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Abstract. “We give a complete analytical characterization of the functions transforming
reflected Brownian motions to local Dirichlet processes.
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1. INTRODUCTION

In classical stochastic calculus semimartingales have proved to be the “right” class
of stochastic integrators. It is an important issue of stochastic analysis to describe the
functions that leave the class of semimartingales invariant. In the one-dimensional
case, which -we will restrict ourselves to throughout this paper, the It6-Tanaka for-
mula ([11,-VI.1.5]) tells us that the transformed process F(X) is a semimartingale
whenever X is'a semimartingale and F a function thatiis locally the difference of two
convex: functions... Conversely, in the case of Brownian motion, such functions are
known to be the only semimartingale functions, i.e:; the ‘only functions to preserve
the semimartingale property (|5, Theorem 5.5]). For'a generalization of this result
to continuous local martingales see [3, Théoréme 1].

However, some natural procedures such as C*-transformations of Brownian mo-
tion (see [2]) and the Fukushima decomposition in the theory of Dirichlet forms (see
[9]) suggest. the need of studying Dirichlet processes, i.e., processes admitting a de-
composition into a sum of a martingale and a process of zero energy (see [2, 6, 7]).

Research’” supported ‘by ‘the ‘DFG-Graduiertenkolleg: “Analytische und - stochastische
Strukturen und Systeme”, Universitit Jena
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From:the point ‘of view of stochastic analysis the class of local Dirichlet processes
appears to ‘be a convenient and useful object for two reasons. It extends the class
of semimartingales {[18, Section 4]) but, nevertheless, enjoys properties allowing to
develop some elements of stochastic calculus (see [18,19]).

Bouleau and Yor established a change of variables formula which describes trans-
formations of one-dimensional semimartingales with absolutely continuous functions
admitting a locally bounded ‘density.([4]). In [18] the second author developed a gen-
eralized Bouleau-Yor formula. ‘This formula ‘includes transformations of continuous
local martingales with-absolutely continuous functions admitting a locally square
integrable density. The transformations governed by the generalized Bouleau-Yor
formula. represent mappings from the class of continnous semimartingales into the
class of continuous local Dirichlet processes ([18, Section &]). Besides analogies in the
theory of symmetric Dirichlet forms ([9]), for the special case of Brownian motion;
this result was also obtained by H. Follmer, P, Protter, A, N. Shiryaev in {8, 3.45].

So, in a natural way, we are led to the problem whether all functions transforming
a given semimartingale into a local Dirichlet ‘process allow to ‘apply. the:general-
ized Bouleau-Yor formula. In the case of Brownian motion:this amounts to asking
whether these functions are necessarily ‘absolutely: continuous' admitting a locally
square integrable density.

A first result concerning this  problem was established by J:Bertoin in [2,
Théoréme 3.2]. He showed that every function ¥ that transforms Brownian motion
into a Dirichlet- process is. absolutely continuous and has a density F' satisfying
Jo(F'(2))? exp(~2?) dz < +o0.

In this paper we will 'study analytical properties of the functions that transform
reflected Brownian motions stopped ‘at certain passage times into local Dirichlet
processes. As a result we will see that, in the case of stopped reflected Brownian
motions, the answer to the above problem is yes. In a subsequent paper this will play
an important role‘in the-investigation of strong Markov: continuous local Dirichlet
processes (see [17; Chapter:3]) because, under weak hypotheses, every continuous
strong Markov process:can be reduced to a stopped reflected Brownian motion by
means of spatial transformations and time changes (see [1] or [15, Lemma 4.2]).

After introducing definitions and recalling basic facts on reflected Brownian motion
in Section 2, we-deal with Dirichlet functions in Section 3. ‘We call a function F-a
Dirichlet function for the local Dirichlet process Y if the transformed process F\(Y') is
again a local Dirichlet'process. First we show that all Dirichlet functions of Brownian
motion stopped when leaving (a, b) are absolutely continuous and admit. a density
that is locally square integrable ‘on (a,b). As a main ingredient we use local time in
our proofs. Then we develop necessary conditions for Dirichlet functions of reflected
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Brownian motion stopped at. certain passage times. Finally, we deduce a complete
analytical characterization of the Dirichlet functions for reflected Brownian motions.

2. DEFINITIONS AND PREREQUISITES

Throughout, (2, F, P) denotes a complete probability space endowed with a filtra-
tion F = (Fy)iz0 satisfying the usual hypotheses. For any process X and F-stopping
time 7', the notation X7 is used for the process X stopped at 7. Let (X,F) bea
continuous semimartingale. Then (X) always denotes the square variation process
associated with X Furthermore, LX (¢, a) denotes the (right) local time of X spent in
a up to time t. This is'a process which is P-a.s. continuous in t'and right-continuous
with left hand limits in a such that the occupation times formula

@) /Otg(Xs)dQ()s=/Rg(a)L/\I(t’a) e

holds for every nonnegative Borel function g and ¢ >:0°([11; Chapter VI]).

‘We consider local Dirichlet processes in the framework of the approach to stochas-
tic integration by Russo and Vallois (see [12,13, 14)). Let us recall some basic notions
(see [18, Section 4]).

Let @ = (Q¢):>0 be an adapted right-continuous process having left limits at every
t.>0. Then @ = {Q:):»0 has zero energy if

1 .
lim E~ (Qste —Qs)* ds =0.
0. € /g
We say that @ has zero quadratic variation if there exists a non-decreasing sequence
of stopping times (T )nen with lim T, = oo a.s. such that, for each n € N, the
n—o0

stopped.process @7+ has zero energy.

Remark 2.1. Every process Q of zero quadratic variation is automatically P-a.s.
continuous. This immediately follows from 13, (1.16)].

A Dirichlet process Y -is defined to be a process admitting a decomposition ¥ =
Yo+ M +Q, where (M, F) is a right-continuous martingale with Mp =0 and Q is a
process of zero energy with Qo = 0.

A process 'Y is a local Dirichlet process if there exists a non-decreasing sequence
of stopping times (Th)nen with nljffég T, = oo as..such that, for each n € N, the
stopped process YT is a Dirichlet process. We say that (Tn)nen reduces the local
Dirichlet process.
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Lemma 2.2.

(i) A process Y is alocal Dirichlet process if and only if it admits a decomposition
Y =Yo + M+ Q, where(M,F) is a right-continuous local martingale with
Mo =0 and Q- is a process of zero guadratic-variation -with Qg = 0.

() Y =Yy + M+ Q is a continuous local Dirichlet process then there exists a
sequence of stopping times (T, )nen: reducing Y and satisfying (M) < n-and
Q™| <n.

(iit) - If'Y is:a local Dirichlet process and T a stopping time then YT is also a local
Dirichlet process. :

Proof.  Using Remark 2.1, the proof is exactly the same as that of {18, 4.5
where only the case-of continuous local Dirichlet processes was considered. 0

Clearly, the class of local Dirichlet processes extends the class of continuous semi-
martingales.

Let Y be‘a local Dirichlet process. A universally measurable real function F' is
said to be a Dirichlet function for Y if F(Y) is a local Dirichlet process.

‘We need the following information on reflected Brownian motion.

Let W' = Wy -+ M +V be a continuous semimartingale, 7* a stopping time and
r1 € RU{—o0}, 72 € RU{+o0} with ry <ro. We call W a Brownian motion stopped
at T with reflecting barriers 1y, 7o if

(i) Wo € [rima] NR,
@) (M), =tAT,t20,as and
(i) Vi= $LY (t,ry) = EL¥(t,r2), £ 2 0, as., where, by convention, LW(,; ~o0) =
LY (:; +00) = 0. In the case T = oo we briefly call W a Brownian motion with
reflecting barriers r1, 72 or a reflected Brownian motion,

Obviously, in the special case T' = 00, 11 = —00, ry'= c0.in 2.4, W is'a Brownian
motion.

Moreover, if W is a Brownian motion stopped at T"with reflecting barriers ry,r2
then, on-a possibly extended probability space, there exists a Brownian motion W
with reflecting barriers 71, 72 such that W = W,

Furthermore, Brownian motion W with reflecting barriers ry, ra can be character-
ized as the pathwise unique solution to the stochastic differential equation

Wo=Wo + B+ FLY (1) = 2L (4,19), £ 2 0, W € [r,ma] NR

(see [16, Section 1]).
Finally, it is known:that a version of Brownian motion with reflecting barriers r;,
75 can be:obtained by transforming 'a Brownian motion B with
@) fl@)i=ri+le—rl, —oo< T <rp=+00,
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(i) flz):=re — |2 —1y), " —o0 = <15 < 00,
(1) flx) =1 e = vy 20y = 1),
ifa€lry - (@n+1)(ry—r)ri = (2n =2 —~m) (n€2),
=00 <y <irg < H4-00.
We outline the proof restricting ourselves to case iii). - The Tt6-Tanaka formula
([11, VL.1.5)) yields

W, = F(B,) = £(Bo) + /0 1B dB.+ 5 /R LB (i,2) df(2)

= f(Bo)+ / F.(B.)dB,

o+ Z (LB(t,n +2n(ry —11)) = LE(t,r2 + 20(ry — Tl))).
nEL

Rewriting the last line in terms of L by [11, VI.1.9] we obtain
t
Wi = f(Bg) +/ FL(BdB, + 1L (1) = 1LY (2, r5).
0

Since (f(2))% =1 for every z € R, P. Lévy’s characterization theorem ([11, TV.3.6))
shows that fo L (B;) dBs is a Brownian motion. Thus W is a Brownian motion with
reflecting barriers.

3. DIRICHLET FUNCTIONS

First we study the analytical properties of Dirichlet functions for Brownian motion
stopped at passage times. Looking:at the construction in Section 2 we:then derive
necessary conditions for Dirichlet functions of reflected Brownian motion stopped at
certain passage times in 3.6. In 3.7 we state a complete analytical characterization
of Dirichlet functions for reflected Brownian motion.

‘We need some preparatory lemmas.

Lemma 3.1. Let B be a Brownian motion with respect to the filtration F =

(Fi)i>0 and a € R. Furthermore, suppose H is a continuous bounded process such
that, for.every ¢ > 0, Hy is independent of Fy. Then

E(/OTHsdsLB(s,a)> = /Dw EH, d(ELB(T A s,0))

holds for every F-stopping time T with ELB(T,a) < cc.
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Proof. Since H is'bounded and LB(T,a) < oo a.5. we can compute

T
/ H,d,LB(s,a) as.
9
pathwise as a Riemann-Stieltjes integral. Given a sequence of partitions

T 0=t <™ << ) meen,

an

satisfying. lim ) = o0 and lim sup{]tﬁﬁ — ™) =0,1, . e = 1} = O.we
L M= 00

therefore have
T Ty ~1 (m) )
B L : B m} 7 B m.
/0 H.d,L"(s;a) '_n}gréc ;“1 Hii'f,')) (LB AT, 0) — LB /\?’, a)) as.

Since H is bounded and ELB (T, a) < oo these Riemann sums converge in L'(P) by
the dominated -convergence theorem. Using the hypothesis that-H; is independent
of F; we conclude !

Pon—1

T \
E /0 Hod,L(s;0) = ngnmiz{ ; Hyo) (LB AT, 0) = LB AT, )
T =1
= lim_ Z; EH g (ELP AP AT, 0) - ELB(M AT, a)).
Since (EH,);0 is continuous and bounded and EL? (T, a) < oo these Riemann sums
converge and we obtain
T 00
[E/ H,d,LB(s;0) = / EH. ds(ELB(S/\ T,a)),
o o

{m]

Lemma 3.2, Let B be a Brownian motion with respect to the filtration F =
(F+)es0 and T an F-stopping time with ET < co.- Then

- T " 1 12 B
&(/0 h(Bs,Bs%.E—Bs)ds) :AAh(a,x)ﬁexp (“;) 45 ELP(T, q) da

holds for all measurable and bounded functions h: R x:R — R and every e > 0.

Proof. ' First we observe that oo > ET = !EfOT d(B). = E [, L?(T,a)da =
Jo ELB(T, a) da and conclude that ELB (T, a) < oo for Lebesgue-almost every a € R.
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Let g be a bounded and measurable function defined on ([0, +oc0) x xR, B([0, +00)) x
F x B(R)). Here B(E) denotes. the o-algebra of Borel subsets of a topological space
E. We then have

T T
2) /Og(s,w,Bs(w))ds:/R/O g(s,w,0)ds L2 (s;w,a) da - P-a.s.

Indeed, by a monotone class argument, it suffices to verify this equality for indicator
functions g = 1iy,uxcxp With 0. < v < v < +00, C € F and D € B(R). But this is
a simple consequence of the occupation times formula (1).

Now, applying formula (2) to g defined by g{s,w,a) = h{a, Bsys(w) — Bi(w)),
(s,w,a) €[0,+00) x 2.x R, and using Fubini’s theorem and Lemma 3.1 we calculate

- T T
E/ (B., Bose ~ B.)ds = {E(// h(a, Beye — BJ) doLB(s,0) da)
0 R JO
T
- / E / h(a, Boys — B,)d.L2(5,0) da
R 0
2
- / / Eh(a, Bore — Ba)d,(ELB(s AT, ) da.
R /O

Since, for every s, Bsye — B, is normally distributed with mean zero and variance
e and, in particular, the inner integrand does not'depend on s, the assertion now
follows immediately. 0

Lemma 3.3. Suppose that —oc <a < b < 00, B is a Brownian -motion starting
in'zo'€ (a,b) and 7' := inf{t >-0: B, ¢ (a,b)}. Let F be a universally measurable
function such that the process F(B) is right-continuous on {0,7) P-a.s. Then F is
continuous-on (a, b).

Proof.  In the context of Markov processes, F would be finely continuons on
(a,b) ‘and, since ‘the fine topology for Brownian motion coincides with the usual
topology; the result would follow. However, in our situation the initial state zg is
fixed and we need another argument.

In a first step we only assume that F(B) is right-continuous on {0,7) on a set

A € Fof strictly positive probability and show that then Fis continuous at zo. To
this end, let € > 0 and define o = inf{t > 0: |F(B,) ~ F(z)] ¢} A1 on 4 and 7
otherwise. Then g is F-measurable and ¢ > 0-P-as.-We consider

(W) ={Bi{w): t < pw)}.

Since B is.continuous, I(w) is an interval which, obviously, contains zo.  Fur-
thermore, by the martingale property of B (or by the law of iterated logarithm),
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(W) n{zg, +00) # 0 and I(w) N'(=00,30) # O P-as. This yields that I(w) is.a
neighbourhood of zo P-a.s. But, for w € A, z € I{w) implies |F(z) — F(xg)] < ¢
Since'e > 0 'was chosen arbitrarily, this means that F'is continuous at zg.

For a general © € (a;h) we define the P-a's. finite stopping time o, = inf{t >
0:'B; =}, Then B® defined by Bf = By, 4+, t:2 0, is again a:Brownian motion,
now starting from . Because of P(o, < 7) >0, the hypothesis of the lemma entails
that F(B?%) satisfies the assumption of the first step. Hence F'is continuous at
and the proof of the lemma is completed. i}

In the above proof it would be sufficient to know that Fis only Lebesgue measur-
able. 'We also notice that Lemma 3.3 remains true for continuous local martingales
M with (M) =.-+oo.instead of the Brownian motion B.

In the following we say that a real function F'is locally square integrable on a
Borel set B if, for every compact. set K with ' C B, the function Flg is square
integrable.. For every interval I.C R let W*2(I) (or Wl’;cz(l )) denote the Sobolev
space of all absolutely continuous functions on I' admitting a density that is square
integrable (respectively, locally square integrable) on 1.

Theorem 3.4. Suppose that —oo < a < b < o0,'B is.a Brownian motion starting
in zo € () and 7= inf{t > 0: B, ¢ (a,b)}.. If F is a Dirichlet function for the
stopped process B” then Fi, 1) € W2 ((a,b)).

Proof.  The definition of a Dirichlet function implies that F(BT) is right-
continuous.: Hence the assumptions of Lemma 3.3 are satisfied. By Lemma 3.3, F
is_continuous on (e, b). Let now. ¢ and d be real numbers such that ¢ < zo < d
and [c,d] C (a,b). It is sufficient to show that the restriction of F' to. (c,d) belongs
to W2 ((c,d)). But F'is bounded and continuous on [c,d). Furthermore, setting
o :=inf{t >.0: B, ¢ (c,d)}, the stopped process F(B2) is again a local Dirichlet
process by Lemma 2.2, (iii).- Consequently, without loss of generality we may assume
that'a and b are finite and that F is continuous and hence bounded on [a, ).

1) By -Lemma 2.2, (ii), we find a sequence (T, ),en of stopping times reducing the
continuous local Dirichlet process F\(B7) such that

O
lim E(i- /o (FBILP) — F(BTYT) ds) (<n)

gm0

exists for each n € N. Since F is continuous and bounded we observe that
00 2
lim [E(l / (F(BT) - F(BY™) ds)
)

=0 €
—lim E (% /0 e (F(Boso) - F(Bs)>2 ds>
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by the dominated convergence theorem:. From the well-known property E7 < oo
(e, e.g., [11, VI.2.8, 2°)] for.f = 1) we now see.that E(r AT}) < oo and using
Bsre'= Be o (Bsse — Bs) we conclude by 3.2 that

3%6// F(a+m F(a)) Faxp( )dzIEL (rATna)da

exists for eachn € N,
2) It is well known ([11, VI.2.8]) that f(z) := L EL®(7,2), ¢ € R, has the form

(z—a)b=mo)/(b—a) aLz<a<h
flz) =< (@o—a)b-2)/(b-a) a<zSTLh

0 otherwise,

s

Thus f is a continuous. bounded function with A := {z € R: f(z) > 0} = (a,)).
The functions f,(z) ;= ELB(r ATy, 2), 2 €: R, form a non- decreasmg sequence
converging pointwise to f. Looking at the Tanaka formula we verify that f,, n € N,
are continuous.  Thus the functions fn converge uniformly to f.

3) In order to show Fira sy € Wib?2 ((a b)) it suffices to prove Fr,, € W2A(L,),
m € N, where I, = {z € R: f(z) 2 L o} since T, m. € N, are compact intervals
with (a,b) =) Lnand I € gy Let Im = [r,’s].- Since (f») converges uniformly

m
to f by 2) we find some n such that ELZ (1 AT, ") > ﬁ on 1,,,.-Consequently, the
existence of the limit (3) entails ‘that

{// Fla+z)— )\/——exp<—é:c2> dxdu;leN}

is‘bounded. We set
5 l 1y
By(z) =27 exp 5% ) zeR,LEN,

hula) = /R ﬂ‘-’ii'%:i@-m(x)dx, a€lrsllen.

and

Since A(z) da is a probability measure on R the Cauchy-Schwarz inequality-yields

hf(a)sA(M) Adw)de, acfrs)



Thus we conclude that (hi)ien is-bounded in the Hilbert space L*([,s], da). By
passing to a subsequence if necessary we may therefore assume that (h)ien’ converges
weakly to 'some h € L?([r,s], da). As a consequence we have

/u h(a)da = l]}»nolo /u/R -F—(—ai%:f—(ﬂAl(x) dzda

for every u € [r,s]. We set G(u) := [* F(y) dy. Since ((F(a + ) — F(a))/z)A(z)
is bounded we obtain

/h(a du-—lun// (Fla+z)—F(a))da —= ()

((xu+x) G() 7+z)\A
2 z

T

=lim Ydz, u € r, s,

l—=oc Jfg

by Fubini’s theorem. As the measures A () dz converge weakly.to the Dirac measure
dp we conclude

/u h(a)da = E(u)—F(r), uw&lrs].
Thus Fj;

., lies in W12(I,,). This completes the proof of Theorem 3.4. ]
We remark that, in step 3) of the above proof, we use some analytical arguments
due to J. Bertoin (see the proofof {2, Théoréme 3.4]).
By [18, Corollary 5.8] (see also 8, 3.45]), we know that, in fact, every absolutely
continuous function with locally square integrable density is a Dirichlet function for,
Brownian motion. Thus, combining Theorem 3.4 and {18, Corollary 5.8] we get

Theorem 3.5. Let B be a Brownian motion stéfting in o€ R, A real function
is a Dirichlet function for B:if and only if it is absolutely continuous with locally
square integrable-density.

It is easy to show that, in the case of Brownian motion, W]tf (R) is the set of all

functions for which the generalized Bouleau-Yor formula ([18, Theorem 2.2]) can be
stated. Thus, we have characterized the Dirichlet functions of Brownian motion as
the functions inducing a transformation according to the generalized Bouleau-Yor
formula. ' We emphasize the complete analogy to the well-known fact that a real
function transforms Brownian motion into a semimartingale if and only if it allows
to apply the Ité-Tanaka formula.

Theorem 3.6. Suppose that —co <71 < 12 < +oo-and Wis a Brownian motion
with reflecting barriers vy, 72, starung nzg €rrlNR,de,

® Wi €lri,m]nR, 120
*. K
Wo=mo+ By +3L% (#,m1) = $1Y (4,15) ass,,
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where B.is:a Brownian motion with By = 0, We consider. the situations

(i) 7 =00,

(i) 0o <711, o <72 and  Ti=inf{t > 0: W= ¢} forsome ¢ € (x0,72),
(iii) 72 < 400, mo >y and Ti=inf{t> 0: W=} for some . ¢ € (r1,%0).

If Fis'a Dirichlet function for the stopped process W7 we have in the respective

situation

(i) Fijr; ra)nm is absolutely continuous with density in L, ([r1;72] N R),

(i) Fi[ry.c) is absolutely: continuous with density in L, .([r1,¢)),

(1) Fi(c.r,) is-absolutely continuous with density in LE (e ra))-

Proof.  The stochastic differential equation (x) being unique in the sense of
probability law it suffices'to showthe assertion for a given Brownian motion with
reflecting barriers v1, 2. 'We choose the reflected Brownian motion constructed in
Section 2, ike., we assume that W = f(B) is obtainc1 from a Brownian motion B
by:a transformation’ f as described in Section 2. (Note that the case r = —oo,
ry = 00 is treated in Theorem 3.5 since W then is a Brownian motion.) We set in
the respective situation

(i) 0= 00, 81 1=1y = 1,85 i=ro - 1 (using the usual conventions for +oo),

(i) o= inf{t 2 0: B, = chAnf{t 2 0: Bi= s1} for some s1€ (—00,711), 8257 ¢,
(iii) ¢:=inf{t>0: B, = c}Ainf{t 2 0: B, = sz} for some sa € (rg,+00), s1.:= ¢

Always o is ‘a stopping time satisfying ¢ < 7. By hypothesis and. Lemma 2.2,
(i), (F(W’))Q =(Fo f)(é") is"a local Dirichlet process.: Theorem 3.4 now. gives
Fo fl(swz)' € lem_z ((51’52))» Since fifr,;rnr is always the identical mapping the
theorem follows immediately. ]

In the: case of reflected Brownian motions the necessary ‘condition for Dirichlet
functions in Theorem 3.6 even turns out to be sufficient.

Theorem 37 Suppose =00 <1y < 19K +oo and let W be a Brownian motion
with reflecting barriers ry, 2, starting in ¢ € [ry, r2]MR. A function Fis a Dirichlet
function for W. if and only if Fif., r,)nw is absolutely continuous.and admits a density
in I} (fry,ro] N R).

Sketch of ‘proof: The necessity of the: condition follows from Theorem
3.6. Now suppose Fis a function such that Fi;, ,,)om is-absolutely continuous with
density in L2 ([r1,r2] N R). Without logs of generality we may assume that F' is

loc

constant on R\ (ry,72) thus ensuring F Wﬁ)f(ﬂ%)
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In order to show that Fsatisfies the requirements of the generalized Bouleau-Yor
formula ([18, 2.2]) we choose

Bi={r,m2}NR,
Spi=inf{t 2 00 (W) > n} Ainf{t > 0: LY(¢,ry) > noor LW (t,m2) > n}, n €N,
T = SpAinf{t > 0: W, & (-n,n)}, n€N,

in the notation of [18,2.2], and a density F" vanishing on B. We have lim T, =

a.s. and LY(T,,, a) = 0 for every o ¢ (—n,n). Furthermore [LW(T",a) Sn holds
in view of the Tanaka formula. Thus we verify

Fle LL(R) € () LX(R,ELY (T, 0) da).
neN

Therefore. we can apply [18, Theorem 2,2]. . We now see that. [18, Corollary 5.8]
remains valid without any changes in the proofs of the underlying statements [18;
5.5-5.7]. Thus, F(W) is a local Dirichlet process. 0

Thus, the functions transforming a reflected Brownian motion into a-local Dirich-
let process are exactly the functions-inducing a transformation according to -the
generalized Bouleau-Yor formula.

Remark 3.8 Let W and 7 be as in Theorem 3.6.(ii) (or (iil)). Suppose that, in
the respective case,
(i1). Fifr,,) is absolutely continuous with density in LE ([r1,c)),
(iii) Fi(e,r] is absolutely continuous with density in L2 ((c,2]).

By. using respectively the modified stopping times
(i) Ty =S, Ainf{t 2 0: Wy ¢ (=n,c= 1)},
(i) Tn =S, Anf{t > 0: W, ¢ (c+1,n)}
in the above proof it is possible to show that F'(W7”) is.a local Dirichlet process up to
the stopping time 7 = hm T.-To this end, we-have to apply a slight modification
of {18, Corollary 5.8], where the state space R is replaced by (—o0,¢) or (¢, +00),
respectively.

Acknowledgement. The authors would like to thank the refereefor care-
fully: reading ‘the manuscript and for. several helpful remarks which improved the
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