + a3dws + adiws

@3 = aliwr + afws + afiws + afiwa

wy = w[~«3'ad) + k3'ad; + x3'ed) — afi) + wa k32 (k3! a3z + #3'ady)
+ w3 (—adz + x3%ads + xi%ads) + #3'ads + k3l ads — o)) |

+ w3k ads — als) + walrileds .

3 21,12 2 , 12 3
w3 = w; [k3 (k3 a3; + K4 ad)
12, 21 2 1, .21.3 32 8 , 42 10 8
+ 53°(x3 ) — afy + K4 ady) + K3 a3; + k3 a4] —a3y)
121 , 32 8 , 42 10 _8 328 8 42 10
+ wa[—x3" a1z + K3" a3z + k3" aq2 — azg] + walr3 al3 ~ aga] + walk3 aqy]

i 20 4 . 317 . 419 9 12,21 5 , 21 6
wi = wi[—K1 a2y + K3 a3y + K3 01 — aiy] + w2 ks’ (k3 a3z + kG ada)

21, 4 12_5 12 6 31 7 , 419 9
+ x4 (—a3z + k3’032 + £4"a4s) + K4 a3z + kg agy — o)
31 7 4 9 9.
+ wa[ri a3a] + warg ags — aiy)
2 21,12 2 123 12,21 2 1 21 3
wi = wy [k3 (k3”31 + kg ady) + x5°(k3" a3) — o11 + K5 adp)

32 8 42 10 10
+ K3 agz) + K4 aq) — a3

12.1 , 32 8 , 42 10 10 32 8 42 10 10
+wal—Kgaiz + k3 a3z + k3" ag2 — azz] + wilky aas) + walkg aqq — a2g
12, 12,2 3 -2, -1 12 .11 327 429 , .7
drg® + k3% (w3 - w3 — @3 + 1) = wi[—K4"a4q — K331 ~ k3"a4) + az]

12 11 .32 7 429 7 12 11 .32.7 , .7
+ wo[—Krq‘aqz — k3 a3z ~ k3" a4gs + a23] + wa[—K4 a4q3 ~ K3 033 + a33)

+wa[—-xi?ali - rd’ady) : .

ded! + 3w} - o - o} + @F) = wi[-xT'ak} - A3lad; — wiladl +0f))
+wa[-3'adl — x3'a3s = k3 add + ofa) + wo[-3'adl — 3'ads +afs)
+wa[-x3lal) - wilal
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4 2, -1 12 12 .32 7 429 9
dei? + k52 (w3 ~ Wi — @3 + 31) = wi[-s5a3] — k3’ad) — kPoad) + a2y

212 327 429 , 9 12 .12 .32 7
+ wo[—x32al3 — k32ads — k3’adsy + ad) + wa[—k3 @33 — K3 aga)

12 12 .42 9 9
+ wy[—K3°a3] — K3 agq + a2q)

1, -2 21 12 .31 .8  _41.10, .1
A3 + k3wl - wi - 3} +33) = wi[-k3'ad] - Fled) — kilad] + alf)

21 12 .31.8 .41 _10, 10 21 12 .31 8
+ wo[—K3 ag) — K3 a3y — Ky a4y + aq2] + wa[—K3 @33 — Ky az3)

21 12 .41 _10 , _10
+ wa[—K3 agq — kg aga+aig

ar8! 4 w3l — 8 5} + a) = wn [ - ol

= B (ool - ftads) - adlal +

+wz[ - k3% (k3 a3y + #3'ads) — xi'ad}

- k3! (—a32 + w5732 + x$adz) — x3'all +all

+wa[—ri'ald — k3 ad) + all) + wal-i'all + k3'eSs — £3'adl + old)
dn32 + ngz(w% - wg - d:'% + G:) =w [ - xél(nézagl + nizagx)

- ri’asl + k3%(x80d) — o) + w1'0d)) — 320l + adi

+wa[ - k32ad) — k3%(—x3’0ds — ad1x3?) - k3032 + a3

42 11 32 11 11 42 11, .12 3 32 11 11
+ wa[—K3"as3 — k3 a33 + ag3) + wa[—Kg 044 + K3 a4 + K3 034 + @24

a3t + 3o} - ud - 0} +33) = on [ - n3'al

— o (-oflads - aada) - wfal] + ol

4w - KT(e3'ads + k3 ads) - 3lad]

— 3! (—afy + 3oy + xPals) - aflald + of}

+wal-dadd + 3'ad - n'ald + al3] + wal-sd'ad] - kilad] + al]
A+ (03 — o = 33+ 0) = an [ — el + wiad)

— oal? - sl (edud! = oy + u3'ady) - wial] + af?

32 12 12, .32 2 32 3 42 12, 12
+ w2 [ — k3%a3] — k43 (—K3 a3) — K3 ady) — K1 a43 + az3

32 12, 12 2 42 12, 12
+w3[—K3"a33 + K4 ai3 — K4 ag3 + az3

32 12 42 12, 12
+ wa[—K3 23] — k4" aqq + azg).

Using (11) we obtain from (6)

(12)
dw; = (w{ - G%) Awy + (aglx;lgz + aﬁlniz)[wl A wo)
dwy = (w3 — @3) Awy — (3263 + a§and")w1 A w)]
dwg=[- drd! + k3 (~w! + @t +wd - Gg)] Awy
+ [ - dx.gz + n%’(—w% + @y +..wg - Jg)] A wy
+ w3 — @) Aws + [w1 Aws][ - k3! (231457 + 0F155?) + k3 (0B2k3! + afan!
- ading? +adind' — s8?(edind' - ofy +3lad))
+ 3" (—a32 + #3%a3s + k§%ady) + x5 af} = xal]]
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12
+ w1 Awa)[adind! - k3 ads + k3 ad3] + [w1 A wallofind’ + k3l

+ [wa A ws)[addnd? — x3%ads + w32adl] + [wa A walladind® + x§%ald)
dwy = [ - dxf' + sf (—wl + 3] +wi - 3] Awy

+[- ded? + kP2 (~wd + @3 + wi - w‘:)] Awsy + [wh - @3) Awy

+[w1 Awa)[ - 53 (03143 + adi58%) + 657 (3203 + adon!
+olbett - ol cfietlads — ol + il

+ (ot + il + eflady) + sflal - Tall)

+[w1 Aws)a33sd’ + k3" 53] + [w1 A wallading' — aSari! + x5 asdd]

+ w2 A ws)[oddnd? + x3add) + w2 A wallaains’ — rials + xall).

Using the structure equations of the projective space Py, the equations of the
frame (5) and the relations (12) we form the exterior derivatives of (11).
Differentiating the expressions for w¥, i # k, we obtain

4 4
(13a) ShAw)+ Y HPP, Awg =0,
s=1 P.g=1,p#¢

differentiating the expressions for &;, i # k we obtain

4 4
(13b) S Aw]+ Y HPPL, Awg =0.
=1 p,9=1,p#q

Differentiating the expression for d«f" we obtain

4 4
(13c) S Awl+ Y KPw,,w) =0
s=1 pa=1,p#q

HE SR ¥ are forms independent of wy, w3, w3, ws, while Hf *0) 7 f(p 9), K? r(p.9)
are functions dependent on af, ,, &}, It is possible to write the system (13a), (13b),
(13c¢) in the form

(14)

naA 4 —" 3 - ~4
1Aw1 =0 DA =0 N2 Aw =0 M Awy=0

nf"/\w;+nf"/\w3.—.o\ n;"/\w1+n§'2/\u,=o
ﬁ:'l/\wl—ﬂ?’zl\wgao —ﬂ;zl\wl-'l-n;’z/\wg:o
ﬁ‘;"l A wy +'(-n§20:|’ - xgzﬂf) Awg - Q? Awz=0
(-r.glﬂg - uilﬂg) Awp + ng,z Awg — n% Awz=0
ﬁ:’l Awp + (—ngzﬂ:l’ - n?ﬂf) Awg — 0‘{ Awg=0
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(-s3'03 - QD AW + ﬁ;’z Awy—Q3Aws=0
M Aw + 032 A + 3% Awg =0
Bl Aw + 022 A+ B2 Awz =0
W An +0%Aw+ M Awg=0
A + 2% Ay + B2 Awg =0
QA+ Q3 A + 03P Aws + Q3 Awg =0
B Aw + 937 A0 + 0P Aws + Q3 Awg =0
O Aw + 032 Awe + 032 Aws - Q3 Awg =0
ﬁi’l Awy + 62,2 ANwy — 93’4 Aw3 + ﬁ}‘ Awg=0
Q! Awy + (037 + xb2e3108 4 x12x3103 + 31002 + 31057 + 681007 Awp

+ (xglﬁ_.],'s - ﬁ;’l) Awz + Kglﬁ},"' Awg=0

(—9},'2 + Kizﬂ;’l - n%’ﬁ;" - n;’ﬁ},") Awy + 0;2’2 Awy

1 (612087 — RZHL 4 5L%) A g + (612057 - w8204 Ay = 0

Q2 + 3202 4+ k3153203 + 3 k%07 + K3205" + K202 Awn+

+ 022 Awp + (32027 - 2 Aws + k3203 Awg =0

Q0 Ay 4 (—02 — R21027 — A2 4 k11 082) Ay

+ (nflﬂg’s + ﬁg'l - nglﬁ:’,"’) Awz + (nZ‘ng" - &3 53'4) Awg=0

Q1 Ay + (@1 4 k2L 4 o2 c1203 4 w2l el 4 1L 4 1LE) A g
+K21ﬁ;’3/\w3+(leﬁz‘4 - ﬁ;'l)/\uu =0 ’

(b2 _ 2001 2Gh1 4 B0 Ay 4 0122 Ay

+ (‘:1’20::,3 - n'}zﬁ:li'a ANw3 + +(n;l;292’4 - n:zﬁ;’d + ﬁ:’z) Awg=0

(2 4+ B2a3100 4 w2e3i0d + kT 4+ 4 wB) Aoy

+ 93’2 Awsg + xi"’ﬁg"’ ANwz+ (nﬁzﬁi"‘ - ﬁi’z) Awg=0

Q2 p g 4+ (=02 4 R21037 — 2T — 22) Ay

+ (lc?,1 92’3 - ni‘ﬁg"’) Aws+ (x§’n’,"" - nzlﬁiA + ﬂz") Awg=0

QA Awy + (Q3"? - 3253103 - x32x3'0d + x3lad? - n?,‘ﬁ%‘z - &3 ﬁg'z) Aws
+ (xﬁlﬂ;’a - &3 ﬁ;’a + ﬁg’l) Aws + (leﬂ;ff‘ +s310% + n%‘n;"’ - Qg'l) Awg=0
(9;1’2 - n;l,zﬁ:’l - ngln:l;"’ﬂ"f + n}"ng‘ - ngﬁgx - x?,l x.l‘zﬂ?) Aw 4+ ng,z Awy
+(x3203° - £3203° + 03 Aws + (=205 + 3701 +43203° 08 Awg =0
Qil'l Awy + (Qf:l'2 - n}lﬁg’z + n3102’2 - nzlﬁi'z - x32s3103 - xiznzlﬂg) Awg
+(:3103° 4 k3102 - 3 + k3103) Aws + (531034 — kI 4 B Awg = 0
(9'31’2 - n},zﬁ?'l + x?ﬂi”l - n?ﬁz’l - xf;” n;lgzﬂ? - ni“n}’ﬂ}) Awy + 922'2 Awy -
+ (53202'3 + xzzﬂg'4 - 03’2 + n}’ﬂ?) Aw3+ (n%’nﬁ" - nzzﬁi"' + 52’2) Awg =0,
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where
3014 03 04 a2 6022 oll 012 o1 01,2 021 2.2
91191i921ﬂ2191' aﬂl 792, 192 )93, ’Qa 193 193 ]
1,1 L2 21 2.2 od! 042 043 o4 31 3.2 033 3.4
04’ :Qq' ’Qq 594' xQ:) 193 ’93 ’93 ’Q4 !94 'Q4 ’94 ’
2,1 51,2 53,1 53,2 541 54,2 51,1 51,2 52,1 52,2 51,3 52,3
(15) ﬁ1 ,ﬂ, ) 88y , & )ﬁ] :Qz ;ﬁs 383", 823 , Q3 ,ﬁa ,Qs ,
1,1 51,2 51,4 52,1 52,2 52,4 511 54,2 543 53,1 53,2 53,4
ﬁ4 lgq 194 rﬁ4 _)Q4 y 964 )Qs )ﬁa )ﬁs 1ﬁ4 y9bq Hi344
12,2 21,1 12,2 21,1 41,1 41,2 42,2 31,1 31,2 32,2
Qa':gs"nq 104 )Qa';na 1“3 sQ4 194 ’94
are independent forms of daf,, dkl,, w}, w3, w3, wi, &}, @3, @3, @3, w1, w2, ws, wa.
We introduce some of these forms only:
1,3 7 _ — +=1(3,4
03° = daly + alz(wl + @) - 233) - Hs( dwg
2,4 - — +32(3,4
03 = ol + add(wi + 33 - 25) + A3y
2,3 8 8 (.3, =2 -3 772(3,4
(3° = dafs + ody(wd + 03 - 203) - H3*Vw,

3% = dad, + ady(wi + @} — 209) + H®us.

(16)

The system (14) involves ¢ = 58 forms (15). For the integral elements of (14) we
obtain
81 =32, 32:16, 83'—‘8, s4=2.

All forms (15) are principal forms. Using the Cartan lemma we can calculate the
forms (15) as linear combinations of w;, wz, w3, ws. These combinations contain
N = 96 = s + 283 + 3s3 + 454 parameters. The system (14) is involutive. The
solution depends on two functions of four parameters. a

It follows from (16) that
3303,  afsall
ajsal]  afsal,
is a principal form. The expression
_ afsald
~ af3al,

is invariant. We shall study the invariant I.

wi, w2, ws are the torsal forms of V3! at the point A3. We assume that wp =wy =
w3 = 0. Then A3 forms a curve in the space P3. The tangent t3 of this curve at
the point A3 is determined by the points A3, xk§'a3, A, + k32allA2 — a}lAs. This
follows from (5), (11). Similarly if wy = w2 = wg = 0, then A4 forms a curve in P;.
Its tangent t4 is determined by the points A4, x3'al;A; + k3208342 — al?As. We
assume that ¢3, t4 do not lie in the same plane. Consequently -

32 8 .41 _9 317 4210
Ky Q33K3 04y # K3 Q33K3 Ogq.
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We consider the quadric determined by the lines (A;, A2), t3, ta. Its generator of the
second system through A, intersects (A;, A;) at the point Cy = £§'a3,A1+K32allA,.
Similarly the generator of the second system through As intersects (41, A2) at the
point C3 = k3'al3A; + k32a83A2. The anharmonic ratio D(A;, Az, C3, Cy) satisfies
the relation

k32alk8'ad,  J2

D(AI:A2, 03,04) - m = —I-

In the above considerations we have studied the manifold V5 whose generators are
the spaces P3. Now we consider the manifold V3! whose generators are the planes
z4 = 0. We shall study the characteristics of the generators of V;!. The tangent
space of the manifold V;! at the point M = z!A; + 22A; + 23A3 is the linear space
determined by the points A, Az, A3 and the points dM. If the dimension of this
space is less than 6, then M is a focal point of V. It is necessary to study the rank
of the matrix

ozl — 2%}l =z

6 .2 3,11 12,3
0423 - T a42 Rs x
—z3a}} 0 0 z3 0
—z3al} 0 0 0 0

1 zaxgx x3~§l zang1

2 3,32 ,3,42
z z°k3*  z2°K3

The points of the line (A1, A2) except A;, Az are focal points of the second order.
Ay, A, are focal points of the third order. We assume that z3 # 0 A a}} # 0 holds.
For focal points of the first order we obtain :

1

z 1,2_(1,3)2 12 21 "0/\21 42 3,12 41 ""0/\-1'2 41 z3n§ln42 0.

— z°K3°K3

The solution of these equations are the coordinates of a point N3; N3(xi?(x3')?,
K3 (8%, K31a32,0).

Similar considerations are true for the manifold whose generators are the planes
3 =0.

We shall study the space P; dual to the space P;. The elements (points) of
P7 are the hyperplanes of P;. We denote T} = (Aa, As, A4,A1,Az,23,A4), T =
(_A11A3s A4)ZI)A2sA3,Z4); T3 - (AI)AI) A4)Al; 2:23) 4); T4 = (A11A2;A3:Aly
Az, A3, Ay), Ty = (AI:A2,A3;A4,Z2,Z3,Z4)y Ty = (A1,A2, A3, Ay, Ay, 43, Ay),
Ta = (Aerz’A31A47A1’A21 4) T4 = (A11A2|A37A4!21)A2’A3) In PT we con-
sider the frame consisting of the points Ty, T3, T3, Ty, Ty, Ta, T3, T4. The funda-
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mental equations of this moving frame are

17).

dTy = (wl + i + w3 +wi+ 3} + a3+ DT,
+ D%Tz - G;I;Ta + 6'1174 -wiTy - n;l,zngs + K};?wz'fh

Ty = o111 + (Wi + 03 +wd +od + o} + &3 + 39T,
+ @373 — @3Tq + s3'01 Ts - k5 w1 Ty — w2 Ty

aTs = - 3T + 33T2 + (W] +wd + w3 +wi + 01 + 33 +a})Ts
+ 33T — (=30 + w32w2 + wa)Ts + (k3 w1 + x32w2) Ty

aTy = T - 94T + 34T + (w! + w3 + wd +wi + 31 + 53 + a3)Ty
+ (k501 + k32w2)Ts — (kw1 + k§2w2 + wa)Ty

ATy = - &l + 3T - 0373 + 0iTa + (w3 + w3 +wi +a} +a3 + 33+ @)
+wiTy — AT +wiTy

dT; = @?Tl - GlgTz + O§T3 - &21‘4 + w¥T1
4+ +ud+ui+al +a2+a3 4+ 0N+ wiTs - WiTy

dT3 = - Cl?T] + GJ?TQ - &§T3 + &27'4 - w?Tx + ngz
+(wl +f +wi+ 0] + 33 +33 +3)Ts + wiTy

dTy = 0Ty - 33Tz + @3Ts — 6iTa + wiTh - wiTs + wiTs
+ Wl +d+ud+al +af+ a3+ ATy

where w¥, @¥, i # k have the form (11). We denote by V34 the four-parametric
manifold in P7, whose generators are (Tl,Tz,Ta, 7'4). Corresponding to eaqh point
of this space in P; is the hyperplane passing through A;, A,, A3, As.

Proposition 5. The characteristic of the manifold V34 consists of the coordinate
planes with the vertices at the points T, T;, T, T4. These points are focal points
of the second order.. All points of (T’l,T 2) are also focal points of the second order
and have common torsal forms w;, wj.

This follows from the equations (17) We consider the correspondence K between -
the focal points of the manifold V3! and the points of the generators of V34. Corre-
sponding to a focal point of the first order is the tangent space of V;! at this point.
Corresponding to the focal points of the second or third orders are all hyperplanes of
the space Py containing the tangent spaces of V3! at these points. Corresponding to
the point A, is a linear combination of T3, T3, T4, to the point A, a linear combi-
nation of 7'y, T'3, T'4. Corresponding to points of the line (A;, A;) different from A,,
A3 are linear combinations of T3, T4. The point N3(k3?(x3!)?, x3!(x3)?, x§!x32,0)
is a focal point of the second order of V;!. The tangent space of V3! in N3 is de-
termined by A,, A3, As, A4, K%’K;lzl + oc?,‘n?,’ﬁ, + ng’ng‘L, Zs. There exist
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two linear independent hyperplanes —x§?x3'Ts + £3!x32Ty, —x$2x8! T — k32k31T,
containing the tangent space of V' at the point Na. This implies that correspond-
ing to the point N3 in K is a linear combination of these hyperplanes. Simi-
larly corresponding to the point N4(x3%(x3')?, #3'(x3%)?,0,x3'43?)in K is a lin-
ear combination of the hyperplanes Tk3'x3? + T3x32k3!, T1x31x3? — Tan)2a3!.
We assume that a point M = z'A4, + 22A2 + 2845 + 294, belongs to the plane
4 = 0. We exclude the points of the line (A;, A2) and the point N3. Then the
tangent space of V3! at the point M is determined by the points A;, A, A3, A4,
2 A + 233 Ay + 23631 Ay, Az, 23k324, + 224, + 2363244 (this follows from (10)).
The point corresponding to the point M in K is the point T1[ — (2)%x3'x3? +
222363 + Ta[ — 2'23k$? + (2°)2k8'x3?] + Ta[z'2? — (2%)2k3%k3']. The coeffi-
cient at T} is equal to zero if and only if M belongs to the characteristic quadric
of P3. We assume that a point M belongs to the plane z3 = 0. We exclude the
points of the line (A;, A2) and the point N4. Then the tangent space of V3 at the
point M is determined by the points Ay, A3, A3, A4, z'A; + 263 4, + k3! 43,
ki24, + 224, + z‘ 3243, A4. The point corresponding to the point M in K is
T; [(24)2631632 — 2224K31] + T3 [2'2*k3? — (24)2k12631] + T [2'2? — (2*)2x}2621)].
The coefficient at T4 is equal to zero if and only if M belongs to the character-
istic quadric of P3. We consider the points of the characteristic quadric of Pj
which do not belong to the planes z* = 0, z* = 0. According to (10) the tan-
gent space of V! at such a point M is determined by the points A;, Az, A3z, As,
Az, Ay, 2'A) + (2343 + z4k3")A;. Geometrically the last point is the same as
the point (z3x32 + :c" 12)A; + 224,. The point corresponding to the point M in
K is 2'T, + (Ic21 3+ 42T, Geometncally this point is the same as the point
(z3xk124+2%k12)T2+22T). The plane 22 = 0 is the tangent plane of the characteristic
quadric of P3 and intersects this quadric in the lines

2362 + z4k1? = 0, 223! 4 243! = 0.
The first line contains the point M; (0,0, ::4 , —k3?), the second the point M>(0,0,x3!,
—«3!). The same holds for the plane z! =0.

Proposition 6. Along each generator of the quadric characteristic of P3 inter-
secting (A1, My), (A2, M2) this quadric has the common tangent space of V3. (We
eliminate the points of (A;, A2) and the points N3, Ny.) '

Proof. We consider the point Sj(t,0,x}2, —x3?) on the line (A;, M) and
similarly the point S3(0, t, k3!, —«3!) on the line (A2, Mz) The line (S;, S2) has the
equations

; 12 21
zl = '\lt Ty = Aqt 2% = /\ucin + ,\gnzl 34-= ‘.-/\lﬂa - '\2”3
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This line belongs to the characteristic quadric of P if
tt + (k3'x}? — k226312 = 0.

We consider an arbitrary point S on this line. The tangent space of V4t at the point §
is determined by Ay, Az, A3, Aq, MtA;+[(A k2 +A2631 k3 — (A1 632+ X063 )62 As,
As, A4. The point corresponding to the point S in K is tT + T (k}2k3! — k}2x31).
This point is independent of the position on the line of the quadric characteristic of
Ps. _ O
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Souhrn

'GRASSMANOVY VARIETY V3! V PROJEKTIVNIM PROSTORU Py,
JEJICHZ CHARAKTERISTIKY SE SKLADAJ{
Z KVADRIKY A DVOU ROVIN

JOSEF VALA

Vysledky ndlezeji geometrii &tyfparametrickych variet tro;rozmémych prostorii v pro-
jektivnim prostoru P;. Jsou studovany vlastnosti téch variet V3 , jejichz chataktenstlky se
sklddaji z kvadriky a dvou rovin. Nalezeny té2 vlastnosti variety dudlni k V3!,
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